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HAM 50 LUONG GIAC VA PHUONG TRINH LUONG GHAC

HAM @ LUTNG GHC VA

Chuong 4 PHUDNG TRIMH LUTNG GIAC

]

Tiép tuc phan gid tri lugng gidc va cdc cdng thic lugng gidc dugc hoc trong chuong cudi

clia Dai s6 10, chuong nay cung c&p kién thirc vé ham sd luong gidc va céch gidi phuong

trinh luong gidc . O day chi yéu cau gidi thanh thao cac phuong trinh co ban va nhiing

phuong trinh b4c nhét va bac hai d6i v6i mgt ham s6 lugng giac.

Khéc véi nhimg ham s6 da duoc hoc trudc day, céc ham s6 y=sinx, y=cos x, y=tan x

vay=cotxla nhimg ham s@ tudn hoan. C4c ham sd nay gap nhiéu trong cac mon khoa
~ hoc dng dung (Vat li, Hod hoc, ...)




HAM SO LUOGNG GIAC

I - PINH NGHIA

Trudc hét, ta nhac lai bang cdc gid tri lugng gidc clia cdc cung dac biét.

Cung
Gia tri 0 z kil I T
luong giéc 6 4 3 2
1
sinx 0 — ﬁ ﬁ 1
2 2 2
1
COS X . 1 ﬁ ﬁ = 0
2 2 2
tan x 0 ? 1 3 ||
cotx “ NE) 1 ﬁ 0
3

1
a) S{r dung may tinh bé tdi, hay tinh sin x, cos x v8i x la cac s6 sau :
T, I.15;2:3,1;425;5.
6 4
b) Trén dudng tron lugng giac, vdi diém géc A, hay xac dinh cac diém M ma sé do cla
m P 7 - -~ Y 7 . - 7
cung AM béng x (rad) tuang ing da cho & trén va xac dinh sinx, cos x (18y & ~ 3,14).
1. Ham sé sinva ham sd césin
a) Ham s¢ sin

3 16p 10 ta da biét, c6 thé dat tuong tng mdi s6 thuc x v6i mot diém M duy

2 m a
nhit trén duong tron lugng gidc ma s6 do cia cung AM bang x (rad)
(h.1a). Diém M c6 tung d6 hoan toan xac dinh, d6 chinh la gia tri sin x.



Biéu dién gi4 tri cha x trén truc hoanh va gid tri cha sin.x trén truc tung, ta dugc
Hinh 1b.

y
sinxf-------- :M
4 .
[0} X X
B'
a) b)
Hinh 1
Quy téc dat twong tng mdi s6 thuc x véi s6 thuc sinx
sin: R—-> R
X — y=sinx
dugc goi 1a ham s6'sin, ki hiéu 1a y = sin x.
Tap x4c dinh cua ham s¢ sinla R.
b) Ham so cosin
y A
cos x ---------IMH
4’ !
\O O x x
Bl
a) b)

Hinh 2
Quy tic dat twong img mébi s6 thuc x véi s6 thuc cos x
cos: R—> R
X y=COSX .

dugc goi la ham 56 césin, ki hiéu 1a y = cosx (h.2).

Tap xdc dinh cua ham s6 cosinla R.



2. Ham s6 tang va ham sé cétang

a) Ham so tang

Ham s6 tang 12 ham s6 dugc xé4c dinh béi cong thic
sin
y= mx (cosx = 0),
COS X '

ki hiéula y = tan x.

Vi cos x # 0 khi va chi khi x = % + km (k € Z) nén tap x4c dinh cia ham

s6y=tanx la

D:R\{§+kn,keZ}.

b) Ham sé cotang

Ham s6 cotang 1a ham s6 duge xdc dinh boi cong thic

COS X )
y=— (sinx = 0),
sinx

ki hiéu la y = cot x.

Vi sinx # 0 khi va chi khi x # kn (k € Z) nén tap xac dinh cia ham s6
y=cotxla

29%2

Hay so sanh cac gia tri sinx va sin (—x), cosx va cos(—x).

D=R\\lkn, ke Z).

NHAN XET
Ham s6 y = sin x 1a ham s6 1é, ham s& y = cos x 1a ham s6 chan,

tir d6 suy ra cdc ham s& y = tan x va y = cot x déu 1a nhiing ham s6 Ié.

II - TINH TUAN HOAN CUA HAM SO LUGNG GIAC

% 3
Tim nhing s6 T sao cho fix +T) = fix) vdi moi x thudc tap xac dinh clia cac ham sé sau :
a) fix) =sinx ; b) fix) = tanx.
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Ngudi ta ching minh dugc ring T = 2n 1a s6 duong nhé nh4t thod mén
dang thuc .

sin(x + T) = sinx, Vx € R (xem Bai doc thém).
Ham s6 y = sin x thoa mén dang thic trén dugc goi 12 ham s6 tudn hoan v6i
chu ki 2n.
Tuong tu, ham s6 y = cos x 1a ham s6 tudn hoan véi chu ki 27.
Céc ham s6 y = tanx va y = cot x ciling 1a nhimg ham s6 tudn hoan, véi chu ki .

III - SUBIEN THIEN VA PO THI CUA HAM SO LUGNG GIAC
1. |

Ham s8 y =sinx

. Tir dinh nghia ta thdy ham s6 y = sinx :
e Xdcdinhvéimoix e R va-1<sinx<1;

eLahams61é;
¢ ] .2 ham s6 tuidn hoan véi chu ki 2x.

Sau day, ta s€ khao sat su bién thién cia ham s6 y = sin.x.

a) Su bién thién va do thi ham s6 y = sinx trén doan [0 ; n]

Xét céc s6 thuc x|, x,, trong d6 0 <xy < x, < g.Dat X3 =M= Xy, X4 =T —X.
Biéu dién chiing trén dudng tron lugng gi4c va xét sin x; twong ing (i = 1, 2, 3, 4)
(h.3a).

Sin

b === ——

B’ a) b)
Hinh 3

Trén Hinh 3 ta thdy, véi x;, x, tuy y thudc doan [O ; 5] va xy <x; thi sinx; < sin x,.

s n 5 : .
Khi d6 x5, x4 thuéc doan [5 ; n] va x3 < x4 nhung sin x3 > sinxy.



Vay ham s6 y = sinx donrg bién trén [0 ; 122} va nghich bién trén {g ; n}.

Bang bién thién :

. 1
y=S8mnx 0/ \0

D6 thi clia ham s6 y = sin x trén doan [0 ; ©t] di qua cdc diém (0 ; 0), (x; ; sinx),

(X, 5 sinxy), (g ; lj , (x3; 8inx3), (x4 ; sinxy), (m; 0) (h.3b).
CHUY

Vi y = sinx 1a ham s6 1é nén 18y d6i xing d6 thi ham s6 trén
doan [0; 7] qua g6c toa do O, ta dugc do thi ham s6 trén doan

[-7; O].
D6 thi ham s6 y = sin x trén doan [-n ; ©] dugc biéu dién trén
Hinh 4. Vi '
SRS |
_I '
2 .
—T i [0 i3 n x
__________ gl D S
-1
Hinh 4

b) Po thi ham s6 y =sinx trén R

Ham s6 y = sinx 12 hAm s6 tudn hoan chu ki 2n nén véi moi x € R ta cé
sin(x + k2n) =sinx, ke Z. '

Do d6, muén c6 dé thi.ham s6 y = sinx trén toan bo tap xdc dinh R, ta tinh

tién lién ti€p dé thi ham s6 trén doan [-7 ; m] theo cdc vectd ¥ = (27 ; 0)

vd -V = (=27 ; 0), nghia 12 tinh ti€n song song Vvdi truc hoanh timg doan

c6 do dai 2m.



Hinh 5 dudi day 1a d6 thi ham s6 y = sinx trén R.

' _3n  -m ! 0 = . ' 2n S x
P 2 N 2 NN 2

Hinh 5
c) Tap gia tri cia ham s6 y = sinx
Tir d6 thi ta thdy tap hop moi gid tri cia ham s6 y=sinx 1a doan [-1 ; 1].
Ta néi tdp gid tri cia ham s6 nay 1a [-1 ; 1].

Ham s8 y = cosx

Tu dinh nghia ta thdy hAm s6 y = cosx:

* Xacdinhvéimoixe R va—-1<cosx<1;
. Lé ham s& chan ;

* La ham s6 tudn hoan véi chu ki 2.

Véimoi x € R ta cé ding thirc

of++3]
sin| x + — |=cosx.
2
Tur d6, bang cach tinh ti€n d6 thi ham s6 y = sin x theo vecto i = (—g ; OJ

(sang trdi mot doan c6 d6 dai bang g song song véi truc hoanh), ta duge d6

thi cia ham s8 y = cos x (h.6).

¥y =cos x

-—— 1 - - —
- .. n - S~ “TEREN L
—211;’," \\\ 2 e N ‘/, Vi
’/, _3_2_11: -7 \\"\ ?,/,"O Tit Tt\\ % //,211: \x
- g \__’/
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Tir d6 thi cha ham s6 y = cos x trén Hinh 6, ta suy ra :
Ham s6 y = cosx dong bién trén doan [-r ; 0] va nghich bién trén doan [0 ; ).
Bang bién thién :

X -7 0 ‘ yid

Yy = COSX
-1/ \—1

Tap gid trichtaham s6 y = cosx la[-1; 1].

P6 thi ciia cac ham s6 y = cosx, y = sinx dugc goi chung 1a cac duong hinh sin.
Ham sd y = tanx

Tit dinh nghia ta thdy ham s6 y = tan x :

* C6 tap xdc dinh 1a D = R\{g+kn,keZ} :

* Laham s6 1¢;

¢ LA ham s6 tuidn hoan vdi chu ki &.

Vi vay, dé xét su bién thién va vé d6 thi clia him s6 y = tan x, ta chi cin xét sy
bién thién va vé dé thi ciia ham s6 nay trén nira khoang {O ; g] , sau do6 14y déi

xtmg qua goc toa do O, ta duge d6 thi ham s6 trén khoang (—g ; —gj

Cu6i cung, do tinh tudn hoan véi chu ki ©t nén d6 thi ham s6 y = tan x trén D
thu dugc tir d6 thi ham s& trén khoang (— g ; gj bing céch tinh tién song
song v6i truc hoanh timg doan c6 d¢ dai bang m.

a) Su bién thién va dé thi ham s6 y = tan x trén nira khoang {0 ; gj '
0 e ,. T K"
Tur biéu dién hinh hoc clia tan x (h.7a), véi x|, x € |0} S AM| = x|,

m e Iy “
AM, = x,, ATi=tanx,, AT2 =tanx,, ta thdy:

x| < xp = tanx < tan.xj.



N .« Af kK 2 n
Diéu d6 chitng td ring, ham s6 y = tan.x dong bién trén nua khoang {O ; 5] .
: \ tang Y

_________________________

A’ 4 ol *1%2 |& x
2
B’
a) b}
" Hinh7
Bang bién thién :
T T
X 0 — —
4 2

y =tanx /
0

Pé vé dé thi ham s6 y = tan x trén nita khoang [O ; gJ ta lam nhu sau :

id \ -«
Tinh gia tri cua ham s6 y = tan x tai mot s6 diém dac biét nhu x =0, x = —163,
X = E—, x= E, ... 10i xé4c dinh cdc diém (0 ; tan 0), (E ; tanzj, (E ; tanﬁj,
4 3 6 6 4 4

[E ; tanEJ , ... Ta cé bang sau : '
3 3

0 —_—
* 3

NG

A

s
B

3

w

y=tanx 0

S . N - ~ 2 3 Tt . , 2 ~
Do thi ham s6 y = tan x trén nira khoang [O ; 5] di qua cic diém tim duoc.
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Nhan xét ring khi x cang gdn g thi d6thi ham s6 y = tanx

dudng thing x = g (h.7b).

b) D6 thi ham s6 y = tan x trén D

Viy =tanx 1a ham s6 1€ nén d6 thi ham
s6 c¢6 tam d6i xing 1a gbc toa do O.
L4y déi xting qua tam O d6 thi ham s6

y = tanx trén nira khoang [0 ;g), ta
dugc d6 thi ham s& trén nira khoang
(— Ly O] .
2
Tir d6, ta duge d6 thi ham s6 y = tan x trén
T

khoang (—g ; EJ Ta thdy trén khoang

nay, ham s6 y = tanx déng bién (h.8).

cang gin

Hinh 8

(NYE

Vi ham s6 y = tan x tudn hoan véi chu ki © nén tinh ti€n d6 thi ham s6 trén

khoang (—g ; gj song song vdi truc hoanh ting doan c6 d6 dai &, ta dugc

d6 thi ham s6 y = tanx trén D (h.9).

/I [ y ' _,._
3n -n L. 0 I T3 }
Hinh 9

* Tap gia tri cia ham s6 y = tan x 1a khoang (—o0 ; +c0).



Ham sé y = cotx

Tir dinh nghia ta thdy ham s6 y = cotx :
*CétapxdcdinhlaD =R\ {kn, k€ Z};
e Lahams61é;

* .3 ham s6 tuan hoan véi chu ki =.

Sau day, ta xét su bién thién va d6 thi ciia ham s6 y = cotx trén khoang (0 ; ),
roi tir d6 suy ra do thi cua ham s6 trén D.

a) Su bién thién va do thi ham s6 y = cot x trén khoang (0 ; n)
Véi hai s6 x; va xp saocho 0 <x;<xy;<mtacé 0<xy —x < n Dodé

CcoS X1 CcOS Xy

cotxy —eotxg = sinx;  sinx
I 2

$in x) COS x| ~ COS X Sinx;

sin x; sin x,

sin(x, — x
. ( 2 . 1) >
sin x; sin x,

0

hay cotx; > cotx,.

Vay ham s6 y = cotx nghjch bién trén khoang (0 ; ).
~ Bang bién thién :

x 0 kid
2
+0Q0
\0
y:COt.X \
(0]

—Q0

wfa

Hinh 10 biéu dién d6 thi ham s6 y = cot x
trén khoang (0 ; m).

Hinh 10
13
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b) D6 thi ciia ham s6 y = cot x trén D

D6 thi ham s6 y = cotx trén D duge biéu dién trén Hinh 11.

i ' y 1 1 \
_Z“E 3n ~m! -n 9] Fa ‘T 3n 2n x
D2 : 2 2 b2 :

Hinh 11

* T4p gid tri cha ham s6 y = cot x 1a khoang (-0 ; +).

BAI POC THEM

HAM SO TUAN HOAN

| — BINH NGHIA VA Vi DU

1. Pinh nghia
Ham s6 y = f(x) c6 tap xac dinh D dudc goi la ham sé tudn hoan,
‘néu tén tai mét s8 T = 0 sao cho v8i moix € Dtacé :
ayx-TeDvax+TeD;
b) fix + T) = f(x).

S8 T duong nhé nhat thod man cac tinh chét trén dugc goi 1a chu ki
cGa ham s8 tuan hoan do.

2. Vidu

Vi du 1. Ham sé hang f(x) = ¢ (c la hang s6) la mét ham s6 tudn hoan.
Véi moi s6 duong T ta déu cb f(x + T) = f(x) = c. Tuy nhién khéng c6 s6 duong T
nhd nhat thoa man dinh nghia nén ham s6 tuan hoan nay khéng cé chu ki.



Vi dy 2. Ham phan nguyén y = [x] da dugc néu trong Dai s 10.
Ta xét ham y = {x} xac dinh bdi : (x} = x — [x]. N6 dudc goi la ham phan Ié cla x.
Chéng han, {4,3}=43-4=03;
{-4,3}=-4,3-(-5)=0,7.
Ta ching td ham y = (x} |a ham tudn hoan vdi chu ki la 1.
Thatvay, {x+ 1} =x+1-[x+1]=x+1-[x]-1=x—[x]={x}.

D6 thi cla ham s6 y = {x} dugc biéu dién trén Hinh 12. Nhin vao dé thi ta thay
ham sé ¢6 chu ki béng 1.

Hinh 12
3. D6 thj cla ham s& tudn hoan

Gia sl y = f(x) 1a mot ham sd xac dinh trén D va tuan hoan véi chu ki T.
Xéthaidoan X =[a;a+TlvaX,=[a+T;a+2T]v6iaeD.

Goi (C)) va (Cy) lan lugt 1a phan cha dé thi Ung v8i x € X; va x € X, ta tim mdi
lién hé gitta (C;) va (Cy) (h.13).

Y] (Cy ()

X0

a+T xo+T 'a+2T X

Q
.

Hinh 13
Léy X0 bat ki thUC}C Xl thi Xp + T e X2.

15 -
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Xét hai diém M va M, 1an lugt thudc (C) va (C,), trong d6
X, = X,
Ml(x] ,yl)Vél ! 0
"= f(xo) 5
Xy =Xg+T

M, (x5 5 y5) VO
22552 {y2=f(X0+T)=f(x0)'

Taco MM, =(xp—x;;y;-y))=(T;0)= 7V (Vkhéng déi).

Suy ra M, la &nh cta M, trong phép tinh tién theo vecto v. Vay "(C,) la anh cla
(C)) trong phép tinh tién theo vecto v ".

Tur d6, mudn vé dé thi clia ham s6 tudn hoan chu ki T, ta chi can vé dé thi cia ham sé
nay trén doan [a ; a + T, sau d6 thyc hién lan Iuot cac phép tinh ti€n theo cac vecto
v, 2V, .., vacacvecto -v, -2V, ... ta dudc toan bo dé thi clia ham so.

Il - TINH TUAN HOAN CUA HAM SO LUONG GIAC
1. Tinh tudn hoan va chu ki ciia cac ham sé y =sinx va y = cosx

DINH Li 1

Cac ham s8 y = sinx va y = cos x 1a nhimg ham s& tuan hoan véi
chu ki 2x.

Chung minh. Ta chitmg minh cho ham s& y = sin x (trudng hgp ham sé y = cos x
dugc chimg minh tuong tu).

Ham s6 y = sinx co tap xac dinh 1a R va véi moi s6 thuc x ta c6
x-2ne R,x+2ne R, (1)
sin (x + 2m) = sin.x. (2)

Vay y = sinx la ham s6 tudn hoan. Ta chitng minh 2= la s8 duong nhé nhat thoa
man cac tinh chat (1) va (2).

Giasrcos6T saocho0<T <2rvasin(x+T)=sinx,Vxe R.

Chonx = —725 , ta dugc

sin[£+T)= sinE =1 cosT =1.
2 2

Diéu nay trai gia thiet0< T < 2m.
Vay 2n la s6 duong nhd nhat thod man tinh chét (2), nghia 1a 2n Ia chu ki cla
hams6 y =sinx. ®



2. Tinh tudn hoan va chu ki cia cac ham sé y = tanx va y = cotx

DINH Li 2

Cac ham s y = tanx va y = cotx 1a nhitng ham s6 tudn hoan véi
chu ki .

Chung minh. Ta chimg minh cho ham s8 y = tan x, (trudng -hgp ham s& y = cot x
dugc chdng minh tuong tu). ‘

Ham s& y = tan x ¢d tap xac dinh D.= R \ [—725+kn, keZl.

Véimoixe Dtacox—ne Dvax+neD,tan(x + ) = tanx.

Vay y = tan x [a ham s tuan hoan. Ta chimg minh = 1a chu Ki clia ham s nay.
Gid s c6 s6 T sa0 cho 0 < T < r va tan(x + T) = tanx, Vx € D, |
Chonx=0thixe Dvatan(0+7T)=tan0=0.

Nhung tan a = 0 khi va chi khi @ = kn, k € Z, do d6 phaic6 T = kn, k € Z . Diéu
nay mau thuan vdi gid thist 0 <T < m.

VaychukiciahamsSy=tanxlan =

Bdi tap

s e . 3] ..
Hay x4c dinh cac gia tri cua x trén doan |:—TI: ; 7} déhamséy=tanx:

a) Nhan gi4 tri bang O ; b) Nhan gia tri bang 1 ;
¢) Nhan gi4 tri duong ; d) Nhan gia tri am.

Tim t4p xac dinh clia c4c ham s6

1+ cosx : 1+ cosx
a)y=——r—; b) y=,—:;
sin x ‘ 1-cosx

s s

c)y=tan| x——1; d =cot(x+—j.
)y ( 3)‘_ )y 5

Dura vao dé thi ciia ham s6 y = sinx, hdy v& d6 thi ciia ham s6 y = lsin x| .

Chimg minh rang sin 2(x + kn) = sin 2x véi moi s& nguyén k. Tir d6 vé dé thi
ham s6 y = sin 2x.

2.0A156 & GIAI TICH 11-A : 17
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N N . ~ ~ z [ . 9 0 1
Dua vao d6 thi ham s6 y = cos x, tim c4c gi4 tri ciia x dé cos x = 5
Dua vao dé thi ham s6 y = sinx, tim cdc khoang gi4 tri cha x dé ham s6 d6
nhan gia tri duong.

Dua vao d6 thi ham s6 y = cos x, tim cdc khoang gid tri clia x dé ham s6 d6
nhén gi4 tri 4m.

Tim gi4 tri 16n nhét cua cac ham sé :
a)y= 24cosx +1;

b) y=3-2sinx.

PHUGONG TRINH LUONG GIAC CO BAN

1
Tim mét g|a tn cla x sao cho 2sinx - 1=0.

" Trong thuc t&, ta gap nhimg bai todn din dén viéc tim t4t ca cac g1a tn cla x
nghiém ding nhimg phuong trinh nao d6, nhu

3sin2x+2=0
hoac 2cosx+tan2x-1=0,
ma ta goi 1a cic phuong trinh luong gidc.
Gidi phuong trinh lugng gidc 1a tim tdt ca céc gia tri cha 4n s6 thoa mian
phuong trinh da cho. Céc gia tri nay la 8 do cha céc cung (goc) tinh bang
radian hodc bang do.

Viéc giai cdc phuong trinh lugng gidc thuong dua ve viéc g1a1 cac phuong .
trinh sau, goi 1a cic phwong trinh luong gidc co bdn :

. sinx=a,cosx=a,tanx =g, cotx = g,
trong d6 a 12 mot hang s6.

2.DA1S6 8 GIAI TiCH 11.8"



1. Phuong trinh sinx = a

R

2
C6 gia tri nao cla x thoa man phuong trinh sinx = -2 khong ?

Xét phuong trinhsinx=a. (1)

sin

Truong hop lal > 1

Phuong trinh (1) v6 nghiém, vi [sinx| <
v4i moi x.

Truong hop lal < 1

Vé dudng tron luong gidc tim O, truc 4’ 0 cosin
hoanh 1a truc c6sin, truc tung la truc sin.
Trén truc sin 14y diém K sao cho OK = a.
T K ké dudng vubng géc v6i truc sin, cét B’
dudng tron lugng gidc tai M va M' d6i
xing v6i nhau qua truc sin (néu la| = 1
thi M trung vé6i M') (h.14).

Hinh 14,

Tir d6 ta thdy s6 do clia cdc cung luong gidc AM va AM 1a tat ca c4c nghiém
cla phuong trinh (1).

o N
Goi ala s6 do bang radian clia mot cung lugng gidc AM, ta c6
~
sdAM = a+k2n, ke Z ;
n
SdAM' =n - a+k2n, k€ Z.
Vay phuong trinh sinx = a c6 cdc nghiém la

X =a+k2n, keZI;
x=n—a+k2n, kel

T T
, 2~ ey -—Sas— > .
Néu s6 thuc « thoa mian diéu kién 2 2 thi ta viét a = arcsin a
sina = a

(doc 1a ac-sin-a, nghia 12 cung c6 sin bing a). Khi d6, cic nghlém cha
phuong trinh sinx = @ dugc viét 1a

x=arcsina+ k2n, ke Z
vax=m—arcsina + k2w, k € Z.

19
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CHUY
a) Phuong trinh sinx = sin a, v6i a 12 mot s6 cho trude, cb cic
nghiém la _
x=a+k2r, ke Z

va x=7t—a+k21t, ke Z.
Téng quat,

= + k27, kel
sinf(x) = sin g(x) < f(x) ()
f(x) = n — g(x) + k2, k e Z.
b) Phuong trinh sinx = sin £ ° ¢6 c4c nghiém 1a
x=L°+k360°, ke Z
va  x=180°-B°+k360°, ke Z.
c) Trong mét cong thic vé nghiém cua phuong trinh luo*ng
gidc khong dugc dung déng thdi hai don vi do va radian.

d) Cac truong hgp dic biét :
* a =1 : Phuong trinh sinx = 1 ¢6 cdc nghiém la

X = r +k2n, ke Z.
¢ a = -1 : Phuong trinh sinx = -1 ¢6 c4c nghiém la
x= —g +k2m ke Z.

* a = 0 : Phuong trinh sin x = 0 ¢6 c4c nghiém la
' x=kn, ke Z.

Vi du 1. Giai cic phuong trinh sau :
. 1
a)sinx:l ; b) sinx = —.
2 5
Gidi
1 T ) 1 . .
a) Vi — =sin— nénsinx= — ¢ sinx = sin—.
2 6 2 : .6
Vay phuong trinh c6 cdc nghiém la

x=g+k2n,keZ va x=n—%+k2n':5?n+k2n,ke Z.



) . 1 .
b) Ta c6 sin x = é khi x = arcsin%. Vay phuong trinh sinx = 3 c6 cdc
nghiém 1a

x=arcsinl+k2n,keZ va 'x=n—arcsin%+k27t,ke Z.

3
ﬁGiéi cac phuong trinh sau :
2

: 1
a) sinx=—~; b) sin(x+45%)=-——,
) sinx 3 _ } sin(x ) >

2. Phuong trinh cosx =a

. Trudmg h(_ip la| >1
Phuong trinh cos x = a vo nghiém
vi |cosx| <1 véi moi x.
Truong hop
Tuong ty trudng hop phuong trinh A
sinx = q, ta 14y diém H trén truc cosin
sao cho OH = a. Tt H k& dudng
vuong géc vdi truc cosin, cit dudng
tron lugng giac tai M va M' dé6i
Xing véi nhau qua truc cosin (néu
lal =1 thi M = M) (B.15).

Hinh 15

Tir dé6 ta thdy s6 do cua cdc cung luo’ng gidc AM va AM la tat ca cic
nghlém cta phuong trinh cos x = a.

Goi « 12 s6 do bing radlan cua rﬁm cung luong gidc AM taco:
sdAM —a+k27t ke Z ;

N
sdAM' =-a+k2n, ke Z.
Vay phuong trinh cos x = @ ¢6 cac nghiém la

x=xa+ k2w, k € Z.
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CHUY

a) Phuong trinh cos x = cos @, v6i a 1a mot s6 cho trudc, c6 cic
nghiém la

x=ta+k2n, ke Z
Téng quét cosf(x) = cosg(x) & f(x) =1g(x)+ k2n, ke Z.
b) Phuong trinh cos x = cos ,B c6 cic nghiém la
x=+p°+k360°% k € Z.
c) Néu s6 thuc o thoa man céc diéu kién
' O0f<as<nm
{cosa =a

thi ta viét a = arccosa (doc 12 ac-cosin-a, c6 nghia 12 cung c6
cosin bing a). Khi d6, c4c nghiém cua phuong trinh cosx = a
con duge viét 1a

x=tarccosa+ k2n, k € Z.

d) C4c truong hop dac biét :
* a=1: Phuong trinh cosx = 1 ¢6 c4c nghiém 1a
x=k2n, k € Z.

a==1: Phuong trinh cosx = -1 ¢6 c4c nghiém la
x=7n+k2n, k € Z.
* a =0 : Phuong trinh cos x = 0 c6 cdc nghiém 1a

x=£+k1t,ke Z.
2

Vi du 2. Giai cdc phuong trinh sau :

V2

a) cosx = cosE ; b)cos3x= -—" "
c) cosx = 1 . d) cos (x + 600) = —J—E
3 . 2
Gidi
a)cosx=c_os%c$x= %+k21t ke Z. T



V2

b) Vi —-— = cos3—7t nén
\ 2 4
cos3x='~-—2 <:>cos3x=cos3—7t <:>3x=i3—n+k21t
2 4 4
<:>x:i£+k2—n,ke Z ;
4 3
: 1 1
c)cosx=§<:>x=iarccos§ +k2n, ke Z ;

d) Vi g = cos45° nén

cos(x + 60°) = g < cos (x + 60°) = cos 45° < x + 60° = + 45° + k360°

— _15° + K360°
| i (ke Z) m

x = —105° + k360°

4
RGiéi cac phuong trinh sau :

a) cosx=——;— ; b) cosx=§ : ¢) cos(x+30°)=—.

e

3. Phuong trinh tanx=a
biéu kién cla phuong trinh 1a x # g +kn (ke Z).
Cin ct vao dé thi ham s6 y = tan x, ta thay véi méi s6 a, d6 thi ham s6 y = tan x

cit dudng thang y = a tai c4c diém c6 hoanh do sai khac nhau mét boi clia «
(h.16). y

7 i o al ) & i
| = A AR /3_ §
. (o) 1 2 13 ¥
=2 x, - 2m, x - T O x: T/ x+m 20/x +2m! x
) Hinh 16
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Hoanh do ciia mdi giao diém 12 mot nghiém clia phuong trinh tanx = a.
T

Goi x, 12 hoanh d¢ giao diém (tan x = a) thoa man diéu kién —g <x < >

Ki hiéu x, = arctan a (doc 1a ac-tang-g, nghia 1a cung c6 tang béng q). Khi do,
nghiém cua phuong trinh tanx = g la

x=arctana+kn,ke Z.

CHUY |
a) Phuong trinh tan x = tan ¢, vm a 1a mot s6 cho trudc, co cic
nghiém la
x=a+kn, ke Z.

Téng quat, tan f(x) = tang(x) = f(x) = g(x) + km, k € Z.

b) Phuong trinh tanx = tan 8 ° ¢6 c4c nghiém la
x=B°+k180° k € Z.

Vi du 3. Giai cac phuong trinh sau : |

a) tanx=tén§ ; b)tan2x=—%; c)tan(3x+15°)=\/§.
Gidi

a) tanx=tan§ <¥>x= % +km ke Z.

b) tan2x = —%— & 2x = arctan [—%} +km

Sx= larctan(—l] + kﬁ, ke Z.
2 3 2

c) Vi V3 =tan60° nén tan(3x + 15°) = NCYPEN tan(3x + 15°) = tan 60°
& 3x+15°=60°+ k180° = 3x=45° + £k180° .+
Sx=15°+k60° ke Z. =

5

Giai cac phuong trinh sau :
a)tanx=1; b) tanx =1 ; “c)tanx =0.



4. Phuong trinh cotx=a

Diéu kién cta phuong trinh la x # k=, k € Z.

Cian cir vao d6 thi ham s6 y = cot x, ta thdy véi mdi s6 a, dudng théng
y = a cét d6 thi ham s6 y = cot x tai cdc diém c6 hoanh d¢ sai khéc nhau
mot boi cua © (h.17).

X +7
1
1
1
1
1

1t_32£\
\

' 2n X

|
L~ :;‘)
|
)h;
_-___---__.I A oL
a
|
}ln
n Q
/Nm
/-__--~><

Hinh 17
Hoanh d6 cua mbi giao diém 12 mot nghiém cta phuong trinh cotx = a.
Goi x; 12 hoanh d¢ giao diém (cotx; = a) thod man diéu kién 0 < x; < .
Ki hiéu x; = arccota (doc 12 ac-cOtang-a, nghia 1a cung c6 cotang bang a).

Khi dé, cidc nghiém cua phuong trinh cotx = a 1a

x = arccota + k=, k € Z.

CHU Y
a) Phuong trinh cot x = cot &, véi a la mot s6 cho trude, c¢é cac
nghiém la
x=a+kn, ke Z.
Téng quaét, cot f(x) = cotg(x) = f(x) = g(x) + km, k € Z.
b) Phuong trinh cotx = cot #° c6 céc nghiém Ia

x=p°+k180° k € Z.
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Vi du 4. Giai cac phuong trinh sau :
a) cpt4x = cot 2n ;

7
b)cot3x=-2;

c) cot (2x - 10%) =

-

Gidi

a) cotdx = cotz—TE S 4x = E— +kneox= l+k£. ke Z.
7 7 14 4

b) cot3x = -2 <> 3x = arccot(-2) + k~n

S x= % arccot(=2) + k% ke Z

c) Vi L = cot 60° nén

.3

cot(2x — 10°) = & cot(2x — 10°%) = cot 60°

1

3
< 2x - 10°=60° + £180°
&x=35+k90° kc Z w

6
ﬁGiéi céc phuang trinh sau :

a)cotx=1; b) cotx=-1; c) cotx =0.
GHI NHO
Maéi phuong trinh

sinx=a(lal<1);cosx=a(lal<1);tanx=a;cotx=a
c6 vo s6 nghiém.

Giai cac phuong trinh trén 1a tim tdt cd cdc nghiém cla chung.
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BAI POC THEM

GIAI PHUGNG TRINH LUONG GIAC CO BAN
BANG MAY TiNH BO TUI

C6 thé slr dung may tinh bd tai (MTBT) dé giai cac phuang trinh Iugng giac co
ban. Tuy nhién, di véi phuong trinh sin x = a may chi cho két qua la arcsina vdi
don vi |2 radian ho#c da dugc ddi ra do. Luc d6, theo cong thirc nghiém ta viét
cac nghiém la

x=arcsina+ k2n, ke Z
vd x=m—arcsina + k2n, k € Z.
, Tuong tuy, ddi véi phuang trinh cos x = @ may chi cho két qua 14 arccos a, doi véi
phuang trinh tan x = @ may chi cho két qua Ia arctana.
Vi du. Ding MTBT CASIO fx — 500 MS, giai cac phuong trinh sau :

a) sinx=0,5 ; b) cosx:—%— ; ) tan x = /3.

Gidi
MODE
a) Néu mudn cb dap s8 bang do thi bAm ba Ian phim @ s bsm phim & 3
man hinh hién ra chit D. Sau d6 bam lién tiép
SHIFT

Dong thi nhét trén man hinh hién ra sin 1 0.5 (c6 nghta la arcsin 0,5) va két qué &
dong thir hai 12 30°0°0 (arcsin 0,5 da dudc ddi ra do).
Vay phuong trinh sinx =0,5 cé cac nghiém la
x=30° +k360°, keZ
va x = 180° = 30° + k360° = 150° + k360°, keZ .
b) B4m lién tiép

SHIFT

Dong thi nhat trén man hinh 14 cos | — (1 J 3) (c6 nghfa 2 arccos(—%} ) va két qua

& ddng th(r hai 14 109°28'16.3" (arccos(—%} da dugc ddi ra do).
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Vay phuong trinh cosx = —% c6 cac nghiémlax~+ 109°28'16" + k36Q°, keZ.
SHIFT

c) Bam lién tiép

dong thdr nhat trén man hinh 13 tan~'v/3 (cé nghta 1a arctany/3) va két quéa &

dong th hai 1a 60°0°0 (arctan+/3 da dugc ddi ra do).

Vay phuong trinh tan x = \/5 c6 cac nghiém 1a x=60° + k180°, k € Z. =

CHU Y
a) Bé giai phuong trinh sinx =0,5 vdi két qua la radian, ta bam ba
MODE

Ian phim @ i vsm phim @B man hinh hién ra chit R.

SHIFT .
Sau d6, bam lién tiép
ta dugce két qua gan dung 1a 0,5236 (arcsin 0,5 = 0,5236).
Vay phuong trinh sinx =0,5 c6 cac nghiém la
x~0,5236 + k2%, keZ
va x=~n-0,5236 + k2%, keZ.
b) D& giai phuong trinh cotx =a béng MTBT, ta dua vé gidi phuong

trinh tanx = l
a

Bai tap
Giai cac phuong trinh sau :
a)sin(x+2)=%; b)sin3x=1;
c) sin[E—EJzo; d) sin(2x+20°)= —ﬁ.
3 3 2

Vi nhitng gia tri ndo cua x thi gia trj cua cdc ham s6 y = sin3x vd y = sinx
bing nhau ?
Giai cac phuong trinh sau :

a)cos(x—1)=§ ; b)cos3x=cole°;

c)cos[3—x - Ej = —l ; d) cos22x= i
2 4 2 4



2cos2x

4. Giai phuong trinh ———— =0
_ 1 —sin2x
5. Giai cac phuong trinh sau :
a) tan(x—15°)=? ; b) cot(3x — 1) = -3 ;
c)cos2xtanx =0; d) sin3x cotx = 0.

7 -~ .z . ~ ki N .z . 2 ’ ~ g Tc ~
6. Véi nhitng gid tri nao cha x thi gid tri ciia cac ham s y = tan(z - x] va

y = tan 2x bang nhau ?
7. Giai cac phuong trinh sau :
a)sin3x-cosSx=0; b) tan3x tanx = 1.

MOT SG PHUONG TRINH LUONG GIAC
THUONG GAP

I - PHUONG TRINH BAC NHAT POI VOI MOT HAM SO LUONG GIAC

1. DPinh nghia
Phuong trinh bdc nhdt d6i v6i mot ham s6 lugng gidc l1a
phuong trinh ¢6 dang
at+b=0, (1)
trong dé a, b 1a cdc hang s6 (a # 0) va ¢ 12 mot trong cdc ham
s0 lugng giac.
Vidul

a) 2sinx — 3 = 0 la phuong trinh bac nhat d6i véi sin x.

b) V3tanx + 1 =0 1a phuong trinh bac nhat d6i v6i tan x.

1
RGiéi cac phuang trinh trong Vidu 1.
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2. Cach giai
Chuyén vé rdi chia hai vé clia phuong trinh (1) cho a, ta dua phuong trinh (1)
vé phuong trinh lugng gidc co ban.

Vi du 2. Giai cdc phuong trinh sau :

a)3cosx+5=0; b)\/SCOtx—3=O.
Gidi

a) Tu 3cosx + 5 = 0, chuyén vé ta c6

3cosx = — 5. (2)

_p . 5
Chia hai vé&€ cua phuong trinh (2) cho 3, ta dugc cosx =— 5

Vi ——g < —1 nén phuong trinh da cho v6 nghiém.
»

b) Tir +/3 cotx — 3 =0, chuyén vé ta c6
J3 cotx =3, 3
Chia hai v€ clia phuong trinh (3) cho /3, ta duoc cotx = /3.

Vi x/§=cotg néncotxzx/g<:>cotx=cotg<:>x=g+kn,ke Z.n

3. Phuong trinh dua vé phuong trinh bac nhat déi véi mét ham sé

lugng giac

Vi du 3. Giai cdc phuong trinh sau :

a) Scosx = 2sin2x=0; 4)

b) 8sinx cos x cos 2x = —1. (5)

Giai

a) Ta ¢6 Scos x — 2sin 2x = 0 <> 5¢c0s x — 4sinx cos x = 0 <> cos x(5 — 4sinx) =0
cosx =0
[5 —4sinx = 0.

°cosx=0<:>x=§+k1t,ke Z.
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*5-4sinx=0<¢4sinx=5 < sinx = %, vi % > 1 nén phuong trinh nay
v6 nghiém.

Vay phuong trinh (4) c6 c4c nghiém 12 x = g +kn ke Z.

b) Ta cé
8sin xcos xcos 2x = —1 <> 4sin2xcos2x = —1 < 2sindx = -1
. 4x=-Zirion fx=-Z 41l |
Ssindr= -2 & , N 724 2 kez) m
dx="Tion  |x="T4iX
6 24 2

11 - PHUONG TRINH BAC HAI POI V61 MOT HAM SO LUONG GIAC

1. DPinh nghia
Phu'o‘ng trinh bac hai d6i v6i mot ham s6 lugng gidc 1a phuong
trinh c6 dang
att +bt+c= 0,

trong d6 a, b, ¢ 12 c4c hing s6 (@ # 0) va ¢ 1a mot trong cic
ham s6 luong giac.

Vidu4
a) 2sin 2 +3sinx—2=01a phuong trinh bac hai d6i véi sinx.

b) 3cot’x — Scotx — 7 = 012 phuong trinh bac hai d6i véi cot.x. -

% 2
Gidi cac phuong trinh sau :

a) 3cos 2x — Scosx +2 =0 ;
b)3tan? x —2v3tanx +3=0.
2. Cachgiai _
Pat bidu thitc lugng gidc 1am 4n phu va dat didu kién cho 4n phu (néu c6)

r6i giai phuong trinh theo 4n phu nay. Cu6i cung, ta dua vé viéc gidi céc
phuong trinh lugng gidc co ban. ,
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Vi du 5. Giai phuong trinh

.2 X X
2sin® = +4/2sin= -2 =0.
2 2

s 2e N, o X L yi A 1A
Giai. Dat smE =t v6i di€u kién

-1<1<1 ),
ta dugc phuong trinh bac hai theo ¢

22 +\21-2=0. (1)
Phuong trinh (1) c6 hai nghiém' £ = -2 va ty =—\/2: nhung chi c6

2 ., e .
ty = - thoa man di€u kién (*). Vay ta ¢

XoTikon |x=T4kan

o2 ;‘ R - (keZ). m
1=—“+k2 x=" 4 kAn
2" 4 2

3. Phu’dng trinh dua vé dang phuong trinh bac hai doi véi mot '
ham sé lugng giac

ﬁs
Hay nhac lai :

a) Cac héng déng thic lugng giac co ban ;

b) Cong thirc céng ; .

c) Cong thirc nhan doi ;

d) Céng thitc bién ddi tich thanh tdng va téng thanh tich.

C6 nhiéu phuong trinh lugng gidc ma khi gidi c6 thé dwa vé phuong trinh
bac hai d6i vdi mot ham s6 lugng gidc. Sau day 1a mot s6 vi du.

Vi du 6. Giai phuong trinh -

6cos “x + Ssinx - 2 = 0. | @)
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Gidi. Bién d6i cos’x =1 - sin2x, ta dwa phuong trinh (2) vé dang
~ 6sin’x + Ssinx + 4 = 0,
Dit sinx = ¢ v6i diéu kién —1 <t < 1, ta duge phuong trinh bac hai theo ¢

—6%+5t+4=0. 3)

Phuong trinh (3) ¢6 hai nghiém ¢{ = — va = —% nhung chi ¢6 #, = —%

3
thoa mian diéu kién. Vay ta c6

. 1 . . ( nj
sinx = —— < sinx = sin| ——
2 6

x=-21km
o 76 keZ) m
x=-—n+k2n
6.
Vi du 7. Giai phuong trinh
V3tanx - 6cotx + 243 —3=0. L@

Gidi. Diéu kién cla phuong trinh (4) 12 cosx # 0 va sinx # 0.

Vicotx = t nén phuong trinh (4) c6 thé viét dudi dang
an x
V3tanx - 6 +2\/§—3=0,
T tanx
hay J3tan’x + (243 - 3)tanx - 6 = 0.

Dat tan x = ¢, ta duoc phuong trinh bac hai theo ¢
B3+ V3 -3 -6=0. (5)

Phuong trinh (5) c6 hai nghiém : £; =/3 , 1, = -2.

Véi ¢ =x/§f':r.cétanx:x/g<::>tanx=tan—37E <:>x:§+kn,ke Z.
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Véit,=-2ta c6 tanx = —2 < x = arctan(-2) + kmn, k € Z.

Cidc gia tri ndy déu thoa min diéu kién néu trén nén ching 1a cdc nghiém
clia phuong trinh (4). ®

4
ﬁGiéi phuong trinh 3cos’6x + 8sin3x cos 3x — 4 = 0.
Vi du 8. Giai phuong trinh
2sin >x - Ssinx cos x — cos 2x = — 2. (6)
Gidi. Trudc hét, ta thdy néu cos x = 0 thi phuong trinh (6) c6 v€ trdi bang 2, con
v€ phai bang -2, nén cos x = 0 khéng thod man phuong trinh (6). Vay cos x # 0.
Vi cosx # 0 nén chia hai v€ cia phuong trinh (6) cho cos ?'x, ta dugc

2

0082X

2tan’x — Stanx - 1= — =t 2tan2x —Stanx - 1=-2(1 + tanzx).

Ta dua dugc phuong trinh (6) vé phuong trinh bac hai theo tan x
4tan’x — Stanx + 1 = 0

tanx =1

<~
tanx =

1
4
n .
'tanx=1<:>x=z+kn,ke~Z.
1 1
*fanx= — < x=arctan— +kn, k € Z.
Vay phuong trinh (6) c¢6 cidc nghiém la
X =£+kr_c
va X = arctani +kn(keZ) m
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11l - PHUONG TRINH BAC NHAT pOI VOI sinx VA cosx

1. Céng thirc bién ddi biéu thirc asin x + beos x

% 5 .
Dua vao céac cong thirc cong da hoc :

sin(a + b) = sinacos b + sinbcos a ; cos (a + b) =cosacosb —sinasinb ;
sin(a — b) = sinacos b — sinbcosa ; cos (a — b) = cosacos b + sinasinb
va két qua cosg = sin% =g, hay ching minh rang :

. 1 . . T
a) sinx + cosx = \/Ecos(x —Zj ; b) sinx —cosx = \/Esm(x _ZJ .

Trong trudng hgp téng quét, v6i at+ b2 0,taco

asinx + bcos x =\/a2 + b2 [Lsinx + —b—cosx].
\/a2 + b2 \,/a2 + b2
a 2 b 2
Vi [—J + [—] =1 nén c6 mdt géc a sao cho
: \/a2 + b2 \/az + b2
S cos . L =sin &
\/a2 + b2 \/a2 + b2

Khi d6 asinx + bcos x = Va* + b* (sin xcosa + cos xsina)

= \Jaz + b? sin(x + a). /

Vay ta c6 cong thirc sau

asinx + bcos x = \/a2 s sin(x + @), )
vGi cos a = a vasina = b
\/az + b2 \/a2 + b2 :

2. Phuong trinh dang asinx + bcosx =¢

Xét pnuong trinh asinx + bcos x = ¢, (2)
Vvéia, b, c € R ; a, bkhong dong thdi bing 0 (a* + b° # 0).
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Néu a =0, b= 0 hoac a # 0, b =0, phuong trinh (2) c6 thé dua ngay V€
phuong trinh lugng gidc co ban. Néu g # 0, b # 0, ta 4p dung cong thirc (1).

Vi du 9. Giai phuong trinh
sinx + v3cosx=1.

Gidi. Theo cong thic (1) ta cé

sinx +v3cosx =1+ (\/5)2 sin(x + ) = 2sin (x + ),

1 . 1k s .
trong d6 cos a = 5 sina =73.Tirdolay o =§ thi ta c6

) ) o
sinx + v3cosx = 2sm(x + 5]

Khi d6
sinx + 3cosx=1<:>2sin[x+£}=l<:>sin(x+£}:—1-
3 3 2
' . ( nj- T
& osin| x +— | = sin—
3 6
x+£=£+'k2n _ x=-2 4k
6 6

= =
x+2-n-Tipon |x=lir2ntkez) w
3 6 2

% 6
Gidi phuong trinh +/3sin3x —cos3x = /2.

Bai tap
1. Giai phuong trinh
sin%x — sinx = 0.
2. Giai cac phuong trinh sau :

a) 2cos < —3cosx+1=0: b) 2sin2x + v/2 sin4x = 0.
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3. Giai cic phuong trinh sau :

a)sinZ%—Zcos§+2=O ; b) 8c052x+2sinx—7=0;

c) 2tan2x+3tanx+1=0; d) tanx - 2cotx + 1 =0.
4. Giai cdc phuong trinh sau :

a) 2sin 2x + sinx cosx — 3c052x =0;

b) 3sin 2x —4sinx cos x + 5c052x =2;

c) sinzx +sin2x - 2coszx = % ;

d) 2cos’x — 3+/3 sin 2x — dsin’x = — 4.
5. Giai cac phuong trinh sau :

a) cosx — \/gsinx = \/5 ; b) 3sin3x — 4cos3x=5;

¢) 2sinx + 2cosx — \/— =0; - d) 5cos2x + 12sin2x - 13 = 0.
6. Giai cac phuong trinh sau : ' '

a) tan(2x + Dtan(3x — 1) = 1 ; b) tanx+tan(x+§] = 1.

N

BAI POC THEM

BAT PHUONG TRINH LUONG GIAC

Ta chi xét cac bat phuong trinh lugng giac cd ban. Db 1a nhitmg bat phuong trinh
dang sinx > a (hodc sinx 2 a, sinx < a, sinx < a), trong d6 a la mét s thuc tuy y.
Ta ciing xét nhing bat phuadng trinh tuong tu d6i v&i cac ham sé cos x, tan x, cot x.

| - BAT PHUONG TRINH sinx > a
Né&u a > 1 thi bat phuong trinh sinx > a v6 nghiém, vi sinx < 1 v8i moi x.

Néu a < —1 thi moi s6 thuc x déu la nghiém clia bat phuang trinh sinx > a, vi sinx > —1
véi moi x. '
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" sin, cat dudng tron tai hai diém M va M'. ' B’

38

Ta xét truong hop —1 < a < 1 théng qua vi du sau.
Vi du 1. Giai bat phuong trinh sin

sinx > vz (1)
B 2 *

Gidi. V& dudng tron lugng giac tam O.
Trén truc sin |8y diém K sao cho

Vi 7

— 2
OK == (h.18).
5 (0-18)

A cT‘)sin

Ké tir K duong thdng vudng géc véi truc

, Y

Ré rang, néu cung AD c6 s6 do thod man
b4t phuong trinh (1) thi D phai ndm trén
cung MBM' va ngugc lai. Hinh 18

oy T
TacésdAM=Z+k2n,ke Z va

3n

"
sd AM' = 2 +k2n, k e Z.

Vay nghiém cla bat phuong trinh sinx > 72 la
§+k21t<x<:%n +k2m ke Z. m

2
2

Chu y. Diém cudi ctia cung ¢ s6 do 1a nghiém clia bét phuong trinh sinx <

phéi nam trén cung M'B'M va ngugc lai (h.18). Khi @4, nghiém clia bt phuong
trinh 1a '

.+k2n5xs [%+2n} + k2~

3_1t
4
hay 3—n+k21t$x$9—n+k21t,(ke Z).
4 4
Il - BAT PHUONG TRINH cosx < a
Néu a < —1 thi bat phuong trinh cos x < a vé nghiér.
Né&u a > 1 thi moi s& thuc x déu 1a nghiém clia bt phuong trinh cosx < a.

Ta xét trudng hop -1 < a < 1 thdng qua vi du sau day.



Vi du 2. Gidi bat phuong trinh
2
cosx £ — —.
2

Gidi. Trén truc cosinldy diém H c6 hoanh
do 1a —%. K& tir H dudng thing vudng
gbc véi truc cosin, cat dudng tron ludng
giac tai hai diém M va M' (h.19).

r\ v 2 ~
R6 rang, néu cung AE cb sb do thoa man
bat phuong trinh (2) thi E phai ndm trén

cung MA'M’ va ngugc lai. Vay nghiém
cla bat phuong trinh da cho la

3n

Cha y. Bat phuang trinh cos x > —72 c6 nghiém la
on +k2n<x< (3—n+2nj +k2n
4 4

hay 54—n+k27r<x<%-1£+k21t,ke Z.

il - BAT PHUONG TRINH tanx > a
Véi moi s6 thuc a, bat phuong trinh tanx > a ludn cé nghiém.
Ta xét vi du sau day.

Vi du 3. Giai bat phuong trinh

tanx > 1. (3)

Giai. L3y trén truc tang diém / sao cho Al =1.
N&i OI cat dudng tron lugng giac tai M va M’

T+k2n£x£%{+k2n,ke Z =u ~ Hinh 19

&la

A

cOsin

tang

~ A’
(h.20). N&éu cung AE ¢b s8 do thod man bat
phuong trinh (3) thi diém E phai nam trén mot o
trong hai cung MB va M'B' va ngugc lai.
Vay nghiém cla bat phuong trinh (3) la

B'

§+anx<§+kn'(ke Z) =m Hinh 20
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Cha y. Nghiém cla bat phuong trinh tanx < 1 13

_E +k1t<x<E +kn, ke Z.
2 4

IV - BAT PHUONG TRINH cotx < a
Véi moi s6 thuc a, bat phuang trinh cotx < a M cotang -

déu c6 nghiém. g
Ta xét vi du sau day. 3
Vi dy 4. Gidi bét phuang trinh L 0 4
cotx < L 4) M
V3 4n
Gigi. Lay diém J trén truc cotang sao cho 3 B’

BJ =L. NGi JO cat dudng tron lugng giac tai

. .,\/g . -Hinh 21
hai diem Mva M' (h.21).

~ .
Néu cung AF cé s6 do thod man bat phuong trinh (4) thi diém F phai nam trén mot

trong hai cung MA' vaM'A va nguoc lai.
Vay nghiém clia bat phuong trinh (4) 1a

-;i+kn3x<n+kn,ke Z. &

Chu y. Nghiém cla bat phuong trinh cot x >L Ia

V3

kn<x<§+kn,ke Z.

On tép chuong |
a) Ham s6 y = cos 3x c6 phai la ham s6 chin khOn'g ? Tai sao ?
b) Ham s6 y = tan(x + %J c6 phai 12 ham s6 1¢ khong ? Tai sao ?
Can ci vao d6 thi ham s6 y = sinx, tim nhiing gi4 tri cha x trén doan
[—37“ ; 2&} dé ham s6 do :

a) Nhan gié tri bing -1 ; b) Nhan gi4 tri am.



3. Tim gia tri 16n nh4t cha cdc ham s6 sau :

a) y=+2(1 +cosx) +1; . b) y=3sin(x—gJ—2.

4. Giai cac phuong trinh sau :

L 2 .2 1
a)sm(x+1)=§ ; b) sin 2x=5 ;
c)cotzf:l ; d) tah(l+12x]:—\/§.
2.3 12
5. Giai cac phuong trinh sau :
a) 2cos’x - 3cosx+1=0; b) 25sin’x + 15sin2x + 90052x =25,
¢)2sinx+cosx=1; d)sinx+ 1,5 cotx=0.

Bai tap trdc nghiém

Chon phuong dn ding :

6. Phuong trinh cos x = sinx c6 s6 nghiém thuoc doan [- ; w] 1a :

(A)2; B)4; O5; (D) 6.
7. Phuong trinh <% _ tan2x 6 s6 nghiém thuoc khoing (0 ; 5] la :
cos2x 2
(A)2; B)3; 4, (D) 5.

8. Nghiém duong nho nhit cia phuong trinh sinx + sin2x = cos x + 2cos’x 12 ;
' i 2n T i
A) —; B) — ) —; D) —.
(A) 5 (B) 3 © 2 (D) 3
9. Nghiém am I6n nhit ciia phuong trinh 2tan® x + Stanx +3 =0 Ia:
5n

T T T _5m
(A) 3 (B) e © G - (D) "

10. Phuong trinh 2tan x — 2cot x — 3 = 0 c6 s6 nghiém thudc khoang [—125 ; nj la:
(A) 1 (B)2; ©)3; (D) 4.
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Chuong II T0 HOP-XAC SUAT

10 HUP-XAC SUAT

Chuong nay cung cép nhing kién thic co ban nhét vé Dai s6't6 hop va Li thuyét

X4C SUAt. _

Phan thu nht bao gom quy tég ¢dng va quy tac nhan, cac khai niém, c4c cong

thiic vé hodn vi, chinh hop va to hop. Gac bai toan nay thuong gap trong Toan Ung

dung. Ngoai ra, cdng thuc khai trién nhj thic Niu-ton va céc ap dung cla né ciing

duoc trinh bay.

Phan tiép theo cung c&p nhing khai niém md dau va céc cong thic don gidn nhét

clia Li thuyét xéc sudt, mt finh vuc quan trong cua Todn hoc, c6 nhiéu ing dung
thyc té.




OUY TAC PEM

Trong Dai s6 t6 hgp, c6 nhiéu tap hop hitu han ma ta khong dé dang xac
dinh dugc s6 phdn tir cua ching. Dé dém s& phan ti clia cc tap hop hitu
han d6, cling nhu dé x4y dung céc cong thic trong Pai s6 té hop, nguoi ta
thudng st dung quy tic cong va quy tic nhan.

S6 phén tir cha tap hop hitu han A dugc ki hiéu 1a n(A). Ngudi ta

ciing dung ki hiéu |A| dé chi s6 phan tir ca tap A. Chang han :

a) Néu A = {a, b, c} thi s6 phdn tir cia tap hgp A 1a 3, ta viét

n(A) =3 hay |A| = 3.

byNeu A=1{1,2,3,4,5,6,7,8,9},

B={2, 4,6, 8} (tap hop cac s6 chdn cua A),

thi ANB=1{1,3,5,7,9).

— S6 phan tir ctia t4p hgp A 1a n(A) = 9.

— S6 phén tir cia tap hop B 1a n(B) = 4.

— S6 phan tir ciia tap hop A \ B 13 n(A \B) = 5.

QUY TAC CONG

Vi du 1. Trong mét hop chia

sdu qua cdu tring dugc dinh |7 @ 33 @

sO tir 1 dé€n 6 v ba qua cdu den ( ) (2

dugc danh s6 7, 8, 9 (h.22). C6 O @ @ @ @
bao nhiéu cach chon mét trong
céc qua cdu dy ? Hinh 22

Gidi. Vi cdc qué cdu trang hodc den déu dugc danh s6 phan biét nén méi
1an 14y ra mot qua cdu bat ki 12 mot 14n chon. Néu chon qud trang thi ¢ 6
cach chon, con néu chon qua den thi ¢6 3 cich.

Do d6, s6 cdch chon mot trong cdc qua cdu 12 6 + 3 =9 (cich). =
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QUY TAC

Mot cong viéc dugc hoan thanh bdi mot trong hai hanh
dong. Néu hanh dong nay c6 m cach thuc hién, hanh dong
kia ¢6 n céch thuc hién khong trung véi bét ki cdch nao cla
hanh dong thit nhat thi cong viéc dé c6 m + n céch thuc hién.

1

ﬁTrong Vi du 1, ki hiéu A 1a tap hop cac qua cau trang, B 1a tap hgp cac qua cau
den. Néu mdi quan hé giita s6 cach chon mét qua cdu va sé cac phan tir cia hai
tap A, B.

Quy tac cong dugc phat biéu & trén thuc chit 1a quy tic dé€m s phdn tir cia
hop hai tap hop hitu han khong giao nhau, dugc phat biéu nhu sau :

Néu A va B la cdc tdp hop hitu han khong giao nhau, thi
n(A v B) = n(A) + n(B).
CHU ¥ |
Quy tic cong ¢6 thé md rong cho nhiéu hanh dong.

Icm

Vi du 2. C6 bao nhiéu hinh vuéng trong Hinh 23 ?
) ]
Gidi. RS rang, chi c6 thé c6 céc hinh o
vuong canh 1 cm va 2 cm. Ki hiéu A la
tap hop céc hinh vuong ¢é canh 1 cm va B
12 tap hop cdc hinh vuong c6 canh 2 cm. . Hinh 23

ViANn B=(, A B latap hop cdc hinh vuong trong Hinh 23 va n(A) = 10,
n(BYy=4nén n(A v B)=n(A)+n(B)=10+4 =14,

Vay c6 tdt ca 14 hinh vuong. m

al
Il - QUY TAC NHAN a2
Vidu 3. Ban Hoang c6 hai 40 mau khac nhau va a3l
ba quan kiéu khdc nhau. Héi Hoang cé bao nhiéu
cach chon mot bo quan do ? b1
Giai. Hai 40 dugc ghi chit a va b, ba quan
dugc danh s6 1, 2, 3. b2
Dé chon mot bo quén 4o, ta phai thuc hién lién b3

ti€p hai hanh dong :
Hanh dong 1 — chon 0. C6 hai cdch chon (chon @ hoac b).  Hinn 24
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Hanh déng 2 — chon quan. Ung véi méi cach chon do ¢6 ba cach chon quan
(chon 1, hoac 2, hoac 3). :
K&t qua ta ¢6 cac bo quan 4o nhu sau : al, a2, a3, b1, b2, b3 (h.24).
- Vay s6 cdch chon mot bo quan dola 2.3 = 6 (cdch). ™
Téng quat, ta c6 quy tdc nhdn sau day.

QUY TAC

Mot cong viéc duge hoan thanh boi hai hanh dong lién ti€p.
Né&u c¢6 m céach thuc hién hanh dong tht nhat va tng véi
moi cach d6 ¢6 n cach thuc hién hanh dong thi hai thi c6
m.n cach hoan thanh cong viéc.

2
ﬁﬁ! thanh phé A dén thanh phd B cdé ba
con dudng, t& B dén C cbé bén con
dudng (h.25). Hoi ¢6 bao nhiéu cach di A B C

trAdén C,quaB?
Hinh 25

CHUY
Quy tic nhan c6 thé mo rong cho nhiéu hanh dong lién tiép.
Vidu 4. C6 bao nhiéu s6 dién thoai gébm :
a) Sau chir s6 bat ki ?
b) Sdu chir so 1é ?
Gidi
a) Vi méi s6 dién thoai 12 mot diy gom sdu chit s6 nén dé'lap mot s6 dién

thoai, ta cdn thuc hién sdu hanh dong lua chon lién tiép céac chit s6 dé tir 10
chirs60,1,2,3,4,5,6,7,8,9.

C6 10 cach chon chit s6 dau tién.
Tuong tu, ¢6 10 cach chon chit s6 thi hai ;

C6 10 cach chon chit s6 thit sau.
Vay theo quy tic nhan, s6 cdc s6 dién thoai gom sdu chit s6 1a

10.10. ... .10 = 10% = 1 000 000 (s5).

3 — —

6 thira s0 _

b) Tuong tu, s6 cac s6 dién thoai gom sau chir sG 1€ 1a 56_ 15 625 (s0). &

-
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Bdi tép

Tu céac chit s6 1, 2, 3, 4 ¢6 thé lap duoc bao nhiéu s§ tu nhién gém :

a) Mot chit s6 ? b) Hai chix s6 ? ¢) Hai chir s6 khac nhau ?

Tir cac chirsé 1,2, 3,4, 5, 6 ¢6 thé lap duge bao nhiéu s6 ty nhién bé hon 100 ?
Cac thanh phé A, B, C, D duoc néi véi nhau bdi cdc con duong nhu Hinh 26.

Hoi :
a) C6 bao nhiéu cdch di tir A dén D ma qua B va C chi mét lan ?

b) C6 bao nhiéu céch di tir A dén D r6i quay lai A ?

A B C
Hinh 26

D

C6 ba kiéu mat déng hé deo tay (vuodng, tron, elip) va bon kiéu day (kim
loai, da, vai va nhua). Hoi c6 bao nhiéu cdch chon moét chiéc dong hé gém
mot mat va mot day ?

2 HOAN VI - CHINH HOP - TO HOP

30

I - HOAN VI

1.

46

Pinh nghia

Vi du 1. Trong mot tran béng d4, sau hai hiép phu hai doi van hoa nén phai
thuc hién d4 luan luu 11 m. Mot doi da chon dugc nam cdu tha dé thuc
hién d4 nam qua 11 m. Hay néu ba cach’sap xé€p da phat.

Gidi. Dé x4c dinh, ta gi thiét tén clla nam cdu tha duge chon 12 A, B, C,
D, E. Dé t6 chitc da luan luu, huan luyén vién cdn phan cong ngudi d4 tha
nhat, thi hai, ... va két qua phan cong 1a mot danh sach ¢6 thir tu gém 1o

‘cta nam cau tha. Chang han, néu viét DEACB nghia 12 D d4 qua thu nhit,

E da qua thi hai, ... v B da qud cudi cung.



Cé thé néu ba cach té chitc da luan luu nhu sau :

Cdch 1l : ABCDE.

Cach 2 : ACBDE.

Cdch 3 :CABED. &

M&bi két qua cha viéc sap thit tu tén cta nam cau thu da.chon dugc goi la
mot hodn vi tén cha nam cu tha.

DINH NGHIA

Cho tap hop A gom n phan tir (n > 1).

Maéi két qua cha su sap x€p thit tu n phan tlr cha tap hgp A
dugc goi 1a mot hodn vi cua n phan tir do.

1 .
%Héy liét ké tat cad cac s6 gbm ba chif s6 khac nhau tif cac chirsé 1, 2, 3.

NHAN XET

Hai hodn vi cha n phén tl chi khac nhau ¢ thit tu sédp xé€p.

Chang han, hai hodn vi abc va ach cla ba phan tir a, b, ¢ la
khac nhau.

2. S cac hoan vi

Vi'du 2. C6 bao nhiéu céch sip x€p bon ban An, Binh, Chi, Dung ngdi vao
mot ban hoc gém bén chéd ?

~ Gidi. Dé don gian, ta viét A, B, C, D thay cho
tén cta bon ban va vi€t ACBD dé mo ta cich
x€p ch6 nhu Hinh 27.

a) Cdch thit nhdt : Liét ke. Hinh 27
Céc céch sap x&p ché ngoi dugc liét ké nhu sau :

ABCD, ABDC, ACBD, ACDB, ADBC, ADCB,

BACD, BADC, BCAD, BCDA, BDAC, BDCA,

CABD, CADB, CBAD, CBDA, CDAB, CDBA,

DACB, DABC, DBAC, DBCA, DCAB, DCBA.
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Nhu vay cé 24 cich, mdi cich cho ta mot hoin vi tén cha bon ban va
ngugc lai.

b) Cdch thit hai : Dung quy tac nhan.
— C6 bon cach chon mot trong bén ban dé x&p vao chd thit nhat.

— Sau khi da chon mot ban, con ba ban nita. C6 ba cach chon mot ban x€p vao
choé thy hai.

— Sau khi di chon hai ban réi con hai ban nita. Cé hai cdch chon mét ban ngéi
vao cho thit ba.

— Ban con lai dugc xép vao ché thit tu.
Theo quy tic nhan, ta c6 s6 cach x&p chd ngdi 12
4.3.2.1=24(cach).m

Ki hiéu P, 1a s6 cac hodn vi cua n phan ti. Ta cé dinh Ii sau day:

DINH Li

P, =n(n-1)..2.1.

Chirng minh. Dé 1ap dugc moi hodn vi clia n phén tt, ta tién hanh nhu sau :
Chon mét phan tr cho vi tri thit nhat. Cé n cach.

Sau khi chon mot phén tir cho vi tri thit nhat, c6 n — 1 cidch chon mot phédn
tur cho vi tri thi hai.

Sau khi da chon n — 2 phan tr cho n — 2 vi tri dau tién, c6 hai céch chon
mot trong hai phan tlr con lai dé xép vao vi tri thit n — 1.
Phan tir con lai sau cung dugce x€p vao vi tri thi 7.

Nhu vay, theo quy tic nhan, c6 n.(n — 1) ... 2.1 k&t qua sip xép thu tu n
phén tir da cho.

Vay
P,=n(n-1)..2.1. m



CHU Y

Kihiéu n (n—1) ... 2.1 1a n! (doc 1a n giai thua), ta c6

=n!

2 ‘
ﬁTrong gid hoc mén Gido duc quéc phong, mét tiéu d6i hoc sinh gém mudi ngudi
dugc xép thanh mét hang doc. Hoi ¢6 bao nhiéu cach xép ?

II - CHINH HOP
1. Dinh nghia

Vi du 3. Mot nhém hoc tap ¢6 nam ban A, B, C, D, E. Hiy ké ra vai cdch phan
céng ba ban lam trirc nhat : mot ban quét nha, mot ban lau bang va mot ban
sip ban ghé.

Gidi. Tac6 bang phan cong sau day

Quét nha - Lau bang Sap ban ghé -
A C D
A D - C
C B E

Méi céch‘phan cong néu trong bang trén cho ta mot chinh hop chap 3 ctia 5. ®
Mot céch téng quat, ta c6 dinh nghia sau day.

PINH NGHIA

Cho tap hgp A goém n phin tir (n > 1). _

K&t qua clia viéc 14y k phén tir khic nhau tir n phdn tir chia tap
hgp A va sap xép ching theo mot thit ty nao d6é duogc goi la
mot chinh hop chdp k ciia n phdn ti da cho.

3
RTren mat phng, cho bén dlem phan biét A, B, C, D. Liét ké tat ca cac vecto khac
“vecto — khong ma diém dau va diém cubi clia chung thudc tap diém da cho.

4.6A1 5B 8 GIAI TICH 11-A _ . . ‘ 49
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86 cac chinh hgp

Tré lai Vi du 3, ngoai cach tinh s6 cdch phan cong truc nhat bang phuong
phap liét ke, ta con c6 mot cach khic 1a st dung quy tic nhan. D€ tao hén
moi cach phan cong, ta ti€n hanh nhu sau :

— Chon mét ban tlir nam ban dé giao viéc quét nha. C6 5 céch.

— Khi da chon mot ban quét nha réi, chon ti€p mot ban tir bén ban con lai
dé giao viéc lau bang. C6 4 cé4ch. :

— Khi di c6 cdc ban quét nha va lau bang réi, chon mot ban tir ba ban con lai
dé giao viéc sap ban ghé&. C6 3 cach.
Theo quy tic nhan, s& cdch phan cong truc nhat la
5.4 .3 =60 (cich).
Néi céch khéc, ta c6 60 chinh hgp chap 3 ctta 5 ban. ®

Ki hiéu A 12 s6 céc chinh ho‘p chap k cua n phan tr(1<k<n).Tacod dmh li
sau day.

DINH Li

[ Ak =nn=1) .. (n—k+1). ]

Chimg minh. D€ tao nén moi chinh hop chap k ciia n phan u, ta ti€n hanh
nhu sau :

Chon mot trong n phﬁn tu da cho xé’p vao vi tri thi nhét. C6 n céch.

Khi di c6 phén tlr thit nhat, chon ti€p mot trong n — 1 phan tu con 1a1 xép
vao vi tri thit hai. C6 n — 1 céch.

Sau khi da chon k — 1 phén tt r8i, chon mot trong n — (k — 1) phdn tir con lai
X€p vao vi tri thit k. C6 n — k + 1 cich. : '
Tir d6 theo quy tac nhan, ta dugc

Ak =ntn-1..n-k+1).m

Vi du 4. C6 bao nhiéu s6 tu nhién gébm nam chit s6 khac nhau du’dc lap tir cac
chirs6 1,2,..,97?

_Gidi. Mbi s6 tu nhién c6 nam chit s6 khiac nhau dugc lap bang cich 1a'y

nam chit s6 khéic nhau tir chin chit s6 di cho va xé€p ching theo moét thy tu

4.0A156'a GIAI TICH 11-B
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1.

A

nhat dinh. M&i s6 nhu vay dugce coi 1a mot chinh hop chap 5 cia 9. Vay s6
cac s6 dé 1a

A3=9 8 7 6.5=15120.m
CHU Y

a) V6iquy ude 0! =1, ta co

!
Aﬁ= n! ,
(n - k)!

1£k<n.

b) Méi hodn vi cia n phdn tit cing chinh 1a mot chinh hop
chap n cua n phén tir d6. Vi vay

Pnz.Arrzl

~ TO HOP
Pinh nghia

Vi du 5. Trén mat phang, cho bén diém phan biét A, B, C, D sao cho khong
c6 ba diém nao thang hang. Hoi c¢6 thé tao nén bao nhiéu tam gidc ma céc
dinh thudc tap boén diém di cho ?

Gidi. Mbi tam gidc tng v6i mot tap con gém ba diém tir tap bon diém da
cho. Vay ta ¢6 bon tam gidc ABC, ABD, ACD, BCD. =&

Mot cach téng quat, ta c6 dinh nghia sau day.
DINH NGHIA -

CHU Y

Gia slr tap A ¢6 n phédn tir (n > 1). Mbi tap con gom k phan tir
ctia A dugc goi 1a mot t6 hop chdp k ciia n phdn ti da cho.

4

S6 k trong dinh nghia cadn thoa man diéu kién 1 < k < n. Tuy vay,
tap hop khong c6 phan tir nao 1a tap réng nén ta quy udc goi tap
rong 1 t6 hgp chap 0 cla n phén tir.

4
Chotap A={1,2,3,4,5}. Hay liét ké cac t8 hgp chap 3, chap 4 clia 5 phan tf clia A.
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2. S&cacté hgp

Ki hieu C¥ 13 s6 céc t6 hop chap k cha n phdn tir (0 < k < n).
Ta c6 dinh li sau day.
DINH Li

kW n-k)!

Chitng minh. V6i k = 0, cong thirc hién nhién dung.

Vi k 2 1, ta thdy mot chinh hop chap & cia n phan tr dugc thanh 14p nhu saw »

— Chon mot tap con k phan tir ctia tap hgp gém n phén tir. C6 Cf, cach chon.

— Sép thit tu k phdn tir chon dugc. C6 k! c4ch.

Vay theo quy tic nhan, ta c6 s6 cdc chinh hop chap & cia n phén tir 1a
Ak = ck ok

k
A, n!

Twds ck=Cn- 2 m
k! kl(n - k)!

Vi du 6. Mot t8 c6 10 ngudi gdm 6 nam va 4 nit. C4n 1ap mot doan dai biéu
g6m 5 nguoi. Hoi :

a) C6 tat ca bao nhiéu cach 1ap ?
b) C6 bao nhiéu cdch 1ap doan dai biéu, trong dé c6 ba nam, hai ni ?
Gidi ’
a) Mdi doain dugc 1ap 14 mot t6 hop chap 5 clia 10 (ngudi). Vi vay, s6 doan
dai biéu c6 thé c6 1a ,

5 10' _
b) Chon 3 nguoi tir 6 nam. C6 C6 céach chon.
Chon 2 ngudi tir 4 nit. C6 C3 céch chon.

Theo quy tic nhan, c6 tt ca C%.C% = 20.6 = 120 céch 1ap doan dai biéu
g6m ba nam va hai nir. ®

5
%Co 16 doi bong da tham gia thi dau. Héi cdn phai t8 chu‘c bao nhiéu tran dau sao
cho hai doi bat ki ¢éu gap nhau ding mét 1an ?
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3. Tinh chat cGa cac s& CX

Tir dinh 1i vé cong thitc tinh s6 cdc té hgp chap k cha n phén ti, ta c6 céc
tinh ch4t sau day.

a) Tinh chat 1

[ck=crt| (<kzn).

Chéng han, C3 = C} = 35.
b) Tinh chét 2 (cong thitc Pa-xcan)

chbick  =ck [ a<k<n,

Chéng han, C3 + C} = C§ = 70.
Vi du 7. Chiing minh réng, véi 2 <k<n-2,tacé
Ck=ck3+ockz) +Ch_
Gidi. Theo Tinh chit 2, ta c6
Ck2+cn 2"Cn1’ ()
Ciy +Chp = Ch_y: (2)
- Cong céc V€ turong tng cua (1) va (2) va theo Tinh chdt 2, tacé -
ckzZyockd ik, = cklick = ckm

n-1°=

BAI POC THEM

TiINH s6 CAC HOAN VI VA 86 cAc TS HOP
BANG MAY TINH BO TUI

C6 thé sir dung may tinh b ti dé tinh s6 cac hoan vi n! va 6 cac t6 hgp CX .-
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1. Tinh $6 céc hosn vi bing may tinh b tdi
Dung may tinh b¢ tai CASIO fx - 500MS dé tinh n!, ta &n cac phim theo trinh tu
sau :

SHIFT x!
An s6 n, an phim @8, 5n phim @@ &n phim ). Khi 36, két qua s& hién thi
& dong thit hai.
Vidu 1. Tinh 10
Ta b&m lién ti€p cac phim sau :

SHIFT !/

"Dong th{ hai hién ra 3,628,800.

Vay 10! = 3 628 800.
2. Tinh s8 cac t& hop biing may tinh b tai

Dung may tinh bd tii CASIO fx — 500 MS dé tinh Cﬁ , ta an cac phim theo trinh ty sau :

An s6 1, 8n phim @D, 5n 56, 5n phim (= qua hién thi & dong thir hai.
Vidy 2. Tinh CJ,.

Ta &n lién tiép cac phim sau :

(L1 (2 J(ncrlCs (=]

Dong thir hai hién ra 792.
Vay C;, =792.

Bai tGp
Tu cac chit s6 1, 2, 3, 4, 5, 6, 1ap cac sO tu nhién gom sdu chit s6 khic
nhau. Hoi :
a) Co6 tat ca bao nhiéu s6 ?
b) Cé bao qhiéu s6 chin, -bao nhiéu s6 1é ?
¢) C6 bao nhiéu s6 bé hon 432 000 ?
C6 bao nhiéu cach sdp x€p chd ngdi cho mudi ngudi khich vao mudi ghé
ké thanh mot day ?
Gia suir ¢6 bay bong hoa mau khiac nhau va ba lo khac nhau. Hoi c6 bao
nhiéu cach cam ba bong hoa vao ba lo da cho (mdi lo cAm mot bong) ?



4. C6 bao nhieu cdch mic néi ti€p 4 bong dén duge chon tir 6 béng dén khéac
nhau ?

5. C6 bao nhiéu céch cdm 3 bong hoa vao 5 1o khdc nhau (médi lo cam khong
qui mot boéng) néu :

a) Cac bong hoa khac nhau ?
b) Céc bOng'hoa nhu nhau ?

6. Trong mat phing, cho sau diém phan biét sao cho khéng c6 ba diém nao
thang hang. Hoi c6 thé 1ap dugc bao nhiéu tam gidc ma céc dinh cta né
thudc tap diém da cho ?

7. Trong mat phang c6 bao nhiéu hinh chit nhat dugc tao thanh tir bon dudng
thing song song vdi nhau va nam dudng thang vuong géc véi bén dudmg
thing song song d6 ?

NHI THUC NIU-TGN

I - CONG THUC NHI THUC NIU-TON
Tacé:
(a+b)’ =a” +2ab+b* = C9a® + Cha'b! + C3b2,
(@+b) =a’ +3a%b + 3ab” + b =C3a® + Cla®b! + C3a'b? + C3°.

1
Khai trién bidu thitc (a + b)” thanh tng cac dan thitc.

Téng quat, ta thira nhan cong thic khai trién biéu thic (a + b)" thanh téng
céc don thic nhu sau :

@+b)" =Co%" + Cla" b+ ..+ Cha"Fpk 4 L+ Ol £ T (1)

Cong thic (1) duoc goi 1a cong thite nhi thitc Niu-ton.
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HE QUA |
Véia=b=1,tac6 2" =C +C +..+C].
Véia=1;b=-1,tacéd
0=C-cl+..+pFck+ .+ (=D*Cl.
CHU Y ' '
Trong biéu thic & v& phai clia cong thic (1) :
a) S6 c4c hang titla n + 1:

b) Céc hang tir c6 s6 mii cha a giam d4n tit » dén 0, s6 mi cla
b tang dén tir O dén n, nhung téng cac s6 mi cla a va b trong
m6i hang tir luon bing n (quy uéc a® = b° =1);

c) Cac hé s6 ctia méi cap hang tir cich déu hai hang tir ddu va
cudi thi bang nhau.

Vi du 1. Khai trién biéu thic (x + )°.
Gidi. Theo cong thitc nhi thitc Niu-ton ta cé
(x+ y)6 = C2x6 + Céxsy + C%x“y2 +.Cg)c3y3 + Cg'xzy4 + Cg}cys + ng6
=x5+ 6x5y + 15x4y2_ + 20Jc3y3 + 15x2y 4y 6xy5 + y6. o
Vi du 2. Khai trién biéu thac (2x - 3)*.
Gidi. Theo cong thic nhi thic Niu-ton ta c6
@x-3)*= 0t + Cz(éx)3(—3) +C2202 (=3 + C32x(=3)® + Ch(=3)*
= 16x* - 96x> +216x* - 216x + 81. m
Vi du 3. Ching td riing v6i n > 4, ta c6
r2scti=cliB s =21,
Gidi. Kihieu A=CO+C2+..
B= C}, + Cf, +..

Theo Heé qua ta c6 2"=A+B,
0=A-B.

Tedésuyrad=B=2"" m



II - TAM GIAC PA-XCAN

Trong cong thiic nhj thic Niu-ton & mucl,chon=0,1, ... va x€p cdc he s6
thanh dong, ta nhan dugc tam gidc sau day, goi 1a tam gidc Pa-xcan.

n=0 1

n=1 1 1

n=2 1 2 1

n=3 I 3 3 1

n=4 1 4 6 4

n=5s 1 \10/ \‘10/ 1

n=6 1 6 15 20 15 6 1

n=1 1 7 21 35 35 21 7 1
NHAN XET

Tir cong thic Cf, = Cﬁ:{ +Ck_| suy ra cach tinh c4c s6 & mbi
dong dua vao céc s6 & dong tru6c né. Chang han

c2=cl+ci=4+6=10

2
ﬂDﬂng tam giac Pa-xcan, chimg té réng : -
a)l+2+3+4=C2;

B)14+2+..47=C2.

Bai tap
1. Viét khai trién theo cong thic nhi thitc Niu-ton :

: ’ ~\I13
a) (a +2b)°; b) (a-+2)° ; c)(x—lj .

X,
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6
. Y S . 2
Tim hé s6 cua o trong khai trién cua biéu thic : (x +—
' X

Biét hé s cua 2 trong khai trién ctia (1 — 3x)" 12 90. Tim n.

8
Tim s6 hang khong chita x trong khai trién cla (x3 + lJ .

X

Tir khai trién biéu thitc (3x — 4)'7 thanh da thic, hay tinh téng cac hé s6
cua da thirc nhan duoc.

Ching minh rang :
a) 11'% — 1 chia hét cho 100 :
b) 101'%° — 1 chia hét cho 10 000~

V10 (1 +v10)'% — (1 = V10)'%° | 12 mot s6 nguyen.

BAN CO BIET ?

PA-XCAN (PASCAL)

Pa-xcan la nha toan hoc, vat li hoc va triét hoc ngudi
Phap. Pa-xcan lic nhé la mot cau bé than dong. Cha cau
nhan thdy diéu nay. Khédng mudn s6m lam mét 6¢ con,
6ng cdm cau bé Pa-xcan hoc toan. Song diéu nay cang
kich thich tinh t& mo clia cau. Nam 12 tudi, mot hém cau
hdi cha "Hinh hoc la gi ?" Cha cau gidi thich sd qua cho
cau hiéu. Pa-xcan rat lay lam thich tha. Cau lién budc
theo con dudng ding la thién hudng cla minh. Khéng can
sach v&, mot minh cau tu chimg minh dudc rang téng cac
gbc trong mét tam giac bang hai gbéc vuong. 3 téi 18, )
Pa-xcan viét cong trinh ddu tién clla minh vé cac thiét Blaise Pascal
dién conic. (1623 - 1662)

Pa-xcan viét hang loat cong trinh vé cac chudi s¥ va cac hé s6 nhi thitc. Pa-xcan da
dua ra bang cac hé s6 cla sy khai trién cla (a + b)" dudi dang mét tam giac,
ngay nay goi la "Tam giac Pa-xcan" Pa-xcan da tim ra cac hé sd nhj thitc bang
phuong phap quy nap toan hoc, dé Ia mét trong nhitng phat minh quan trong cta
ong. Diéu mdi mé & day la Pa-xcan phat hién ra rang cac hé s6 nhi thitc chinh 13




s6 cac t§ hgp chap k cta n phan ti va Pa-xcan déa dung chting dé giai nhing bai
toan cda Ii thuyét xac suét.

Mot cong hién 18n nita ctia Pa-xcan la viéc khdi thao phép tinh cac dai lugng vo
cung bé.

Vé mat ki thuat, ngay tir nam 1642, lic méi 19 tudi, Pa-xcan da sang ché& ra mét
may tinh dé thuc hién cac phép tinh s hoc. Nguyén tac cua may nay da la xuét
phat diém cho viéc ché tao may tinh dién t&r vé sau nay. .

P& ghi nhé ¢cdng lao cla ngudi dau tién da sang ché ra may tinh, cac nha tin hoc
da dat tén cho mdt ngdn nglr may tinh rat pho bién 1a-ngdn nglr Pa-xcan.

Vé vat li, Pa-xcan da nghién clu ap suét clia khi quyén va cac van dé thuy tinh hoc.
Tén clia Pa-xcan da dugc dat cho mét miéng ndi Ira trén Mat Trang.

, PHEP THU VA BIEN C6
vy,

I - PHEP THU, KHONG GIAN MAU
1. Phép thir

Mot trong nhitng khéi niém co ban cua Ii thuy€t xdc sudt la phép thit. Mot
thi nghiém, mot phép do hay mot su quan sat hién tuong nao do, ... dugc
hiéu 12 phép thir.

Chéng han, gieo mot dong tién kim loai (goi tat 1a dong tién), rit mot quan
bai tr cd bai ti 1o kho (¢b bai 52 14) hay ban mot vién dan vao bia, ... 12
nhitng vi du vé phép thir.

Khi gieo mot dong tién, ta khong thé doan trudc dugc mat ghi s6 (mat
nglra, viét tat 1a N) hay mat kia (mat sdp, viét tat la S) s& xudt hién (quay
len trén). D6 1a vi du vé phép thir ngdu nhién.

Mot cach téng quat :

. Phép thit ngdu nhién 1a phép thir ma ta khong dodn trudc
dugc két qua cua n6, mac du da bi€t tap hop tat ca cdc két qua
c6 thé c6 cua phép thu do.

Dé don gian, tir nay phép thlr ngdu nhién dugc goi tat l1a phép thir. Trong
Toan hoc phé thong, ta chi xét céc phép thir c6 mot s6 hitu han két qua.
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2. Khéng gian mau

A

60

- .....
1 Y ’ oo 0@ o
Hay liét ké cac két qua c6 thé cla phép thir gieo °. 0ool®

mdét con stic séc.

Tap hop cdc két qué c6 thé xay ra chia mot phép thir duoc goi 1a
|I khong gian mdu cia phép thir va ki hieu 1a Q (doc 1a 6-me-ga).

Vi du 1. Gieo mot dong tién (h.28).
D6 1a phép thir véi khéng gian miu
Q = {S, N}. O day, S ki hiéu cho két
qua "Mat sdp xudt hién" va N ki hiéu
cho két qua "Mat nglra xudt hién".

Vi du 2. Néu phép thit la gieo mot
dong tién hai ldn thi khong gian miu Hai mat déng tién

g6m bén phdn tir : Q= (SS, SN, NS, NN}, Hinh 28

trong d6, chang han, SN 12 két qua "Lan ddu d6ng tién xudt hién mat sdp,
14n thit hai déng tién xudt hién mat ngtra”, ...

Vi du 3. Néu phép thu 1a gieo mot con siic séc hai ldn, thi khong gian méu
gom 36 phan tir: Q= (GG, j) | i,j=1,2,3, 4,5, 6}, &d6 (i, j) 1a két qua
"Lan ddu xudt hién mat i chdm, 14n sau xudt hién mat j chdm" (h. 29).

- Hinh 29



Il - BIEN cO

Vi du 4. Gieo mo6t dong tién hai lan. Day 1a phép thir véi khong gian miu
| Q = (SS, SN, NS, NN},

Ta thdy su kién A : "Ké&t qua cla hai 14n gieo 1a nhu nhau” c6 thé xdy ra

khi phép thir dugc ti€n hanh. N6 xay ra khi va chi khi mét trong hai két qua

SS, NN xuét hién. Nhu vay, su kién A tuong img vdi mot va chi mot tap

con {SS, NN} cua khong gian mau. Chinh vi 1& d6, ta dong nhat chiing véi

nhau va viét A = {SS, NN}. Ta goi A 1a mot bién co.

Tuong tu, bién c¢6 B : "C6 it nhdt mot 14n xuit hién mat ngura” dugc viét 1a

B={SN, NS, NN}.

Ngugc lai, tap con C = {SS, SN} 1a bién c6 c6 thé phat biéu dudi dang

ménh dé : "Mat sdp xu4t hién trong 14n gieo ddu tién".

Céc bién c6 A, B va C & trén déu gan lién v6i phép thir gieo mot dong tién

hai ldn nén ta n6i chiing lién quan dén phép thir di cho.

— Mot cach t6ng quat, mdi bién c6 lién quan dén mot @

phép th dugc mo ta bdi mot tdp con cha khong gian
mAu (h.30). Tir d6 ta c6 dinh nghia sau day.

~

| Bién c6'1a mot tap con cha khong gian méu. Hinh30 9

Nhu vdy, mot bién c6 lién quan dén phép thir 12 mot tap hop bao gém cac
k€t qua nao d6 cua phép thu.

— Cin chii ¥ ring bién c6 doi khi dugc cho dusi dang mot ménh dé xac dinh
tap hop nhu di thdy trong Vi du 4, hoic trong phép thit gieo con sic sdc, bién
¢6 A : "Con siic sic xudt hién mit chdn chdm" dugc cho duéi dang ménh dé
xdc dinh tdp con A = {2, 4, 6} cha khong gian mau Q = {1, 2, ..., 6}.

Nguoi ta thudng ki hiéu cac bién c6 bing cac chitin hoa A, B, C, ...

— Tir nay vé sau, khi néi cho cdc bién c6 A, B, ... ma khong néi gi thém thi
ta hiéu chiing cling lién quan dén mot phép thir.

Tap @ duogc goi 1a bién cd khong thé (goi tit 1a bién co
khong). Con tap Q dugc goi l1a bién 6 chdc chdn.

Chéng han, khi gieo mot con stic sic, bi€n ¢ : "Con stic sic xu4t hién mat
7 cham" 1a bién c8 khong, con bién ¢6 : "Con stic sic xudt hién mat c6 s6
chdm khong vuot qué 6" 12 bién c6 chic chan.

— Ta noéi rang bién ¢6' A xdy ra trong mot phép thir ndo d6 khi va chi khi
két qua clia phép thir d6 1a mot phan tir cha A (hay thuén 1oi cho A).
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[T - PHEP TOAN TREN CAC BIEN CO
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Nhu vy, bién c6 khong thé (tic 1a @) khong bao gid xay ra, trong khi do,
bién c6 chac chan Q ludn luodn xay ra.

Trong Vi du 4, néu xuat hién két qua SS thi A x4y ra con B khong xay ra.
Trong khi d6, néu xudt hién k&t qua SN thi B xay ra ¢on A khong xay ra.

A A
— Gia sir A 1a bién co lién quan dén mot phép thir.
N Tap Q\ A dugc goi 1a bién c6 doi \ \Q
chia bién c6 A, ki higu 1a A (h.31). Hinh 31

Dowe A < w¢ A, nén A xay ra khi va chi khi A khong xay ra.
Chéng han, néu phép thit 1a gieo mot con siic sdc thi bién c6 B : "Xuét hign
mat chin chdm” 12 bién c6 d6i cha bién ¢ A : "Xuat hién mat I¢ cham”,
nghiala B = A. |
— Gia str A va B 1a hai bién ¢6 lién quan dén mot phép thir. Ta c6 dinh nghia sau :
Tap A U B dugc goi 1a hgp cua cdc bi€n c6 A va B.
Tap A N B dugc goi 12 giao cha céc bién cd A va B.
Néu A N B = & thi ta néi A va B xung khac.
Theo dinh nghia, A U B xay ra khi va chi khi A xay ra hoac B
X4y ra ; A N B xay ra khi va chi khi A va B dong thoi xay ra.
Bién ¢6 A N B con dugc viét 1a A.B.
A va B xung khic khi va chi khi ching khong khi nao cung
xayra (h. 32).

Ta c6 bang sau :

Ki hiéu Ngon ngit bién co

AcQ A 1a bién c6 @
A=0 A la bién c@ khong -

A=Q A 12 bién ¢ chic chidn <
C=AUB C la bién ¢G : "A hoac B" Q
C=ANB C 1a bién c5 : “A va B" Hinh 32
ANnB=0 A va B xung khiéc

B= A A vi B d6i nhau.




3.

Vidu 5. Xét phép thit gieo mot dong tién hai lan v6i cac bién ¢

A : "Két qué ctia hai 14n gieo 1 nhu nhau” ;

B : "Cé it nhat mot 1an xudt hién mat sap" ;

C "Lan thit hai mGi xuat hién mat sap" ;

D : "Lan dau xuat hién mat sap"
Taco:

A={S5, NN} ;B={SN, NS, S5} ;C ={NS} ;D ={SS,SN}.

Tir do, ,
CuD={SS5 SN,NS} =8B;

AN D= (S5} 1a bién c¢6 "Ca hai 1an déu xudt hién mat sap”
Badi tap

Gieo mot dong tién ba lan.

a) M6 ta khong gian mau.

b) X4c dinh cac bi€n ¢4 :

A : "Lan dau xudt hién mat sap" ;
B : "Mat sap xay ra ding moét 1an" ;
C : "Mat ngtra xay ra it nh4t mot 1lan”

Gieo mot con sﬁcA sac hai l14n.

a) Mo ta khong gian mau.

b) Phat biéu cic bién c6 sau du6i dang ménh dé :
A={(6,1),(6,2),(6,3),(6,4),(6,5).(6,6)} ;
B=1{(2,6),(6,2),(3,5),(53), 4 dH};
c={@a,1),2,2),@3, 3), 4,4),(5,5),(6,6)}.

Mot hop chia bon cai thé duoc ddnh s6 1, 2, 3, 4. Ldy ngau nhién hai thé.

a) Mo ta khong gian miu.

b) X4c dinh céc bién c6 sau :

A : "Téng céc s6 trén hai thé 12 s6 chan” :

B : "Tich cac s6 trén hai the 14 s& chan"
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Hai xa thd cing ban vao bia. Ki hiéu A, 1a bién c6 : "Ngudi thit & ban
tring", k =1, 2.
a) Hay biéu dién céc bién cd sau qua cic bi€n c6 A, A, :
A : "Khong ai ban tring"” ;
B : "Ca hai déu bén tring" ;
C : "C6 diing mot ngudi ban tring” ;
D : "Cé it nhat mot ngudi bén tring”.
b) Ching 6 ring A = D ; B va C xung khic.

Tu mot hop chia 10 cdi thé, trong d6 cdc thé danh s6 1, 2, 3, 4, 5 mau do,
thé ddnh s6 6 mau xanh va cdc thé ddnh s6 7, 8, 9, 10 mau tring. L&y ngiu
nhién mot thé.

a) Mo ta khong gian miu.
b) Ki hiéu A, B, C la cic bién ¢ sau :
A : "Lay dugc thé mau d6" ;
B : "Ldy dugc thé mau trang" ;
C : "Lay dugc thé ghi s6 chan".
Hiy biéu dién cdc bién c¢6 A, B, C bdi céc tap hop con twong ung cla
khong gian mau.
Gieo mot d6ng tién lién ti€p cho dén khi 1dn ddu tién xudt hién mat sdp
hoac ca bon 14n ngira thi dimg lai.
a) Mo ta khong gian mau.
b) X4ac dinh cic bién ¢6 :
A : "S6 14n gieo khong vugt qua ba" ;
B : "S6 l4n gieo 1a bon".
Tur mét hop chita nam qua ciu duge ddnh s6 1, 2, 3, 4, 5, 14y ngdu nhién
lién ti€p hai 14n mbi 14n mot qua va xép theo thit tu tir trai sang phai.
a) Mo ta khong gian mau. '
b) X4c dinh cac bién ¢ sau :
A : "Chit s6 sau 16n hon chit s6 truéc" ;
B : "Chit s6 trudc gap doi chit s6 sau” ;
C : "Hai chit s6 bang nhau"



'XAC SUAT CUA BIEN CO

I - PINH NGHIA cO PIEN CUA XAC SUAT
1. Dinh nghia

Mot dac trung dinh tinh quan trong cua bién ¢6 lién quan dé€n mot phép thir
12 n6 ¢6 thé xay ra hodc khong xay ra khi phép thir d6 dugc tién hanh. Mot
ciu hoi duge dat ra 12 né cé x4y ra khong ? Kha nang xay ra cua né 1a bao
nhiéu ? Nhu vy, ndy sinh mét van dé 1a cdn phai gan cho bi€n ¢6 d6 mot
con s6 hop li dé d4nh gia kha niang x4y ra cha né. Ta goi s6 d6 1a xdc sudt
cia bién cd. ' |

Vi du 1. Gieo ngiu nhién mot con siic sic can d6i va doéng chat. Cac két
qua c6 thé 1a (h.33)

Hinh 33
Khong gian miu cta phép thir nay c6 sdu phan tir, dugc mo ta nhu sau
Q=1{1,2,3,4,5,6}.
Do con sic sic 1a can d6i, déng chat va dugc gieo ngdu nhién nén kha

nang xuét hién timg mat cla con sdc sic 1a nhu nhau. Ta néi ching dong

. — , L TR |
khd ndng xudt hién. Vay kha nang xuat hi¢n cua moi mat la 3

Do d6, néu A 1a bién c6 : "Con siic sic xuét hién mat 18" (A = {1, 3, 5}) thi
kha nang xay ra cua A 1a
1 1 1 3 1
—t+—t—====
6 6 6 6 2

s6 nay dugc goi 12 xdc sudt cia bién cé' A.

b

5. A1 S6 & GIAI TICH 11-A : 65



) 1 .
ﬁm mot hép chita bon qua cau ghi chit a, hai qua céu gh| chit b va hai qua cau ghi

2
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chit ¢ (h.34), Idy ngau nhién mot qua. Ki hleu
A : "L&y dudc qua ghi chit a"

B : "Lay dugc qua ghi chir b‘ ;

C : "Lay dugc qua ghi chit ¢".

C6 nhan xét gi vé kha nang xay ra cla cac bién ¢ A, B va C ? Hay so sanh ching
v@i nhau.

DOO6O OO OO

Hinh 34
Mot cich tdng quat, ta cé dinh nghia sau day.

DINH NGHIA

Gia st A la bién c6 lién quan dén mot phép thir v6i khong gian
mau Q chi ¢c6 mét s6 hitu han két qua déng kha nang xuat hién.

... N(A
Ta goi ti s6 n(A)

% 1a xdc sudt cua bién cd A, ki hiéu 1a P(A).
n

n(A) :

P =@

CHUY
n(A) 1a s6 phén tir ciia A hay ciing 1a s6 cac két qua thuan loi cho
bién c6 A, con n(Q) 12 s cac két qua c6 thé xay ra ciia phép thi.

Vi du

Vidu 2. Gieo ngau nhién mot dong tién can déi va dong chat hai 1dn. Tinh
X4c sudt clia cdc bién cd sau :

a) A : "Mat sdp xudt hién hai lan" ;
b) B : "Mat sdp xudt hién ding mot 1an" ;
c) C : "Mat sdp xuét hién it nhdt mot lan”.

5. O e afAl TICH 11-8



Gidi (h.35). Khong gian miu Q = {SS, SN, NS, NN}
gom bdn két qua. Vi dong tién can d6i, dong chat va *SS "N
viéc gieo 12 ngdu nhién nén cdc k&t qua dong kha nang '
xudt hién. Ta c6 *NS *NN
a) A = {S8S}, n(A) = 1, n(Q) = 4, theo dinh nghia ta c6
. _ o
A 1
pay= A _ 1 Hinh 35
_ n(€2) 4 -

b) B = (SN, NS}, n(B) = 2 nén

n(B) ;g
nQ) 4

¢) C={SS, SN, NS}, n(C) =3 nén

P(B) =

1
>

nC) _

3
P(C) = —.
© n(Q) 4

Vi du 3. Gieo ngdu nhién mot con sdc sic can d6i va déng chat. Tinh xé4c
sudt cua cdc bién cd sau :

A : "Mat chin xuit hién" ;

B : "Xu4t hién mat c¢6 s6 chdm chia hét cho 3" ;

C : "Xudt hién mat c¢6 s6 chdm khong bé hon 3".

Hinh 36

Gidi. Khong gian miu c6 dang : Q = {1, 2, 3, 4, 5, 6}, g6m sau két qua
dong kha nang xudt hién (h.36). RS rang

A=1{2,4,6), 'n(A) =3,
B={3,6}, n(B) =2,
C=1{3,4,5,6),  n(C)=4.
Tu d6, theo dinh nghia ta c6 |
pay= "4 3 _1
nQ 6 2
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ppy="8 _2_1
nQ)y 6 3
poy=2O _2_2 4
n) 6 3

Vi du 4. Gieo ngdu nhién mot con sic sdc can d6i va dong chat hai 14n. Tinh
X4c sudt cua cic bién c6 sau :

A : "S6 cham trong hai l4n gieo bang nhau" ;

B : "Téng s6 chdm bang 8".

Gidi. Nhu da biét (xem Vi du 3, §4), Q = (G, /) | 1 <4, j <6}, gbm 36 két
qua dong kha nang xudt hién, Ta c6 bang (xem thém Hinh 29) :

\J 1 2 3 4 5 6
[

S Ot s W N

A=1{(1,1),(2,2),(3,3),(44),(5,5),(6,6)}, n(A) = 6, n(Q) = 36. Tir do,
theo dinh nghia ta cé

pay= "4 _ 0 1
_ n€) 36 6
Tuong tu, B = {(2, 6), (6, 2), (3, 5), (5, 3), (4, 4)}, n(B) = 5, n(%) = 36 nén
pg)y= "B _ 3 |
| n(QQ) 36

I1 - TINH CHAT CUA XAC SUAT
1. Dinhli |

Gia st A va B 1a céc bién c6 lién quan dén mot phép thir 6 mot s6 hitu han
két qua dong kha nang xudt hién. Khi d6, ta c6 dinh Ii sau day.
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2,

A

DINH LI

a) P(@) =0, P(Q) = 1.
b) 0 £ P(A) < 1, v6i moi bién ¢4 A.
¢) Néu A va B xung khic, thi
P(A U B) = P(A) + P(B) (cong thitc cong xdc sudt).

2
Chimg minh cac két Iuén a), b) va c) cha dinh Ii.

HE QUA

Véi moi bién c6 A, ta co

P(A)=1 - P(A).

k Chitng minh. Vi A U A =QvaAn A =@ nén theo cong thic cong xac

sudt ta c6

1=P(Q)=P(A)+P(A).
Tir d6 ta c6 diéu phai chimg minh. ®
Vi du

Vi du 5. Tt mot hop chita ba qua cau
trang, hai qua cdu den (h.37), 14y ngiu

nhién dong thoi hai qua. Hay tinh xac |7© O O ‘ ‘A—’

sudt sao cho hai qua d6 :
a) Khac mau ; b) Cung mau. Hinh 37

Gidi. Mbi 14n 14y déng thdi hai qua cdu cho ta mot té hop chap hai cla
nam phan tir. Do d6, khong gian miu gém céc.té hop chap hai ciia nam
phan tir va n(Q) = C3 = 10.

Vi viéc 14y qua cau 1a ngiu nhién nén cic két qua dé déng kha nang.
Ki hiéu A : "Hai qua khiac mau", B : "Hai qua cing mau".

Vi chi c6 hai mau den hodc tring nén ta thay ngay B=A.

a) Theo quy tic nhan, n(A)=3 .2 =6.
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Do d6
A 6 3

nQ) 10 5

P(A) =

b) ViB= A nén theo hé qua ta cé

P(B) = P(Z)_= 1 -P(A) = % ]

. Vi du 6. Mot hop chita 20 qua cdu danh s6 tir 1 dén 20. L4y ngdu nhién

mot qua. Tinh xac suit cua cédc bi€n c¢d sau :
a) A : "Nhan duge qua cdu ghi s6 chian” ;
b) B : "Nhan dugc qua cau ghi s6 chia hét cho 3 ;

¢ ANB;

d) C : "Nhan dugc qua cdu ghi s6 khong chia hét cho 6".

Gidi. Khong gian miu dugc mo td 1a Q = {1, 2, ..., 20} gém 20 két qua
dong kha nang, n(Q) = 20.

a)A=1{2,4,6,8,10, 12, 14, 16, 18, 20}, n(A) = 10 nén

pay= 24 _10_1
nQ) 20 2
b) B={3,6,9,12, 15, 18}, n(B) = 6.
Tir d6
py= "B _0 _3
nQ) 20 10

c)ViAnB={6,12,18}, n(A nB) =3 nén
nAnNB) 3

n(Q) 20
d) ViAn B={6, 12, 18}, nén A N B 12 bién c6 : "Nhan duoc qua ciu ghi
s6 chia hét cho 6". Do d6, C 1a bié€n c6 d6i ciia bi€n c6 A N B, ta c6
C=AnNBva

P(ANB)=

| 317
PC)=1-PANB)=1- —==—.
© @B 20 20



II1 - CAC BIEN €O pOC LAP, CONG THUC NHAN XAC SUAT

Vi du 7. Ban thit nhit c6 mot dong tién, ban thd hai ¢ con siic sac (déu
can doi, dong chat). Xét phép thi "Ban thi nhat gieo dong tién, sau dé ban
thit hai gieo con stic sac" (h.38a).

a) M6 ta khong gian miu clia phép thir nay.

b) Tinh x4c suat cia cac bién ¢6 sau :

A : "Dong tién xuit hién mat sap” ;

B : "Con siic sdc xuit hién mat 6 chdm" ;

C : "Con sic sic xuat hién mit 18",

c¢) Chimng t6 P(A.B) = P(A).P(B) ; P(A.C) = P(A).P(C).
Giai

a) Khong gian méau cta phép thir c6 dang

= {81, 82, §3, 54, §5, S6, N1, N2, N3, N4, N5, N6}
Theo gia thiét, Q gém 12 két qua dong kha nang /

~ xudt hién (h.38b).
\N
Hinh 38

b) Tathdy A ={S1,S2, $3, §4, 85,56}, n(A)=6
= {86, N6}, n(B) =2 ;
= {N1, N3, N5, §1, §3, 85}, n(C) =

S1
S2
S3

9]
W N =

Vi

S5

N1
N2
N3

W N = A
K

N4
N5
N6

a)

S
- NERVIRNN

T dé pay="4) _6 _ 1.
: n(Q) 12 2
py =B _2 1.

nQ 126
pcy="9 _6 1

n€) 12 2
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¢) R rang A.B = {S6) va P(A.B) = "AB) _ 1

nQ) 12
Ta cé
paB) =+ =L 1_pape).
12 26
Tuong tu, A.C = {S1, §3, §5} ;
pac) =40 3 _1_ %% = P(APC). ®

n(€2) 12 4

A X a PP |
Trong Vi du 7, ta nhan thdy x4c suft xuat hién mo6i mét cua con suic sac la &
/

khong phu thudc vao viéc dong tién xuit hién mat "sédp” hoac "ngira".

Néu su xay ra ciia mot bién ¢6 khong anh hudng dé€n xdc sudt xay ra cua
mot bién cd khdc thi ta n6i hai bi€n ¢6 d6 doc Idp. Nhu vay, trong Vi du 7,
c4c bién ¢6 A va B doc lap va ciing vay, A va C doc lap.

Téng 'quét, doéi véi hai bién c6 bat ki ta c6 méi quan hé sau :

" A va B 12 hai bién c& doc 1ap khi va chi khi
P(A.B) = P(A).P(B).

BAI POC THEM

g MG RONG QUY TAC CONG VA
| CONG THUC CONG XAC SUAT

Quy tic cong con dudec md rong ddi vdi cac tap hop hitu han, c6 giao khac réng.
C6 thé ching minh dudc rang, véi hai tap hop hitu han A va B bat ki, ta c6
n(A w B) = n(A) + n(B) - n(A n B) (quy tdc bao ham va loai tr).

Vi du 1. Mot t6 mudi ngudi s& dudc choi hai mon thé thao 1a clu 16ng va béng
ban. C6 nam ban dang ki choi cau léng, bdn ban dang ki choi béng ban, trong d6
¢6 hai ban dang ki choi ca hai mén. Hdi c6 bao nhiéu ban dang ki choi thé thao ?

- Bao nhiéu ban khong d#ng ki chai thé thao ?



Gidi. Ki hiéu X 1a tap hgp cac hoc sinh trong t6 ; A 1a
tap hop cac hoc sinh dang ki choi cau long, B la tap
hgp céc hoc sinh dzing ki choi béng ban (h.39), thé thi
n(X) =10, n(A) = S, n(B) = 4, n(A ~ B) = 2. Nhu vay :

A U B 1a tap hgp cac ban ding ki chai thé thao. Vi
n(A N B) = 2 nén sé ban dang ki choi thé thao 1a X

nAvuB)=n(A)+n(B)-n(AnB) =5+4-2=7 (ban).

Tir dé, s6 ban khéng dang ki choi mén thé thao nao la Hinh 39
nX)-n(AuB)=10-7=3 (ban). A

Nh& quy tac cdng md rong, ta cé cdng thirc cong xac suat md rong sau day.

V4i hai bién 3 A va B bat ki cung lien quan dén mét phép thi,
ta cbd

"P(A U B) =P(A) + P(B) - P(A.B).

Vi du 2. Gieo ngdu nhién mét con stc sdc can ddi déng chat hai lan. Tinh xac
sudt clia cac bién ¢6 sau :
A : "Lan th{r nhat xuat hién mat 6 chdm" ;
B : "L&n thif hai xudt hién mat 6 cham" ;
C : "It nh&t mét 1an xuat hién mat 6 chdm" ;
D : "Khéng lan nao xuat hién mat 6 chdm".
Gidi. Tacé Q= {(i, ) |1 <i,j <6}, trong d6 i la s& cham xuét hién trong lan gieo
thif nhat, j 1a s6 cham xuat hién trong Ian gieo thit hai, n(Q) = 36. Nhu vay

= {(6’.]) | 1 SjS6}v n(A) =6

B={(i,6)| 1<i<6),nB)=6

C=AUBD=C,AnB={(6,6)),n(AnB)=1.

T d6, theo dinh nghia ta c6

P(A)zn.(A)=£=l P(B) n(B) £=l

nQ) 36 6 nQ) 36 6’
P(AB)_n(AnB)_L
Q) 36

Theo nhan xét ta c6
P(C) = P(A L B) = P(A) P(B) P(A. B) = 1+1 1 _1
+ - - e —— = —
6 36 36

Theo hé qua ta cb
PD)= PC) =1 -P(C) = 1-1L - 2
36 36

73



74

Bai tap
Gieo ngdu nhién mot con siic sic can d6i va déng chdt hai l4n.
a) Hay mo ta khong gian méau.
b) Xéc dinh cdc bién c6 sau :
A : "Téng s6 chdm xudt hién trong hai 14n gieo khong bé hon 10" ;
B : "Mat 5 cham xudt hién it nhat mot 1an".
¢) Tinh P(A), P(B).
C6 bon tdm bia dugc ddnh s6 tir 1 dén 4. Rit ngu nhién ba tdm.
a) Hay mo ta khong gian mau.
b) Xac dinh céc bién ¢6 sau :
A : "Téng cac so trén ba tdm bia bang 8" ;
B : "Céac s0 trén ba tdm bia la ba s6 tu nhién lién ti€p".
c) Tinh P(A), P(B).

Mot ngusi chon ngdu nhién hai chiéc giay tir bén doi giay c¢d khac nhau.
Tinh x4c suat dé hai chié€c chon dugc tao thanh mot déi. -

Gieo mot con siic sac can doi va déng chat. Gia su con stc sic xudt hién
_ . . N 2 . p . '
mat b chdm. Xét phuong trinh x™ + bx + 2 = 0. Tinh xéc suét sao cho :

a) Phuong trinh c¢6é nghiém ;

'b) Phuong trinh v6 nghiém ;

¢) Phuong trinh c6 nghiém nguyén.

Tur ¢b bai td lo kho 52 con, rit ngdu nhién cung moét lic bén con. Tinh x4c
sudt sao cho :

a) Ca bon con déu 1a at ;
b) Pugc it nhat mot con 4t ;
¢) PBuoc hai con 4t va hai con K.

Hai ban nam va hai ban nit dugc x&p ngoéi ngéu nhién vao bon ghé xép
thanh hai ddy d6i dién nhau. Tinh x4c suat sao cho :

a) Nam, nit ngdi d6i dién nhau ;

b) Nit ngdi d6i dién nhau.



7. C6 hai hop chita céc qua cdu. Hop thi nhét cht’{a 6 qua trang, 4 qua den.
- Hop thit hai chita 4 qua tring, 6 qua den. T moi hop 1dy ngdu nhién mot
qua. Ki hiéu : '
A 12 bién ¢6 : "Qua I4y tir hop thi nhdt tring" ;
B 1a bi€n c6 : "Qua 14y tir hop thit hai trang”.
a) Xét xem A va B c6 doc lap khong.
b) Tinh x4c suit sao cho hai qua cdu 14y ra cing mau.

c) Tinh x4c sudt sao cho hai qua cau ldy ra khic mau.

~

BAI POC THEM

"DINH NGHTA THONG KE CUA XAC SUAT

Mot dong tién can doi va déng chat dugc gieo n 1an. Ki hiéu ng 1a s6 1an xuat

hién mat sdp S trong # 1an gieo d6.
s n ~ ~ o A ~ ~ .
Ta goi ti s8 £,(8) = —S Ia tan suat xuat hién mat sap trong » 1an gieo.
n

B&ng thuc nghiém ta thay, tan suat thay déi khi ta thuc hién loat 7 1an gieo khac ciing
nhu khi tang s& 1an gieo.

Tuy nhién v&i n kha 18n, tdn suédt nay c6 tinh 6n dinh, nghia 1a né dao déng xung

1 . ’ « .1
quanh sé 5 va khi n tang, tan suat ngay cang gan s6 5

Ta c6 thé hinh dung diéu d6 qua bang cac két qua gieo dong tién clia cac nha
toan hoc Buyp-phéng (Buffon) va Piéc-son (Pearson) sau day. '

Nguséi gieo S61an gieo | S& lan xuat hién mat S Tan suat
Buyp-phong 4040 2048 0,5069
Piéc-son 12000 6019 0,5016
Piéc-son 24000 - 12012 . 0,5005

Sé % ma tan sust f,(S) dao dong quanh né dudc goi Ia xac sust cla bién c6 S

theo quan diém thong ké.
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Mot cach t8ng quat

Ki hiéu ny 12 s 18n xuat hién bién cd A trong mot day n phép thit
dugc lap di 13p lai (day cac phép thir 14p). Ti s 7y goi la tén suét
xudt hién bién c6 A. !

Khi n tang, T4 ngay cang gan mot sé P(A) xac dinh. Ngudi ta goi

n
s6 P(A) dé la xdc suét cua bién c6 A theo quan diém thong ké.

Trong trudng hdp phép thit chi cé mot s§ hitu han két qua déng kha nang xuat
hién thi s6 P(A) trong dinh nghia nay trung véi s& P(A) trong dinh nghia c8 dién
cla xac suét. Do d6, dinh nghia thdng ké cla xac suat la mot sy md rong thuc sy
cla dinh nghia c6 dién cla xac suét.

Nha toan hoc Thuy Si J.Béc-nu-li (Jacob Bernoulli) 13 ngudi dau tién phat hién ra

< 2 — N e n
tinh 8n dinh théng ké cta day tan sust 4.
: n

Poat-xong (Poisson) la ngudi dau tién goi quy luat 8n dinh cla tan suét la Judt s6 lon.

On tap chuong li

Phat biéu quy tic cong, cho vi du 4p dung.
Phat biéu quy tic nhan, cho vi du 4p dung.

Phan biét sy khac nhau giita mot chinh hop chap k cta n phin ti va mot t6
hgp chap & cua » phan tu.

C6 bao nhiéu s6 chan ¢é bén chir s¢ dugc tao thanh tir cic chit s6 0, 1, 2, 3,
4,5,6saocho:

a) C4c chit s& ¢6 thé giéng nhau ?

b) Cac chif s§ khac nhau ?

Xép ngiu nhién ba ban nam va ba ban nit ngdi vao sdu ghé ke theo hang
ngang. Tim x4c suit sao cho :

a) Nam, nif ngoi xen k& nhau ;

b) Ba ban nam ngoéi canh nhau.

T mot hop chita sdu qua cdu trang va bén qua cdu den, 14y ngiu nhién.
dong thoi bon qua. Tinh x4c sudt sao cho :

a) Bon qua ldy ra cing mau ;

b) C6 it nhat mot qua mau trang.



10.

11.

12,

13.

14.

Gieo mot con stc sic ba 14n. Tinh x4c suét sao cho mat sdu cham xudt hién
it nhat mot 14n.

Cho 'mét luc gidc déu ABCDEF. Viét cac chit cai A, B, C, D, E, F vao sdu
cdi thé. Lay ngiu nhién hai thé. Tim xac sudt sao cho doan thang ma cic
d4u mit 1a cdc diém duoc ghi trén hai thé d6 1a :

a) Canh cla 'iuc giac ;

b) Budng chéo cia luc giac ;

¢) Puong chéo néi hai dinh d6i dién cua luc giic.

Gieo dong thai hai con siic sac. Tinh x4c sudt sao cho :

a) Hai con siic sac déu xuét hién mat chdn ;

b) Tich cac s6 chdm trén hai con siic sac 1a s& 1é.

Bdi tap trdc nghiém

Chon phuong dn ding :

L4y hai con bai tir ¢d bai td 1o kho 52 con. S6 céch ldy 1a :
(A) 104 ; (B) 1326 ; (C) 450 ; (D) 2652.

Nam ngudi duge x€p vao ngdi quanh mot ban tron véi nam ghé. SG cich
xépla:
(A)50; - (B)100; (C) 120 ; (D) 24.

Gieo mot con sdc sac hai 14n. X4c suat de it nhat mot 1an xudt hién mat sau
chamla;

12 11 6 8
A) == ; — = D) —.
&) 323 (B) 3¢ ; ©) 3¢ (D) 3¢

Tir mot hop chita ba qua cdu tring va hai qua cdu den 14y ngiu nhién hai
qua. X4c sudt dé 14y dugc c4 hai qué tring 1 :

9 12 10 6
A)—; . (B =; — D) —.
W55 B © 55 (D) 55

Gieo ba con stic sic. X4c sudt dé s6 chdm xuat hién trén ba con nhu nhau 1a :

(A)—' ()— ()— ()—

216 216 216 216
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15. Gieo mot déng tién can d6i va déng chat bon lan. X4c sudt dé ca bon lan

78

xudt hién mat sap 1a :
2 1

4. 2. 1. 6
(A) R (B) "’ (©) " (D) v

BAN CO BIET ?

BEC-NU-LI

Béc-nu-i (Jacob Bemoulli) sinh ngay 27 thang 2 nam
1654 & Ba=xlo (Basle) Thuy Si. Ong la ngudi nghién
clu Toan dau tién trong dong ho Béc-nu-li cb nhiéu
nha toan hoc. Cha 6ng, Ni-co-la Bec-nu-li (1623 —1708)
mudn 6ng trd thanh muc su. Mic du phai hoc
Théan hoc, éng van say mé nghién clu Toan hoc.
M6t s& cdng trinh quan trong nhéat clia 6ng dugc
cdéng bd trong cudn sach Nghé thuat phong dodn
nam 1713, bao gém céc linh vuc clia dai s6 t8 hgp :
hoan vi, t8 hop, cac s6 Béc-nu-li va Ii thuyét xac
suat. Dac biét, luat s 16n dd6i vdi day phép thtr Béc-nu-li dugec céng bd trong
cudn sach d6. Cudn sach clia 6ng dugc coi 1a su md dau cla Ii thuyét xac suat.
Béc-nu-li bat ddu gidng Triét hoc tu nhién, Co hoc & trudng Dai hoc T8ng hap
Ba-xIo nam 1682 va trd thanh Gi4o su toan nam 1687. Ong tiép tuc lam viéc & d6
cho dén khi mat (ngay 10 thang 8 nam 1705).

Bernoulli
(1654 — 1705)



[[] DAY sd . cAP SO CONG
_ VA CfiP SO NHAN

Phén dau clia chuong giéi thiéu Phuong phdp quy nap todn hoc, mdt phuong phap
ching minh nhiéu khang dinh toan hoc, lién quan dén tap s6 tu nhién. Day la mot
phuang phap ching minh quan trong va hitu hiéu trong Toan hoc.

Phan tiép theo 1a cAc khai niém co ban vé ddy s6 (hitu han va vo han), s dugc gap
nhiéu trong cAc chuong cla Gidi tich.

Cép 56 ¢ong va c4p s6 nhan 14 hai day s dac biét va cd nhiéu ing dung, duoc trinh
bay hé thdng va chi tiét & cudi chuong.

DAY sO . cAP sO CONG VA cAP sa NHAN




PHUGONG PHAP QUY NAP TOAN HOC

I - PHUGNG PHAP QUY NAP TOAN HOQC

ﬁ1

Xét hai ménh dé chira bién P(n) : "3" < n+ 100" va Q(n) : "2" > n"véin eN.
a)Véin=1,2,3,4,5 thi P(n), Q(n) dang hay sai ?
b) Vi moin € N* thi P(n), Q(n) ding hay sai ?

Pé chiing minh nhitng ménh dé lién quan dén s6 tu nhién n € N
1a diing véi moi n ma khong thé thir truc tlép dugc thi c6 thé
lam nhu sau :

Buoc 1. Kiém tra ring ménh dé ding véin=1.

Buc 2. Gia thiét ménh dé ding véi mot s6 tu nhién batkin=k> 1
(goi 1a gia thi€t quy nap), ching minh rang no ciling ding véi
n=k+1.

D6 12 phuong phdp quy nap todn hoc, hay con g01 tat 1a
phuong phap quy nap.

Mot cdch don gian, ta c6 thé hinh dung nhu sau : Ménh dé da dung khin=1
nén theo k&t qua & budc 2, nd cling ding véin=1+1=2.Viné dung voi
n =2 nén lai theo két qua & budc 2, né ding véi n =2 + 1 =3, ... Bang cdch

4y, ta c6 thé khing dinh ring ménh dé ding v6i moi s6 tu nhién n € N

11 - Vi DU AP DUNG

Vi dyu 1. Chimg minh ring véin e N thi
1+3+5+...+@n-1)=n", W
Gidi
Buge 1. Khi n = 1, vé trai chi c6 mot s6 hang bang 1, v€ phai bing 17,
Vay hé thic (1) ding.
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Buoc 2. Dat vé tréi bang S,
Gia sir déng thic ding v6i n =k 2 1, nghia la
S;=1+3+5+..+@2k-1= K (glathlétquy nap).
Ta phai chiing minh réing(l)cﬁng ding v01n=k+1 tic 1a
Sk =1+3+5+.. +(2k—1)+[2(k+1)—1]—(k+1)
That vay, tir gia thiét quy nap ta c6
Ser =S+ RKk+ 1) —1]=k +2k+ 1=+ D%

Vay heé thic (1) ding v6i moi n € N'.m

f%Z
Ching minh ring vin € N* thi

n(n+1)
7

1+2+3+...+n=

Vi du 2. Chiing minh ring v6in e N" thi n’ — n chia hét cho 3.
Gidi. DitA,=n’ — n.
Budc 1.VNéin=1,tac6A;=0:3.
Bubc 2. Gia st véin=k>1tacéd
A= (K - k) } 3 (gia thiét quy nap).
Ta phai chimg minh A, | 3.
That vay, ta c6
Apr1 =k + ) —(k+ D=k +3k%+ 3k +1—k—1

=K -0+ 3K+ k)

= A, +30 + k).
Theo gi4 thiét quy nap Ay : 3, hon nita, 3(k* + k) 3 nen Ak+1 :3.

Vay A, _n3—nch1ahetcho3vo‘1m01ne N'.m

6. DA SO & GIAI TICH 1A
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CHUY

Néu phai ching minh ménh dé 13 ding v6i moi s6 tu nhién 7 2 p
(p 12 mot s6 ty nhién) thi :

* ( budc 1, ta phai kiém tra ménh dé ding véin=p ;

o § budc 2, ta gia thiét ménh dé ding véi s6 ty nhién batkin=k=p
va phai ching minh réng né ciling ding v6i n =k + 1.

3

Chohais63"vas8nvéine N*.

a) So sanh 3" v6i 8nkhin=1,2,3,4,5.

b) Du doan két qua tdng quéat va chitg minh béng phuong phap quy nap.

Bai tap

. s L. * Lz 2 .
Ching minh rang véi n € N ; ta ¢ cac dang thic :

a)2+5+8+‘...+3n—1:%+1);

n_
b)l+-1—+l+...+L-=2 1;
2 4 8 on on

)12+2%+3% 4. 4= n(n+ 1)6(2n D .

Chiing minh ring véin € N',tacé:

a) n’ +3n% 4 50 chia hét cho 3 ;

b)4"+15n-1 chiahétcho9;

cyn’ +11n chia hét cho 6.

Chl’mg minh ring véi moi s6 tu nhién n > 2, ta c6 cac bat dang thuc ;

a)3">3n+1; b)2"+1>2n+3.

6. DAI SO & GIAI TicH 11.8



4. Chotdng S, =

L+—I—+...+—1_—— véine N .
1.2 23 n(n +1)

a) Tinh Sl’ 52, 53.
b) Du dodn cong thifc tinh téng S,, va ching minh bing quy nap.

n(n —3)
—5

Ching minh ring s6 dudng chéo chia mot da gidc 16i n canh la

BAN CO BIET ?

SUY LUAN QUY NAP

Ngudi ta thudng phan biét hai hinh thitc suy luan, d6 1a suy dién va quy nap.
Suy dién hay con goi la phép suy dién 1a di tir cai chung dén cai
* riéng, tifr téng quat dén cu thé.

Chang han, tir dinh Ii "Moi s6 tu nhién c6 chif s6 tan cung 1a 0 hoac 5 déu chia
"hét cho 5", ta suy ra 135 va 170 chia hét cho 5. Trong suy dién, néu ménh dé
t8ng quéat 1a dung thi két luan cé dugc bao gigd cing diung.

Con quy nap hay con gm Ia phép quy nap lai di U cai riéng dén
cai chung, tUr cu thé dén téng quat.

Vi du : So sanh cac s6 A(n) = 10" ! véi B(n) = 2004 + n, trong d6 n € N . Béng
phép thirvéi n = 1,2, 3, 4 ta c6 : A1) < B(1) ; AR) < B(2) ; A3) < B(3) ; A(4) < B(4).
Tu day, ta két luan
"10""! < 2004 + n véi moi n <4" (1)
R& rang két luan nay dung. ‘
Tuy nhién, ciing tir két qua cla phép thir trén, néu voi két luan:
| "10"" <2004 + nvéimoine N'" @
thi lai sai lam vi véin = 5 ta c6
10*> 2004 + 5 (tuong tu, véin = 6,7, 8, ...).
Pén day, néu két luan ti€p :
"10"™" > 2004 + n véi moi n > 5", (3)

sau dé véi phép thlr, cho dii c6 nhan dugc két qua dung vdi n bang bao nhiéu
chéng nita thi van khong thé coi la da chitng minh dugc ménh dé (3).
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Ménh dé (3) sé dugc chiing minh néu dung phuong phdp quy nNap
todn hoc.

Cac ménh dé (2), (3) c6 dugc 1a két qué cua phép quy nap khéng
hoan toan, trong d6 ménh dé (2) la sai con ménh dé (3) la dung.

Do phép thir chi c6 tinh du doan, nén két qua clia phép quy nap
khéng hoan toan chi la gia thuyet va viéc phai lam ti€p theo la
chitng minh hay bac bé.

Duéi day, ta xét thém vai vi du lich stf.

| Phéc-ma (P. Fermat) nha toan hoc Phap (1601 — 1665) khi xét cac s& dang 22" +1

0 1 2 3
théy raing véi n =0, 1,2,3,4thi 22 +1=3;2% +1=5;2% +1=17; 2% +1=257;

4 " S . ~ 7
22" 41 =65 537 d8u la nhiing s6 nguyén t8. Tir d6, éng du doan rang "Moi s6 c6

dang 22" 41 vdine N déula nhing s6 nguyén t&".
Tuy nhién, 100 nam sau, nha toan hoc Thuy Si O-le (Euler, 1707 — 1783) lai phat

O 5 e ) hY ar ) A A v
hién ra rang 2% +1 khéng phai la sd nguyén té vi :

2% +1=14294 967 297 | 641.

Ciing. chinh Phéc-ma la tac gia clia gia thuyét ndi ti€ng ma ngudi doi sau goi la
dinh Ii cu6i cung cla Phéc-ma : "Phuong trinh x" + y" = Z" khéng c6 nghiém -
nguyén duong v8i moi s6 tu nhién n > 2". Nam 1993, tdc la hon 350 nam sau, gia
thuyét nay méi dugc chimg mlnh hoan toan.

Nha toan hoc DUC Lai-bo-nit (LelanZ 1646 — 1716) da chimg minh dugc réng Vn e N*
thi n° -n:3; n—n 5, n —n: 7, tr d6 6ng dy doan vdi moi n nguyén duong

va v8i moi s6 1& p thi n’— n | p. Tuy nhién, chi it lau sau chinh 6ng lai phat hién ra
2° —2=510 khéng chia hét cho 9.

Lich s toan hoc da dé lai nhiéu su kién tha vi xung
quanh cac gia thuyét c6 dugc bang suy luan quy nap
khong hoan toan (ho3c bang phép tuong tu). C6 nhimg
gid thuyét da bj bac bd, co6 nhiéu gid thuyét da duoc
ching minh, c6 nhimg gia thuyét ma vai tram nam sau
van khéng dudc chimg minh hay béc bd. Tuy nhién, viéc
tim cach chimg minh hay bac bd nhiéu gia thuyet dacé
tac dung thic ddy sy phat trién ciia toan hoc

Fermat
(1601 - 1665)



%\DAY sO

I - PINH NGHiA

1 .
]%Ch'o ham s6 f(n) = 5 1 Lne N". Tinh f(1), f2), f3), f4), f(5).

1. Dinh ngh|a day sé

M01 ham s6 u xdc dmh trén tap cac so nguyén duong N dugc
goi 1a mot ddy s6' vé han (goi tit 1a day s6). Ki hiéu :

u: N SR
n — u(nd.

Nguoi ta thuong viét day s6 dudi dang khai trién
N
Uy, Ug, Uz, eeey Uy oo

trong-do6 u, = u(n) hoac v1ét tat 12 (uy,), va goi u; 1a s6 hang ddu, u, 1a s§
hang thit n va 1a s6 hang tong qudt cua day sé.

Vidul |
a) Day céic s'O’ tu nhién 1é 1,'3, 5, 7 ... €6 50 hang d4u u = 1, s6 hang téng
quét u, =2n- 1.

| b) D?ty céc s6 chinh phuong 1, 4, 9, 16, ... ¢6 s6 haﬁg dau ul‘ =1, s hang
téng quat u, = n°.

. Dinh nghia day s6 hitu han

. || MOxhamséfuxacdmhtrentapM_{l 23 wmyvéime N
duoc goi 1a mét day 50 hitu han.
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Dang khai trién clia n6 12 uy, uy, us, ..., u,, trong dé u, la sé hang dau,
u,, 1a s hang cuéi.

Vidu2? |
2)-5,-2,1,4,7, 10, 13 1a day s6 hitu han c6 u; = -5, u; = 13.
1111 1 , | .

b) —,—,—,—, ~— ladidysohttuhancd u; = —, ug= —.
e R W 1= 04T 3

I1 - CACH CHO MOT DAY SO

2
ﬁHéy néu cac phuong phap cho mét ham sé va vi du minh hoa.

1. D&y s cho bing céng thirc chia s hang téng quat

Vidu 3
3’1
a) Cho day s6 (u,, ) véi u,=(— D". (1)
n
Tur cong thitc (1), ta cé thé xé4c dinh dugc bat ki mot s hang nao cua
5
day so. Chang han, u5 = (- 1)5 35 %
Néu viet day s6 nay duéi dang khai trién, ta dugc
' n
-3, 2 -9, 8_1. , (=D S
2’ 4’

b) Day s6 (u,) v6i u, = c6 dang khai trién 1a

n
Jn +1 |
12 3 n
22+ U+ 1

Nhu vay, day s6 (u,) hoan toan xdc dinh néu biét cong thirc s6 hang tdng

qudt u, cta nd.
,/9\ 3 .
\Viét nam sé hang dau va sé hang t8ng quat cGa cac day s sau :
a) Day nghich dao clia cac s6 tu nhién 1€ ;
b) Day céac s6 tu nhién chia cho 3 du 1.
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2.

3.

Ciing gi6éng nhu ham s6, khéng phdi moi diy s6 déu ¢6 cong thic s§ hang
téng quat u,. Duéi day, ta néu thém cic cach khac dé cho mot day so.

D&y s cho bing phuong phap moé ta

Vi d'l_l 4. S6 = 1a s6 thap phan vo6 han khéng tuén hoan
' n=3,141 592 653 589 ...

Neéu lap day s6 (u,) véi u,, la gia tri gan ding thiéu cla s§ 7 v4i sai s6 tuyét d6i
10" thi
uy=3,1;uy=3,14; u3=3,141; uy = 3,1415;

b6 1a day s6 duge cho bang phuong phdp mo td, trong do chi ra cach viét
cdc s6 hang lién ti€p cha day.

Day s& cho biing phuong phap truy héi

Vi du 5. Ddy Phi-b6-na-xi‘ 1a day s6 (u,) dugc xic dinh nhu sau :

\

n

u=u =1
{u =Uy_ 1 +U,_o VGin2=3,
nghia la, ké tir s6 hang thit ba trg di, mdi s6 hang déu bang téng cua hai s6
hang dimg ngay trude nd. . _
Céch cho day s6 nhu trén duge goi la ého bang phuong phdp truy hoi. '
N6i cach khéc, cho mot day s bang phuong phép truy hoi, tic 1a :
a) Cho s6 hang ddu (hay vai s6 hang dau).

b) Cho hé thirc truy hoi, tic 1a hé thitc biéu thi s6 hang thi n qua s6 hang
(hay vai s6 hang) ding trudc né. '

VVigt musi s6 hang déu clia day Phi-bd-na-xi.

(*) Phi-bo-na-xi (Fibonacci, 1170 ~ 1250) — Thuong gia, nha toan hoc I-ta-li-a.
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111 - BIEU DIEN HINH HOC CUA DAY SO

88

Vi diy s6 12 mot ham s6 trén N* nen ta c6 thé bidu dién day s6 bing dé
thi. Khi d6 trong mat phing toa do, diy s6 dugc bidu dién bing cc diém

cotoadod (n; uy,).

Vi du 6. Day s6 (u),) v6i u,, = ntl ¢6 biéu dién hinh hoc nhu trén Hinh 40 :

Un
Uy 'b-=--- . ,
u2 ----- .:----—ol
17 jc 3 S N -
]
o 1 2 3 4 ;n
Hinh 40
2 3 4 u 5
Uy =2, Uy = —, Uy = —, Uy = —,...
1 2 ) 3 3 4 4

Tuy nhién, ngudi ta thudng bi€u dién cic s6 hang clia mot diy s6 trén truc
n+1

s6. Chang han, diy s6 ( J c6 biéu dién hich hoc nhu trén Hinh 41,

n

54 3
b 23732 2
: ——t++— : —
0 Us uz up u) . u(n)
. Hinh4l



IV - DAY S6 TANG, DAY SO GIAM VA DAY SO BI CHAN
5
Cho cac day s8 () va (v,) VO 1, = 1 + % v, =5n—1.
a) Tinh un+1,‘vn+1.

. . 2t . *
b) Chitng minh u, | <u,va v, , >v,,vimoine N .

1. DAy s6 ting, day s& giam
DINH NGHIA 1

Day s6 (u,) dugc goi 1a ddy sé tdng néu ta cé u, | > u, véi
moin € N'.

Day s6 (u,) dugc goi la ddy sé gidm néu ta c6 u, .y < u, véi

rﬁqi ne N*. ‘

Vidu 7. Day s6 (u,) v6i u, = 2n — 1 la day s6 tang

That vdy, véi moi n € N xét hiéu un+1 u,. Tacé -

Up 1 —Up=2(n+1)-1-2n-1)=2.

Do u,, 1 —u,>0nén u,, | >u, ®
Vi du 8. Day s6 () v6i u, = — 1a dy s6 gidm.
' 3

That vay, véi moi n € N* ,viu,>0néncoé 6 thé xet t1 sO .Tacd-
.

Uppypy _n+l n -n+l
.un '3n+1 3” 3n

n+1

<lsuyrau,,<u, ®
U LA
n : .
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CHUY
Khong phéi moi ddy s6 déu ting hoic gidm. Chéng han, day
s6 (u,) v6i u, = (-3)", tirc 12 day
- -3,9,-27,81, ...
khong tang va ciing khong giadm.

2. Day s6 bi chidn

} 1&6
) . . . 2 . n 1 n2 +1
Chiing minh cac bét d&ng thirc <= va

>1, VneN"*.
n“+1 2 - 2n '

DINH NGHIA 2
Day s6 (u,) dugc goi 12 bi chdn trén néu tén tai mot s6 M
sao cho.

u,<M,Vne N*.
Day s6 (u,) dugc goi 1a bi chdn dwdi néu ton tai mot s6 m
sao cho |

u, >m,Vne N,

- Day s6 (u,) dugc goi la bi chdn néu né vira bi chan trén vira bj
chan dudi, tic 1a ton tai cdc s6 m, M sao cho

*
m<u,<M,Vne N .

Vidu9

a) Ddy s6 Phi-bo-na-xi bi chan dudi vi u, > 1 véi moin € N.

b) Day s6 (u,) v6i u, = bi chan vi 0 < 3 <

1
n°+1 N n“+1 2
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BAN CO BIET ?

HOA, LA VA DAY SO PHI-BO-NA-XI

Day sé Phi-bé-na-xi thudng gap trong thién
nhién. Nhitng chiéc la trén canh cay moc cach
‘nhau céac khodng (g v&i cac sb trong day sé
Phi-bd-na-xi (con goi la cac s Phi-bd-na-xi)

3,5,8, 13,21, 34,55, 89, ... (F)

S8 canh hoa trong hau hét cac bdng hoa la cac -

sd trong day (F). Hoa loa kén c6 3 canh, hoa
mao luong vang cd 5 canh, hoa phi yén c6 8
canh, hoa cuc van tho 13 canh, hoa ctic tay 21
canh, con hoa clc thuong c6 34 hoadc 55, hoac
89 canh.

Fibonacci
(1170 — 1250)

Trong hoa hudng dugng ciing xuat hién cac s6 Phi-b6-na-xi. Nhirng nu nhd két
thanh hat & dau béng hoa va xép thanh hai 18p dudng xodn &c. Mdt I6p cudn theo
chiéu kim déng hé, 16p dudng xodn kia cudn theo chiéu ngudc lai. S& cac dudng
xoan 6&c¢ theo chiéu kim déng hd thudng la 34 hodc 55, cdn s6 dudng xoan theo

chiéu ngugc lai thudng la 55 hoac 89, ...

Ngoai nhiing diéu tha vi trén, mét s& van dé caa kién trac, héi hoa, am nhac, ...

ciing lién quan dén cac s6 Phi-bd-na-xi.

Hoa huéng duong
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Bdi tap

Viét nam s6 hang d4u cha cédc day s6 c6 s6 hang téng quat u,, cho bdi cong thirc :

n ' 2" -1
a)un=.n ; b)un= n s
2" -1 27 +1

1Y . -
c)un—(1+;] ; | d)un—m.
Cho day s6 (u,), biét :.
' uy=-1, wu, y=u,+3véinz1l.
a) Viét nam s hang ddu cta day s6.
b) Ching minh bang phuong phdp quy nap : 1),, =3n-4.
Day s6 (u,) cho boi :

Uy =3 upy = 1+u,-2, ,n21.
a) Vi€t nam s6 hang ddu cla diy s6.

b) Du dodn cong thic s6 hang téng quat u,, va ching minh cong thitc dé

bang phuong phdp quy nap.

Xét tinh tang, giam cua cac déy sO (u,), biét :

1 n-1

)_" n - : . ) n+1
: o 2n+1
Au,=-D"2"+1); du, = .
Y= (1" @+ 15 Y=o

Trong chc day s6 (u,) sau, ddy s6 nao bi chan dudi, bi chan trén va bi chan ?

2 1
a)u‘,,=2n—1; b)un=m; .
S 1 - )
C) u, = TR d) u, =sinn+cosn.
2n° —1



CAP sO CONG

I - DINH NGHIA

A

1
Biét bén s hang dau ctia mot day s6 1a -1, 3, 7, 11.
Tir d6 hay chira mét quy luét ri viét ti€ép nam sé hang cla day theo quy luat dé.

DINH NGHIA

Cdp 56 cong 1a mot day s6 (hitu han hodc vo han), trong dé ké
tir s6 hang thit hai, méi s6 hang déu bing s6 hang diing ngay
‘trudc né cong véi mot s6 khong déi 4.

S6 d dugc goi 1a cong sai clia cdp s6 cong.

Néu (u,) la cdp s6 cOng vdi cong sai d, ta c6 cong thic truy héi

Upp] = U, +d véineN. )]

Pic biét khi d = 0 thi cdp s6 cong 1a mot day s6 khong doi (14t ca céc s6
hang déu bang nhau).

Vi du 1. Ching minh ddy s6 hitu han sau 1a mot cdp s6 cong :
1,-3,-7,-11, - 15,

Gidi. Vi-3=1+(-4); —11=-T+(-4);

T=-3+(-4); -15=-11+(-4)

nén theo dinh nghia, ddy s 1, -3, —7, ~11, ~15 1a mot c4p s6 cong V6
cong sai d = — 4. u

2 - R

Cho (u,,) 1a mdt cép s6 cong c6 sau s8 hang véi u; = — % d = 3. Viét dang khai trién

cda no.
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I1 -.SO HANG TONG QUAT

94

A

3

Mai va Hung choi tro xép cac que diém thanh hinh thap trén mat san. Cach xép
du’dc thé hién trén Hinh 42. :

I tdng ) 2 tang . ' 3 tdng
Hinh 42 i

H&i : N&u thap c6 100 tang thi can bao nhiéu que diém dé xé&p tang dé ciia thap ?

DINH Li 1

Néu cap s6 cong (u,,) c6 s6 hang ddu u; va cong sai d thi s6
hang tong quat u,, dugc xac dinh bai cong thic :
=y +(n-1dvéinz2. 2)

Uy

Chitng minh. Ta s€ chimg minh cong thiic (2) bang quy nap.
Khi n =2 thi u, = u| + d, vay cong thirc (2) diing.
Gia str cong thitc (2) ding v6in =k 22, tic 1a uy = uy + (k— 1)d.
Ta phai ching minh rang (2) ciing ding véi n =k + 1, tic 12 ugy) = u; + kd.
Thét vay, theo dinh nghia cdp s6 cong va gia thi€t quy nap ta c6
Upry = U +d=[ug+ (k= Dd]+d=u +kd.
Vayu,=u;+(n—-1)dvéin=>2. m
Vidu 2. Cho cdp s6 cong (u,), biét u; =-5,d =3.

a) Tim u;q.
b) S6 100 Ia s6 hang thit bao nhiéu ?



¢) Biéu dién cdc s6 hang u,, Uy, U3, Uy, Us trén truc s6. Nhan xét vi tri clia
mbi diém uy, u3, u4 so voi hai diém lién ke.
Gidi. C4p s6 cOng c6 u; =-5,d=3.
a) Theo cong thic (2) tacé u;5=-5+(15-1).3 =37.
b) Theo céng thic (2) tacé u,, =5+ (n - 1) . 3. Vi u, = 100 nén
-5+ (n-1).3=100, tr d6 n = 36.
c) Nam s6 hang cua cdp s6 cong la -5, -2, 1, 4, 7 dugc biéu dién bdi cic
diém uy, uy, us, uy, us tuong tng trén Hinh 43.

ul u2 u3 . u4 u5
— ; — ; ; t >
=5 -2 01 4 7
Hinh 43
. . e R ll/Z + Uy
biém u; la trung diém cua doan uyuy, hay u; = >y

Ta ciing c6 két qua tuong tu d6i v6i uy va uy. B

Pay 1a mot tinh chat dac trung cha cdp s6 cong ma ta sé xét dudi day.

I1I - TINH CHAT CAC SO HANG CUA CAP SO CONG

PINHL 2 -

Trong mot cdp s6 cong, mdi s6 hang (trir s6 hang dau va
" cu6i) déu la trung binh cong cua hai s6 hang ding ké vdi
nod, nghia la

3

uk=ﬁ:1—“2iﬂvé~ikzz. 3)

Chiing minh. Gia st (u,,) 12 c4p s6 cong véi cong sai d. Stt dung cong thiic (1) |
Véik22,tacluy | =up—d; up =u,+d.

W1 + Uk -

Suy ra up )+ Uy = 2uk hay u, = 5
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IV - TONG n S8 HANG PAU CUA MOT CAP S6 CONG

% 4
' Cap s0 cdng g‘ém tam s6 hang -1, 3, 7, 11, 15, 19, 23, 27 dudc viét vao bang sau :

1 | 3 7 11 15 19 | -23 27

a) Hay chép lai bang trén va viét cac s6 hang clia cdp s6 d6 vao dong th{r hai
theo thir tu ngugc lai. Néu nhan xét vé téng cla cac s hang & mdi cot.

b) Tinh t8ng céc s6 hang cla cp s6 cong.
- Ta cong nhan dinh Ii sau day.
PINH Li 3

Cho cdp s6 cong (u,). Pat S, =uy + uy + uz + ... + u,.

. Khi dé
s, = M}‘—) @
wov
Viu,=u; +(n-1)d nén cong thic (4) c6 thé viét
Sp=my+2=Dg @y

Vidu 3. Cho day s6 (u,) v6i u, =3n - 1.
a) Chitng minh day (u,,) 1a cdp s6 cong. Tim u; va d.
b) Tinh téng cta 50 s6 hang du.
¢) Biét S, = 260, tim n.
Gidi
a)Viu,=3n-1nénu, =2. |
Véinz1,xéthieuu, - u,=3(n+1)-1-3Bn-1)=3,suyra
Upy] = U, + 3. Vay (u,) 12 cdp s6 cong vbi cong sai d = 3.
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b) Vi s, =2, d = 3, n = 50 nén theo cong thifc (4 ta c6

Sso= 50.2 + 502;49.3 = 3775.

¢) Viu;=2,d=3,S, =260 nén theo cong thirc (4') ta cé

n(n —1)
2

S,=n2+ 3 =260 hay 3n” + n - 520 = 0.

Giai phuong trinh bac hai trén véi n € N', ta tim dugc n = 13. ®
Bdi tap

1. Trong cac day s6 (u,) sau day, ddy s6 nao la cdp s6 cong ? Tinh s6 hang
ddu va cong sai cua no.

aA)u,=5-2n; b)u,,=%—1~.;
c)u,,=3"; d)un=7—3n.
2. Tim s6 hang d4u va cong sai cta cdc cdp s6 cong sau, biét :
u —uz +us =10 uy —u3 =8
a) 1 ' 3 5 b) 7 3
w +ug =17 uy.uy =75.

3. Trong céc bai todn vé cdp s6 cong, ta thuong gap nam dai luong u, d, n,
Up, S, ' '
a) Hay viét céc hé thic lién hé giita cdc dai lugng d6. Can phai biét it nhét
mAy dai lugng dé c6 thé tim dugc céc dai lugng con lai ?
b) Lap bang theo miu sau va dién s6 thich hgp vao 6 trong :

u, d u, n S,
-2 55 20
-4 15 120
3 i 7
27
17 12 72
2 -5 ~205

7.0AISO B GIAITICH11-A o7



Mat san ting mot cia mot ngéi nha cao hon mat san 0,5 m. Cdu thang di tif
tdng mot 1én tdng hai gébm 21 bac, méi bac cao 18 cm.

a) Viét cong thitc dé tim do cao clia mot bac tuy ¥ so v6i mat san.

b) Tinh d6 cao clia san tang hai so v6i mat san.

T O gid dén 12 gid trua, déng hé dénh bao nhiéu tiéng, néu né chi danh
chuéng bdo gio va s6 ti€éng chuodng bang s6 gid ?

", CAP SO NHAN
L /)

* I - DINH NGHiA

A
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1

Tuc truyén réng nha Vua An D& cho phép ngudi
phat minh ra ban ¢& Vua dugc lua chon mét phan
thudng tuy theo sd thich. Ngudi dé chi xin nha vua
thudng cho s6 théc bang sé théc duge dat [én 64
6 clia ban ¢& nhu sau : Pat én 6 th(t nhat cba ban
cd moét hat théc, ti€p dén 6 thir hai hai hat, ... clr
nhu vay, sé hat théc & 6 sau gap doi s6 hat thoc d
6 lién trudc cho dén 6 cudicung. -

Hay cho bi¢. .3 hat théc 8 cac 6 tir thir nhat dén
thir sau clia ban cd.

DINH NGHIA

Cdp s6 nhén 1a mot diy s6 (hitu han hodc vo han), trong do
ké tir s6 hang thit hai, méi s6 hang déu la tich cha s6 hang
diing ngay trudc né véi mot s khong déi gq.

S6 g dugce goi 1a cong béi ctia c4p s6 nhan.

Néu (u,,) 1a cdp s6 nhan véi cong boi g, ta c6 cong thic truy hoi :

Up] =Uy.qVBine N, (D)

7.9A1 86 & GIAI TicH g



Dic biét :
« Khi ¢ = 0, cdp s6 nhan ¢6 dang u;, 0,0, ..., 0, ...
* Khi g = 1, cdp s6 nhan c6 dang u,, uy, uy, ..., uy, ...
* Khi u) =0 thi v6i moi g, cdp s6 nhan c6 dang 0, 0, 0, ..., 0, ...

Vi du 1. Ching minh day s6 hitu han sau 1a mot c4p s6 nhan :

_47 1’ _l’i,_i.
: 4 16 64
Gidi- Vi 1 = (—4).(—1) oL 1_(_lj ;
4 4 4
1 _(_1)[_Lj. _L_L(_lj
16 4\ 4)7 64 16\ 4
nén day so
R A U I
4 16 o4

1a mot cdp s6 nhéan v6i cong boi g = —i. [ |
I1 - SO HANG TONG QUAT

;% 2
Hay doc hoat déng ﬂ1 va cho biét 6 thir 11 ¢ bao nhiéu hat théc ?
Biéng phuong phép quy nap, ta c6 thé chimg minh dugc dinh li sau day.

DINH Li 1

N&u cdp s6 nhan c6 s6 hang dfiu'u'1 va cong boi g thi s6 hang _
téng quét u, dugc x4c dinh béi cong thiic

uy =u.q"vein>2. ()
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Vidu 2. Cho cép s6 nhan (u,) v6iu; =3, g =~ %
a) Tinh u;.
3.
b) Hoi —— 13 s6 hang thi mdy ?
) 256 ang y

Gidi

a) Ap dung céng thiic (2), ta c6

6 1\°
u7=u1.q =3[——i\] =

b) Theo cong thic (2), ta c6

| '3 1yt 1?
u,=3|-=| == |-= =— =|-=
2 256 2 256 2

Suyran—-1=8hayn=9.
Vay s6 3 1a s6 hang thi chin. ®
256

Vi di_t 3. T€ bao E. Coli trong diéu kién nuéi cdy thich hop ci 20 phﬁt l"ai
phan d6i mot 1an.
a) Hoi mot t€ bao sau mudi 14n phan chia s& thanh ‘bao nhiéu t& bao ?

b) Néu cé 10° t€ bao thi sau hai gid s& phan chia thanh bao nhiéu t&€ bao ?

- Gidi

100

a) Vi ban ddu c6 mot t€ bao va médi 14n mot t€ bao phan chia thanh hai t€
bao nén ta c6 cdp s6 nhan véi u; = 1, ¢ = 2 va u;; 1a s6 t€ bao nhan duge
sau mudi 14n phan chia. Vay sau 10 14n phan chia, s6 t€ bao nhan dugc la

11-1

u=1.2""1=221024.

b) Vi ban ddu c6 10° t€ bao va méi 14n mot t€ bao phan chia thanh hai t€
bo nén ta c6 cip s6 nhan véi u; = 10°, g = 2. Vi cif 20 phut lai phan doi
mot 14n nén sau hai gidy s& c6 6 14n phan chia t& bao va u; 12 s6 t€ bao nhéan

duoc sau hai gid. Vay s6 t€ bao nhan dugc sau hai gid phéan chia la

u;=10°27"" = 10°.2° = 6 400 000. W



11l - TINH CHAT CAC S6 HANG CUA CAP SO NHAN
A
Cho cdp s6 nhan (u,) véi u; =—2vaq =—%.

a) Viét nam sé hang dau cla nb.
b) So sanh w2 i tich uy. u3 va 12 véitich uy . ug.
Néu nhan xét tng quat tir két qua trén.

DINH Li 2

KI‘ rong mot cdp s6 nhan, binh phuong cha mdi s6 hang (trir\
s6 hang ddu va cu6i) déu la tich cha hai s6 hang ding ké
v@i nd, nghia 1a '

u,% = Up_1 Mgy VOL k22 3)
\(hay lud = \ug 141 ). | J

Chitng minh. St dung cong thic (2) véi k > 2, ta c6

—_— k_2-
Up—1=41-9 >
Sk
Up+1=HU1- 4 -

k—2 k—1,2 2

Suyra uy_q.up41=4 q =(uq ) =u .1

IV - TONG n SO HANG PAU CUA MOT CAP SO NHAN

% 4
Tinh tng 6 céc hat théc & 11 6 ddu cia ban ¢3 néu & hoat dong 1.

Cidp s6 nhan (u,) c6 cong boi g c6 thé viét dudi dang -

2 n—1
u,umq,uq , ..., u1q ...

Khi d6
—1

“4)

_ _ 2 n
Sn_ Wy +u2 +...+u,, —u1+u1q+u1q +...+uq
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Nhan hai v€ cua (4) véi g, ta duoc
q.S,,=ulq+u1q2+u1q3+...+u1qn. (%)
Trir timg v€ tuong {ng cia céc déng thitc (4) va (5), ta dugc

(A -q)S,=u; (1-4".
Ta c6 dinh 1i sau day.

DINH Li 3
/" Cho cip 56 nhan (u,) v6i cong boi ¢ # 1. Dt N\
\ Sy, =u +uy +...+u,.
Khi dé
u(l—qg" ‘
- S, = 11—¢ )_ (6)

N . 1-q J
CHUY

Néu g = 1 thi-cdp s6 nhan 12 uy, uy, uy, ..., uy, ... Kni dé S, = n.uy.
Vi du 4. Cho cép s6 nhéan (u,), bi€t u; = 2, u;3 = 18. Tinh téng chia mudi
s6 hang d4u tién. - ' '
Gidi. Theo gid thi€t, u; =2, u3 = 18. Ta cé

Uy = ul.q2 = 2.q2 =18=>4qg= . .
Vay c6 hai trudng hop : ' '

_ 10
«q=3 1acé S10=_2L%:5_9048;
0]
°q=—3,tac6-Slo=M=—29524. ]
' 1-(=3) .
5
Tinh,t8ng S=1+l+i+...+L‘.~
3 32 3

102



BAN CO BIET ?

NHA VUA AN pOd KHONG DU THOC pE
THUONG CHO NGUJI DA PHAT MINH RA
BAN CO VUA !

Hay doc lai )%1 4 §4, ching ta sé& thdy s6 hat thoc d& lam phan thudng chinh la
tdng 64 s6 hang déu clia cdp s6 nhan Vi uy=1vaqg=2. vay

2]

_ 64 '
63_11-27) ,64_
1-2

CL’! cho réng 1000 hat thoc nang 20 gam (cho di it hon thuc té), thi khéi lugng
théc la

Sea=1+2+4+...+2

202% -1)
1000

Néu dem rai déu s6 thoc nay lén bé mat ctia Trai D4t thi s& dugc mét 16p thée
day 9 mm ! Thir hoi, nha vua lam sao c6 dugc mét lugng théc khdng 16 nhu vay ?

gam ~ 369 ti tan.

Bdi tap
o (3 Y (5 1
. Ching minh cic day s6| = - 2" |, | — |, || —=.| | 1a cdc cap s6 nhan.
DU O T " 2
Cho cdp s6 nhan (u,,) véi cong bdi q.
a) Biét u = 2, Ug = 486. Tim q.

b) Biét g = %, Uy = %..Tim up. N
c) Bi€tu; = 3, ¢ =-2. Hoi s6 192 la s6 hang tht mdy ?

.T“lm cdc s6 hang cla cdp s6 nhén (u,) c6 nam s6 hang, bié’t :
a.)'u3=3v‘éu5=27;. ' - b) ug — uy =25 vauy - up =50.
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Tim cdp s6 nhan c6 sau s6 hang, biét ring téng ctia nam s6 hang ddu la 31
va téng clia nam s hang sau 12 62, _

Ti 1¢ tang d4n s6 cua tinh X 12 1,4%. Biét ring s6 dan cua tinh hién nay la-
1,8 triéu ngudi. Hoi v6i mic tang nhu vay thi sau 5 nam, 10 nam s6 dan cia
tinh d6 1a bao nhiéu ?

Cho hinh vuéng C, c6 canh bing 4. Ngudi ta
chia méi canh cua hinh vudng thanh b6én phén
bang nhau va n6i cdc diém chia mot cach thich
hop dé c6 hinh vudng C, (h.44). Tir hinh vudng
C, lai 1am ti€p nhu trén dé dugc hinh vuéng Cs, ... .
Ti€p tuc qua trinh trén, ta nhan dugc day cac

hinh vu(")ng Cl’ C2, C3, C Ny eee Hinh 44

Goi g, 12 dO dai canh cua hinh vuOng C,. Chlmg minh day s6 (a,) 1a mot
c4p s6 nhan.

BAI DQCTHEM

DAY SG TRONG HINH BONG TUYET VON KOC
(HINH HOC FRACTAL)

Thuat nglr "Fractal” dugc Bo-noa Man-den-bo-ré (Benoit Mandelbrot) st dung
vao nam 1975. Né ¢é géc La-tmh "Fractus”, nghia la mét bé m#t khéng déu
giong nhu mét khéi da nit gay. Theo B. Man-den-bo-ré thi : "Hinh hoc Fractal cé
hai vai trd, n6 dién ta hinh hoc cia su hén dén va né cling c6 thé dién ta v& hinh
hoc clGa ndi, may va cac dai ngan ha".

Cac Fractal c6 hinh tht ma ta cé thé nhin thdy trong tu nhién, dé 1a céy, 14, khdi
da, nhitng bong tuyét .. Song, rat ra dugc mét cong thirc hinh hoc cla ching
nhu thé nao ? Lam the nao dé dinh hinh dugc hinh dang cGa nhitng bot kem
trong li ca-phé ? Hinh hoc Fractal, Ii thuyét vé sy hén don va nhitng phép toan
phitc tap liéu co thé tra 1gi dugc cac cau hdi nay hay khéng ? Khoa hoc dang
kham pha ra mét trat ty khéng thé ngds ding sau nhitng hién tuong ki la c6 vé hét
sic 16n xo6n clia van vat.



C6 thé noi Fractal 1a c8u trac hinh hoc dugc chi tiét hoa
bing cach md réng & moi ti 16. Mbi phan nhé cha Fractal
la sy md phéng cla toan bé Fractal. Méi Fractal dugc tao
ra bdi qua trinh 1ap di, 1&p lai, trong d6 su két thic cha qua
trinh trudc lai 1a su bat dau clia qua trinh tiép theo. D&
minh hoa, ta hay xét bdng tuyét von Kéc do nha toan hoc-
Thuy Bién vén Kéc (von Koch) dua ra vao nam 1904 (h.45).

H.von Koch

(1879 - 1924) /\

K;

Hinh 45

Béng tuyet dau tién Kl la mét tam g|ac déu cb canh bang 1. Tiép d6, chia méi
canh-eGa tam giac thanh ba doan bang nhau va thay méi doan & gitta béi hai
doan bang n6 sao cho ching tao véi doan bd di mét tam gidc déu vé phia ngoai,

ta dugc bong tuyét K,. Cit ti€p tuc nhu vay theo nguyén tdc : Tu bong tuyét K, dé
¢ béng tuyét K, tachia méi canh cba K, thanh ba doan bang nhau va thay

méi doan & glua bdi hai doan bang né, sao cho chung tao v6i mdi doan bo di mét
tam gléc déu vé phia ngoai.

Qua trinh trén lap di, lap lai cho ta mét day cac bong tuyét K, K, , K3, ..., K, ...

Ki hiéu C,, a,, p, va §, 1an lugt 13 s6 canh, d6 dai canh, chu vi va dién tich cla
bong tuyét K, ta cé.cac day s6 (C,), (a,), (p,), (S,)-
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/

1. Day s6 (C,,) dudc cho bdi cong thitc truy héi

C =3
C,p=4C, Vvéinx1.

Day s (C,)) la mot cdp s6 nhan vi C; =3, g=4vaC,=3.4""
1
3"!—1

2. Day s6 (a,) lamét cap sb nhanvéia; =1,9 = 3 vaa, =

-1
4Y' £ & A v
3.Daysé (p,) cdp,=C,.a,= 3(§j nén (p,,) la mét cap s6 nhan véip, =3,¢ = %

n
3@
Puyi - 3 4

==>1nén p ., >p, Vay (p,) la day s6 tang va

Pr 3.@)"1 3
3

D €6 thé 16n bao nhiéu tuy y (diéu nay sé thay rd hon & chuong sau).

Vip,>0va

4. Day s6 (S,) cb

NG a1 NG)
S1=5,+C, n+1 T:Sn+3.4" 3?_4_
N3 Spat =3 +31\é_ [gJ

Tu day cé thé suy ra

3, 3f{ 4. (4Y i"“}_ﬁ 3\/5_[1‘@'1] 23
"T16 16 9+[9j+ +(9j IR T S
9

Day s& (S,) bi chan trén.

Diéu tha vi chia day von Kéc 1a & ¢hd chu vi p, c6 thé 18n tuy y vai n da 16n, trong
khi dién tich S, lai bi chan (1)

Cac nha toan hoc da cé géng mo t& hinh dang -cta cac Fractal tif han mét tram
ndm qua. Vdi kha nang clia cac may tinh hién dai, Fractal da trd thanh mét dé tai
dugdc quan tam dic biét, bdi chung c6 thé dugc dién ta bang ki thuét s6 va dugc
kham pha qua moi vé dep hdp dan cua chung Fractal dang dugc st dung nhu

mot phuong tién hd trg cho Toan hoc va nd cling thé hién dugc nhitng nét dep
van hoa trong va ngoai hanh tinh théng qua nén cong nghiép d|en anh.



On tap chuong lli

Khi no thi cdp s6 cong 1 day s6 ting, ddy s6 giam ?

Cho cdp s6 nhan cé u; < 0 va cong bdi g. Hoi cic s6 hang khic s€ mang

dau gi trong c4c truong hop sau :
a)qg>07? b)g<0?

Cho hai cdp s6 cong c6 cling s6 cdc sG hang. Téng cdc s6 hang tuong tng
cta ching c6 lap thanh cdp s6 cong khong ? Vi sao ? Cho moét vi du

minh hoa.

Cho hai cdp s6 nhan c6 cuing s6 cdc s6 hang. Tich cic s6 hang tuong ing cla
chiing c6 14p thanh cdp s6 nhan khong ? Vi sao ? Cho moét vi du minh hoa. .

. > 7" . * pd
Chitng minh-rang véimoin € N ,tacé:

“a) 13" = 1 chia hét cho 6 ; b) 3)13 + 15# chia hét cho 9.

Cho day s6 (u,), bi€tu; =2, u,.j =2u, — 1 (véin2>1).
a) Viét nam s6 hang d4u cua day.

b) Chiing minh u, = 2"~' + 1 bing phuong phap quy nap.
Xét tinh tang, giam va bi chan cua cdc day s6 (u,,), biét :

a) un:n+l : b) u, = (—1)"_lsinl ;
n n

c)un=\/n+. —n.

Tim s6 hang ddu u; va cong sai d cla cic cdp s6 cong (u,), biét :

{Sul +10u5 =0 b) u; + w5 = 60
Sy =14; uf +udy =1170.
Tim s6 hang ddu u; va cong boi g clia cdc cdp s6 nhan (i,), biét :
y .
ug =192 —uy =172
a) 6 b) Uy —p
u; =384, us —uy = 144 ;

u2+u5—-u4 =10
C
Uy +u6—u5=20.
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10.

11.

12.

13.

14.

15.

108

Tit gidc ABCD c6 s6 do (d¢) cha cdc géc 1ap thanh mot cép s6 cong theo thif
tu A, B, C, D. Biét ring géc C gdp nam 14n géc A. Tinh cdc goc cha ti giac.
Biét ring ba s6 x, y, z 1ap thanh mot cdp s6 nhan va ba s6 x, 2y, 3z 1ap
thanh mot cdp s6 cong. Tim cong boi clia cdp s6 nhan.

Ngudi ta thi€t k&€ mot cai thdp gém 11 tdng. Dién tich bé mat trén cua
mbi tdng bang nira dién tich mat trén cta tdng ngay bén dudi va dién tich
bé mit trén cha tdng 1 bing nira dién tich d€ thép. Biét dién tich mit d&
thap 12 12 288 m”. Tinh dién tich mat trén cung.

Chimg minh rang néu cic s6 a*, b2, ¢ 1ap thanh mot cép s6 cong (abc # 0)

thi céc s6 ! , ! , 1 ciing 1ap thanh mot c4p s6 cong.
b+c c+a a+b.

Bai tap trdc nghiém

Cho day s6 (u,), biét u, = 3". Hay chon phuong 4n diing :
a) S6 hang u, | bang :

A)3"+1; : (B)3"+3; (©)3"3; - (D)3(n+1).
b) S6 hang u,, bing: '

Ay23"; - (B9, ©3"+3;  (D)6n.
c) S6 hang u,_; bing :

(A)3"-1; _(B)%.3"; ©3"-3; (D)3n-1.
d) S6 hang u,,_; bang :

(A)3%3"-1; (B33 ©3*"-1; (D)3¥D,

Hay cho biét day s6 (u,,) nao duéi day la day s6 ting, n€u bi€t cong thic s6
hang téng quét u, chané 1a :

(A) (- 1)"*L sing ; (B) (-1)*"(5"+1);
1 n

) ——; D .

()\/n+l+n _ ()n2+1



16.

17.

18.

19.

Cho cép s6 cong -2, x, 6, y. Hay chon két qua ding trong céc két qua sau :
(A)x=-6,y=-2; B)x=1,y=7;
Ox=2,y=8; (D)x=2,y=10.
Cho cédp s6 nhan —4, x, —9. Hay chon két qua ding trong céc két qua sau :
(A)x=36; (B)x=-6,5;
O x=6; (D) x = -36.
Cho c4p s6 cong (u,,). Hay chon hé thitc ding trong céc hé thic sau :

U + ,
(A) IOTMQO =Us + 40 ; (B) ugg + ug)0 = 2u)50 ;

Uyo-U

(C) uyg -u30 =40 D) % = U0

Trong cic diy s6 cho bdi cdc cong thitc truy héi sau, hdy chon' day s6 1a
cdp s6 nhan :
ul =2 ul =-1
(A) ) (B) ;
Upy1 = Up Up = Sy
uy = -3
© - ™7,77,771, ..., 177..7
Upyl = Uy +1 n chirs6 7
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GIO1 HAN

Chuong nay cung cp nhimg kién thic m& du vé Gidi tich. Noi dung clia chuong xoay
quanh hai khai niém co ban Ia gidi han va lién tuc.

Chinh nhimg khai niém va céc phép toan vé gidi han va lién tuc la co sd cho viéc nghién
clu cac ngi dung khac cla Gidi tich (Dao ham, Tich phan, ...). Dac biét, ching sé cho
phép gidi quyét nhiéu bai toan cla khoa hoc va thyc tién, ma ta khéng thé gidi quyét
dugc néu chi duing céc kién thic cla Dai s6. D6 chinh 4 nhiing bai todn lién quan t6i
sy Vo han. )



NGHICH Li COA ZE-NONG (ZENON)

g

A-sin (Achille) - mét luc si trong than thoai Hy Lap, ngudi dudgc ménh danh la
“c6 d6i chan chay nhanh nhu gié" dudi theo mét con rua trén mot dudng thing.
Néu ldc xuat phat, ria & diém A; cach A-sin mét khodng béing a khac 0, thi mic
du chay nhanh hon, A-sin ciing khéng bao gid ¢ _thé dudi kip rua.

That vay, dé dudi kip rla, trudc hét A-sin can di dén diém xuét phat A, cla rua.
Nhung trong khodng thai gian d6, ria da di dén mét diém A, khac. D& dudi tiép
A-sin lai phdi dén dugc diém A, nay. Khi A-sin di dén diém A, thi rua lai tién 1én
di€m A,, ... Clr nhu thé, A-sin khéng bao gi¢s dudi kip rua.

Cau chuyén trén la nghich li ndi tiéng cta Zé-ndng (Zénon d'Elée 496 — 429
trudc CN) — mét tri€t gia Hy Lap & thanh phé Elée, phia nam nuéc Y bay gid.

Nghich Ii cia 6ng goép phan thac ddy su xuat hién khai niém gi6i han. Nhg khai
niém gidi han, con ngudi c6 th& nghién citu cac van dé lién quan téi su vo han..
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I - GIGI HAN HUU HAN CUA DAY SO

1.

Pinh nghia

1

Cho day s6 (u,) V6i u, =~.
n

Biéu dién (u,) duéi dang khai trién : 1,

Biéu dién (u,,) trén truc s6 (h.46) :

0

Uy
/ !
. —

W =
DN [

112

=4

u u
\— 6 4 u3 2 u)

“100 Hinh 46
a) Nhan xét xem khodng cach tif u,, t6i 0 thay ddi thé nao khi n trd nén rat Ion.

b) Bat dau tif s6 hang u,, nao clia day s6 thi khoang cach tir u,, d&n 0 nhé hon 0,01 2
0,001 ?

(Ta cling chimg minh dugc rang |u,| = 1 o thé nhd hon mét s6 duang bé tuy y, ké
n
tir mét s6 hang néo dé trd di, nghia Ia |u,| c6 thé nhé bao nhidu ciing dugc mién la
chon n @G 16n. Khi d6, ta néi day s6 (u,,) v8i u, = 1 c6 gidi han la 0 khi n dan ti
n
duong vo cuc).
PINH NGHIA 1
Ta néi day s6 (u,,) ¢o gidi han la ( khi n din t6i duong vé cuc,
néu |u,| cé thé nhd hon mot s6 duong bé tuy ¥, ké tir mot s hang
nao do6 trd di.

Kihiéu: lim u, =0 hay u, > Okhi n > +c.
n-—>+w ’



Nhu vay, (u,) ¢6 gi6i han 12 0 khi n — +o0 néu u, c6 thé gan 0 bao nhiéu

cling dugc, mién 1a n du 16n.

: -
Vidu 1. Cho day s6 (uy,) V01 u, = ( 2) :
n
Biéu dién (u,,) trén truc so (h.47) :
-1 uy us 9 uy up 1
1 1 1 1 '
! 9725 ' 16 g
““|o= ﬁ
Hinh 47
Ngudi ta ching minh duge rang  lim u, = 0, nghia la |un|cc’) thé nhd hon
n—+ow
mot s6 dwong bdt ki, ké tir mot s6 hang nao dé tro di.
Chéing han :
(-" 1 1 1
u,)| =——=—<0,01I hay |y, | = — < —
| n| n2 n2 | "| n2 100
v6i moi n thoa man n? > 100 hay n > 10.
Néi céch khéc, un| < 0,01 ké tir s6 hang thit 11 trd di.
Tuong tu,
|| = L <0,00001 hay |u,| = Lo
n? n? 100000

v6i moi n thoa man n? > 100 000 hay n > /100 000 = 316,2.
Vay |u,| < 0,000 01 ké tir s6 hang thi 317 tr& di.

DINH NGHIA 2
Ta n6i day s6 (v,,) ¢6 giGi han 12 s6 a (hay v,, d4n téi a) khi n — +o,

néu lim (v, —a)=0.
n—»+w

Kihiéu: lim v, =a hay v,— akhin — + oo.
n—»+wo
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Vidu 2. Cho day s6 (v,) v6i v, =3’2—1—. Ching minh rang lim v, = 2.
n n—»+co

Gidi. Tacé lim (v, -2) = lim (2””—2]: lim L =o0.

n—+ow n—+w n n—+ooHn
. . 2n+1
Vay Ilim v, = lim =2. R
n—»+oo n—+w R

2. Mot vai gidi han dac biét
Tir dinh nghia suy ra céc két qua sau :

a) lim 1 =0; lim L =0 v6i k nguyén duong ;
n—>+won n—>+opn

b) lim ¢" =0 néuligl<1;

n—+o

c)Néuu,=c(clahings6)thi lim u, = lim c=c¢
n—»+co n—r—+co

CHUY
Tir nay vé sau thay cho lim u, = a, ta viét tat 1a limu, = a.

n—+wo

Il - DINH LI VE GIGI HAN HUU HAN

Viéc tim giGi han bang dinh nghia kha phitc tap nén ngudi ta thuong dp dung
céc cong thic gi6i han dac biét néu trén va dinh li sau ddy ma ta thira nhén.

DINH Li 1

A)N_éu limu, = a va limv, = b thi : \
* lim(u, +v,)=a+b * lim(u, —v,)=a-b
*lim(u,.v,) = a.b e lim¥ = 2 (méu b = 0).

Yn

b) Néu u,, > 0 v6i moi n va limu, = a thi

\ aZOvélim\/Z=x/;. //
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2

Vi du 3. Tim lim =" '2”.
1+n
e, s
Gidi. Chia tir s6 va miu s6 cho n”, ta dugc > = n_
1+n _l_l 1
n n

Vi lim[3—lJ=lim3—liml=3—0:3
n n

va lim(l.l + 1] = liml.liml +1liml=00+1=1

nn n n
5 3_1 1im[3—lJ
. 3n"-n . n n) 3
nén lim 2=11m11 = T =T=3.l
l+n =+l 1im(——+1]
nn nn
] 2
Vi du 4. Tim lim 37
1-2n
n? L+4
1+ 4n? n?
Gidi. Ta c6 lim im
1-2n
—+4 f—+4
n

=lim——— n =lim——
n(——Z] ——2 2
n n

I - TONG CUA CAP SO NHAN LUI VO HAN

* Cdp s6 nhan vo6 han (u,) c6 cong boi g, vdi |q| < 1 dugc goi 1a cdp sé
nhdn lui vé han.
Chéang han, hai ddy s6 sau 12 nhitng c4p s6 nhan liii v6 han :

1 1

ves =5 ... VO cONg boi g =% ;

Ds611
_a — — —
Y3 gy
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Yyt 1
v —,—onl==| ... v6icongboi g = ——.
. [ 3] vGi cong boi g 3

* Cho cap s6 nhan 1i vo han (u,,) ¢6 cong boi ¢. Khi do,

Sp=uyp+uy+u; +...+u,,=ul(1 ) _ —[ 4 j.q"n
l-¢g l1—gq 1-g¢g

Vi |g| < 1 nén limg" = 0. T dé ta c6

lim$, = lim[li_lq_(li_lq}]"} - lLilq.

Gié6i han nay duoc goi 12 tong ciia cdp sé nhdn lii vé han (u,) va duge ki

hiulaS=uy +uy +ug+..+ u,+..

Nhu vay
S=— (q <.
-9
Vidus
a) Tinh téng clia cép s6 nhan. 14i vo han (u,), véiu, = —
_ . 3 .
n-1
b)Tl’nhténgl—l+l—l+....+ _L + ...
2 4 8 - 2
Giai
. | 1 1 ,
a)Viu,= —nénu;=—, g=-.Dodd
3n 3 3
1
S=l+l+i+...+i+.;.: 4 -3 =l.
39 27 y T 1-q (1 2
3
b) Cic s6 hang cha téng lap thanh c4p s6 nhan lii vé han véi 'u1‘= 1,
__ I
q >



IV = GIGI HAN VO CcUC

1.

A

bPinh nghia

2

C6 nhiéu tg gidy giéng nhau, mdi td c6 bé day la
0,imm« Ta x&p chéng lién ti€p td nay lén t&
khac (h.48). Gia s c6 thé thuc hién viéc xép
gidy nhu vay mét cach véo han.

Goi u la bé day clia mét to gidy, u, 1a bé day
clia mét xép gidy goém hai td, u; la bé day cla
mot xép gidy goém ba td, ..., u, 1a bé day cla
mot chdng gidy gém n to. Tiép tuc nhu vay, ta

c6 dugc day s6 vd han (u,,).
Bang sau day cho biét bé day (tinh theo mm)

2 n pd 2 . Hinh 48
cua mét s6 chdng giay.
u =] #1000 | v | #1000000 | 41000000 000 | - Uy
01 | .. | 100 | ..| 100000 | .. | 100000000 | .. %

a) Quan sat bang trén va nhan xét vé gia tri'cﬁa u,, khi n tang én vd han.

b) V&i n nhu thé nao thi ta dat dugc nhimg chdng gidy cé bé day 16n hon khoang
céch tir Trai D4t toi Mat Trang ? (Cho biét khodng cach nay & mét thdi diém xac
dinh 12 384 000 km hay 384.10° mm).

(Ta ciing chimg minh dugc rang u, = l"—o c6 thé 16n hon mét s6 duong bt ki, k& tur

mot s6 hang nao dd trd di. Khi do, day s6 (u,) néi trén dudc goi la dén tdi duong vé
cue, khi n — +0).
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BINH NGHIA

* Ta néi day s6 (u,,) c6 gidi han +oo khi n — +0, néu u, c6 thé
16n hon mot s6 duong bat ki, ké tir mot s6 hang nao do trd di.
Kihi¢u : limu, =+ hay u, > +oo khi n — +co0.

 Day s6 (u,) dugc goi 1a c6 gidi han —o khi n — + néu
lim(—u,,) = +o0.

Ki hiéu : limu, = —oo hay u, - —o khi n — +o0.

NHAN XET
limu, =+ < lim(-u,) = —o.
Vi du 6. Cho day s6 (u,) V6i u, = n’

Hinh 49 cho m6t biéu dién cé4c s6 hang cta (uni trén truc s6.

b

1 “'2 “.3 Uy
4 9 16

u
1

o4
=
NG

Hinh 49

Biéu dién hinh hoc ndy cho thdy, khi n tang 1én v6 han thi u, trd nén
rit 16n. Hon nita, ngudi ta chiing minh dugc rang limu, = 40, nghia la u,
c6 thé lon hon mot sé duong bdt ki, ké tir mot s6 hang nao d6 trd di.

Chéng han, u, > 10 000, hay n”> > 10 000 khi n > 100.
Vay u, > 10 000 ké tir s6 hang tht 101 tré di.
Tuong tu, u, > 10%° hay n* > 10%° khi n > 10'°
Vay u, > 10%° ké tir s6 hang tht 10'° + 1.
2. Mét vai gi6i han dic biét
Ta thira nhan céc két qua sau :
a) limn* = +oo véi k nguyén duong ;

b) limg" = + néug > 1.
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3. Dinhli

Ta thira nhan dinh 1i du6i day.
DINH Li 2

. U
lim—2 = 400,

Yn

Q)Né’u limu, =+ va limv, = a > 0 thi limu,v, = +oo.)

/a) Néu limu, = a va limv, = oo thi lim—=

Yn

b) Néu limu, = a> 0, limv, =0 va v, > 0 v6i moi » thi

=0. ﬂ

Vidu 7. Tim lim 25

n.3"

2+ —
B T 2n+5
Gidi. Chia tir va mau cho n, ta dugc =

n.
n.3" 3"
. 5 T .
Vilim|{2+—|=2 va lim3"= +o nén
n
5
2n+5 2+~
lim = lim n-0m
n.3"

Vi du 8. Tim lim (n® — 2n — 1).
Gidi. Tacoé n® —2n—1 =n2{1 —E—LJ.

Vi limn? = 4o va lim(l 21

Vay lim (n2 —-2n-1)=+00. m
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BAI POC THEM

QUAY VE NGHICH Li ZE-NONG

Sau khi da hoc vé gidi han cla day s, ta c6 thé giai thich nhu thé nao vé nghich
li "A-sin khdng dudi kip rua” ?

Dé don gian, & day ta chi xét mot trudng hop cu thé (trudng hdp téng quét dugc
gidi quyét tuong tu).

Gia sl téc do chay clia A-sin 1a 100 km/h, con téc do chay cla rua la 1 km/h. Lic
xut phat, ria & diém A, cach A-sin 100 km (h.50).

£ -

| |
0 100 km AL A

Y

Hinh 50
Ta tinh thdi gian A-sin dudi rua, béng cach tinh tdng thdi gian A-sin chay hét cac

quang dudng OA;, A|A,, AjAs, ..., A,—jA,, ... NEu t8ng nay vé han thi A-sin
khdng thé dudi kip dudc rtia, con néu nd hitu han thi d6 chinh 1a thdi gian ma A-sin
dudi kip rua.

Dé chay hét quang dudng OA, = 100(km), A-sin phai mat thdi gian 1 = % = 1(h).
Véi thai gian ¢, nay, ria da chay dugc quang dudng A A, = 1(km).

Dé& chay hét quang duding A A, = 1(km), A-sin phai mat thdi gian ¢, = ﬁ(h). Véi thai
gian 1, rua da chay thém dugc quang dudng A,A; = ﬁ (km).

1
00" -2

Ti€p tuc nhu vay, d€ chay hét quang dudng A,_,A, = (km), A-sin phai mat
1

1
100"

théi gian 7, = (h).

Vay t8ng thdi gian A-sin chay hét cac quang dudng OA;, A A,, AzAs, ..., Ap—iA,, ... 1A

1 1 1 1
T=1+——+ + +..+
100 100> 1003 100"

+... (h)



D6 Ia t8ng cia mét c&p s6 nhan Ui v6 han véi u; = 1, cong boi g = 100’ nén ta cb

1 _100_, 1
L9 9

100

T= (h).

PR I ..
Nhu vay, A-sin dudi kip rua sau 1@ gio.

Két qua trén (dat dugc nhd ap dung khai niém gidi han) cho phép giai thich
nghich li ca Z&-n6ng.

Bai tap

C6 1 kg chét phéng xa doc hai. Biét rang, ci sau mot khoang thoi gian
T = 24 000 nam thi mot nira s6 chat phéng xa nay bi phan rd thanh chat
khéac khong doc hai d6i véi sitc khoé cua con ngudi (T dugc goi 1a chu ki
ban ra).

Goi u,, 1a kh6i lugng chat phéng xa con lai sau chu ki thit n.
a) Tim s6 hang tdng quét u,, cha day s6 (u,,).
b) Chimg minh ring (u,,) c6 gidi han 12 0.

¢) Tir két qua cau b), ching t6 ring sau mot s6 nam nao dé khdéi lugng chat
phéng xa dd cho ban ddu khong con doc hai ddi véi con ngudi, cho biét
chat phéng xa nay sé€ khong doc hai nita néu khéi lugng chit phéng xa con

lai bé hon 10 .
. Bieét day s6 (u,) thoa main |un - 1| < —13— v6i moi n. Ching minh rang
n

limu, = 1.

Tim céc giéi han sau :

. 6n—1 2.,
a) 11m3n 2; b) limw;
n+ 2n° + 1
. 3" 454" | 2 _
¢) lim>—"—; dy lim 22—+l
4" 42 4n -2
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Dé trang hoang cho can ho ctia minh, chi chuot Mickey quyét dinh to6 mau
mot miéng bia hinh vuong canh biang 1. N6 t6 mau xam céc hinh vudng
nho dugc danh s6 1dn lugt 12 1, 2, 3, .., n, ..., trong d6 canh cha hinh vudng
k€ ti€p bang mot nira canh hinh vuéng trude dé (h.51).

Hinh 51
Gia st quy trinh t6 mau cta Mickey c6 thé ti€n ra vo han.
a) Goi u,, la dién tich cia hinh vuong mau xam thit n. Tinh u |, uy , us3 va u,,

b) Tinh lim S, v6i S, = u; + uy + uz +...+ u,,.

1\
Tl’nhténgS=_1+i_L+ D

e +
10 102 1071

Cho s6 thap phan vo han tuin hoan a = 1,020 202... (chu ki 1a 02). Hay viét
a duéi dang mot phan so.

+ ...

Tinh c4c gidi han sau :

a) im(n® +2n% —n+1) ; b) lim (=n® + 51— 2) ;
¢) lim (\/nz -n- nj ; d) lim(\/n2 —n +n).

Cho hai day s6 (u,) va (v,). Biét limu, =3, limv, = +cw.
Tinh c4c giéi han :

a1 2
a) lim 22— 1. b) lim 22t

2
u, +1 v, —1




ﬁgi GIGI HAN CUA HAM sO
‘

I - GIGI HAN HUU HAN CUA HAM SO TAI MOT PIEM

1. Dinh nghia
1
2x% - 2x

Xétham sé f(x)=
x—1

1. Cho bién x nhing gia tri khac 1 13p thanh day s6 (x,), x,, > 1 nhu trong bang sau :

3 4 5 n+1
X | x=2 x2=5 x3=§ x4=z x"=T — 51
| sy | fop | g | e | | A | T

Khi d6, cac gia tri tuong ing clia ham sé
FOa) fQxy)s s f(X,)s e

ciing lap thanh mot day s6 ma ta ki hiéu 1a (f(x,)).

a) Chimg minh rang f(x,) = 2x, = 2n+2

b) Tim giéi han cla day s6 (f(x,)).
2. Chiing minh r&ng vai day s bat ki (x,), x, #1 vax, > 1,taluoncé f(x,)—>2.

(V& tinh chat thé hién trong cau 2, ta néi ham s8 f(x) = 25—

¢ gidi han la 2
khi x dan tdi 1).
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Dudi day, thay cho cac khoang (a ; b), (=0 ; b), (a ; +0) hodc (- ; +00),
ta vi€t chung la khoang K.

DINH NGHIA 1

Cho khoang K chita diém xg va ham s6 y = f(x) xé4c dinh trén
K hoac trén K\ {xg}.

Ta n6i ham s6 y = f{x) c6 gidi han 12 s6 L khi x dan t6i xy néu véi
ddy s0 (x,,) bat ki, x,€ K\ {xp} va x, = xq, ta cd flx,) —> L.

Kihiéu: lim f(x) = L hay f(x) = L khi x = x.

X—>Xg

2 —
Vidu 1. Cho ham s6 f(x) = *—2
x+2

. Chiing minh ring lim f(x) = 4.

x—-2
Gidi. Ham s6 da cho xdc dinh trén R \ {-2}.

Gia sit (x,,) 12 mot ddy s6 bat ki, thoa man x,, # -2 va x,, & —2 khi n — +o.

Ta cé
2
_4 _
lim £(x,) = lim 2 =% _ i Cn 2D =D gy g,
Xy +2 (x, +2)

Dodé lim f(x)=—4. m

x—>-2

(Luu y rang, mic du f{x) khéng xdc dinh tai x = -2, nhung ham s& lai c6
gidi han 1a —4 khi x — -2).

NHAN XET
lim x =x; lim ¢ = ¢, véiclahing sd.
.\'—),\'0 X—)XO
2. Pinh li vé giGi han hiru han
Ta thira nhan dinh 1i sau day.
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DINH L{ 1

a) Giasa lim f(x) =L va lim g(x) = M. Khi dé6

x—)xO X—)XO
o lim [f(x)+gX]=L+M;
X—>Xg
o lim [f(x)-gx)]=L-M;
xX—>Xq
* lim [f(x).g(x)]=
x—)xo ]

* lim & = L (né’uM¢0).
x—ox 8x) M .

b) Neuf(x) >0va lim f(x) L thi

X—)XO

L>0va lim /f(x) =

X—)XO

(D4u cla f{x) dugc xét trén khoang dahg tim gidi han, véi _
X# xp)- _ . -

2
a Tim lim f(x).

+1
2\/; . x—3

Vi du 2. Cho ham s6 f(x) =

Gidi. Theo Dinh 1 1 ta ¢6

) lim (x* + 1)

x“+1
lim f(x) = lim = X223
x—3 x—>3 24/x lim 2\/;

x—3

lim x% + lim1  lim x. lim x + lim 1
x—3 x>23 _x23 x-o3 x—3 ___3'3+1_i. =

lim 2. limvx ° lim 2. [lim x W3 B

x—>3 x-3 ., x—3 x—3

x2+x—2

Vidu 3. Tinh lim
-1 x-1

Gidi. Vi (x — 1) > O khi x — 1, nén ta chua thé 4p dung Dinh Ii 1 néu trén.

x2'+x—2=(x—1)(x+2)'=

x-1 x-1

+2.

Nhung véi x # 1 ta ¢
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Do dé,

2
lim X T *=2 _ lim &~ D& +2) im(x+2)=3. 8

x>l x-1 x—1 x -1 x>l

3. Gidi han mét bén

Trong Dinh nghia 1 vé gi6i han hitu han cia ham s& khi x — x, ta xét day
s6 (x,) bat ki, x, € K\{xg} va x,, > xo. Gi4 tri x, c6 th€ 16n hon hay nho
hon X0-

Néu ta chi xét cac ddy (x,) ma x,, luon 16n hon x, (hay luén nhé hon x),
thi ta c6 dinh nghia giéi han mo6t bén nhu dudi day.

DINH NGHIA 2

* Cho ham s6 y = f(x) x4c dinh trén khoang (xg ; b).
S6 L duoc goi 12 gidi han bén phdi cha ham s6 y = f(x) khi
x — xg néu véi day so (x,,) bat ki, xg < x, < b va x,, > xg, ta
c6 fix,) > L.
Kihiéu: lim f(x)=1L.

x> xg
* Cho ham s6 y = f{x) x4c dinh trén khoang (a ; x).
S6 L dugce goi la gidi han bén trdi cia ham s6 y = f(x) khi
x — xo néu véi day so (x,) bt ki, a < x, < xy va x, - xg, ta
c6 f(x,) - L.
Kihieu: lim f(x)=1L.

X—)XO

Ta thua nhan dinh Ii sau day.
DINH Li 2

[ lim f(x) =L khivachikhi lim f(x)= lim+ f(x)=L. ]

X—Xg XXy x—xq
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5x+2 néux =1 )
Vi du 4. Cho ham s6 fx)y=4,
- x“ =3 néux<l. 2)

Tim lim f(x), lim f(x) va 11m f(x) (néu cb).

x—1" x—1

Gidi. Taco, lim f(x)= lim (x> -3)=1>-3=-2;

x—>1" x-o1"
lim f(x)= lim 5x+2)=51+2=17.
x-ol* x—o1t

Nhur vay, khi x din t6i 1 ham s6 y = f{x) c¢6 gi6i han bén trdi 12 -2 va gi6i han
bén phai 1a 7. Theo dinh I 2, hm f(x) khongtontaivi lim f(x) # lim f(x). ®

x—1" xolt

% 2
Trong biéu thirc (1) xac dinh ham sé y = = f(x) 8 Vi du 4, can thay s6 2 bang s6 nao
dé ham sé ¢6 gidi han khix —> 1 ?

11 - GIGI HAN HUU HAN CUA HAM SO TAI VO CUC

R

Cho hamsé f(x)=
J_r—2

c6 d6 thi nhu & Hinh 52

Hinh 52
Quan sat do thi va cho biét :

— Khi bién x dan t8i duong vé cuec, thi f(x) dan téi gia tri nao.
— Khi bi€n x dan ti am vo cuc, thi f(x) dan t8i gia tri nao.
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DINH NGHIA 3

a) Cho ham s6 y = f(x) xdc dinh trén khoang (a ; +).
Ta néi ham s6 y = f(x) c6 gidi han 1a s6 L khi x — +o0 n€u v6i
day s6 (x,) batki, x, > a va x,, > +o, ta c6 fix,) > L.

Kihiéu: lim f(x) =L hay fix) = L khix — +oo.

X—>+c0
b) Cho ham s6 y = f(x) xdc dinh trén khodng (- ; a).
Ta néi ham s6 y = f(x) c6 gidi han 1a s6 L khi x - —oo néu véi

day s6 (x,,) bat ki, x, < a va x, = —o, ta cd fix,) > L.

Kihiéu: lim f(x) = L hay f(x) > L khix - —o.

X—o—0

2x +13 Tim lim f(x) va lim f(x).

X — X—»—00 X—>+00

Vi du 5. Cho ham s6 f(x) =

Gidi. Ham s6 da cho xac dinh trén (~oo ; 1) va trén (1; +0).

* Gia st (x,,) 1a mot day s6 bat ki, thod man x, < 1 va x, — —oo.

2 3 2 + i
Tacé lim f(x,) = lim =22 = Jim —1 = 2,
’ Xp — 1 1 - _1_
xn
Vay lim f(x) = lim 2253 -2
X—>—w0 xo-o X —1

* Gia st (x,,) 1a mot ddy s6 bat ki, thod mén x,, > 1 va x,, > +o0.

3
2x, +3 e
Ta c6 lim f(x,) = lim —2 = lim =2
x, =1 I—L
xn
Vay lim f()= lim 27>-2 m
X—>+00 xo+0 x—1



CHU Y
a) Véi c, k 1a cac hing s6 va k nguyén duong, ta luén c6 :

. : c _
lim c=c; lim c=c; lim —=0; lim — =0.
X—>+c0 X—>—00 x=>+00 xk x——0 yk
b) Dinh If 1 vé gidi han hifu han ctia ham s6 khi x — x; vin con
diing khi x — +00 hodc x — —o.

2 —
Vidu 6. Tim lim 3"2—2"

X—+o x +1

" e s . 9 0 s & 2 L
Gidi. Chia ca tr va mau cho x~, ta c6

. 2 '
32 2y 3-2 - lim (3—;J lim 3— lim 2
lim ——= lim X _ X4 _ _XO+® x—>+ooif
o XA X i 1+-L]  lim 1+ lim o
X° xotw x2 ) x>0 x4
370 5 o
1+0

111 - GIGI HAN VO CUC CUA HAM SO
1. Gigi han vé cuc 7
Céc dinh nghia vé gi6i han +oo (hoac —oo) clia him s6 dugc phét biéu tuong
tu cac dinh nghia 1, 2 hay 3 & trén.

Chéng han, giéi han ~oo ciia ham s6 y = f(x) khi x d4n t6i duong vo cuc
dugc dinh nghia nhu duéi day.

DINH NGHIA 4

Cho ham s6 y = f(x) x4c dinh trén khoang (a ; +).
Ta néi ham s6 y = f(x) c¢6 giéi han 12 —co khi x — +o0 néu véi
ddy s6 (x,) bat ki, x,, > a va x,, — +o, ta c6 f(x,) —> —oo.

Kihi¢u: lim f(x)=-o0 hay f(x) > —oo khi x - +o.
X—>+00

9.0A150 & Gw TiCH 11-A 12.9 /



NHAN XET

lim f(x)=+o < lim (-f(x)) = —oo.

X=>+x0 X~>»+0
2. Mot vai gidi han dac biét

a) lim x* = +o0 véi k nguyén duong.

X—>»+©

b) lim xf = —o néu klasé1é.
X—»—00

¢) lim x* = + oo néu k1 s6 chan.
X——o

3. Mot vai quy tic vé gidi han vé cuc

Dinh 1i vé giGi han cua tich va thuong hai ham s6 chi ap dung dugc khi tat

ca cac ham s6 duge xét ¢6 gidi han hiru han.

Sau day 1a mot vai quy tac tinh gigi han cta tich va thuong hai ham s6 khi

mot trong hai ham s6 d6 ¢6 gidi han vo cuc.

a) Quy tdc tim gidi han cua tich f(x).g(x)

Néu lim f(x)=L #0 va lim g(x) =+ (hodc —0) thi lim f(x)g(x)

X—rXg X—> Xy

dugc tinh theo quy tic cho trong bang sau :

lim f(x) lim g(x) lim f(x)g(x)
X“)XO X“)XO X“)XO

+00 +00
L>0

—00 —0o0

+00 —®©
L<O

—00 +00

130




S(x)

b) Quy tdc tim giGi han cia thuong ——

g(x)

lim () | lim g9 | Dy ciia g(r) lim £
XX, XXy x> Xg g(x)
L o0 Tuy § 0
L>0 [N +00

0 - —00
L<0 * —®
- +o0

Cic quy tAc trén vén diing cho cic trudng hop x — x5, x — xg,

X —> 400 va X —> —00.

(Déu ctia g(x) xét trén khodng dang tinh gidi han, véi x # xp).

Vidu7.Tim lim (x> - 2x).

X—»—

Gidi. Taco (x> —2x)= x° [1 - 12]
. X

Vi lim x> = —oova lim

X——w

Vay lim (x> -2x)= lim x

X——w

. 2x-3
a) lim ;
xo1” x -1

Gidi

a)Tacé lim (x—1)=0,x~1<0véimoix<]lva

x—1"

xX—»—00

[0

1-
X—>—00

3[1—%}:—00. [
X

Vi du 8. Tinh cic gidi han sau :

b)

}=l>0nén

lim x° [1 -—

X—»—

2x -3

o1t X -

lim 2x-3)=2.1-3=-1<0.

x—1"

2J=—w-

X
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2x—3_

Do d6, lim
x»1m x -1
b)Tacé lim (x-1)=0,x-1>0vdimoix>1va
x-o1*
lim 2x-3)=21-3=-1<0.
x-1t
Dods, lim ZX=3 - «. m

xolt x—1

Bai tap
1. Dung dinh nghia, tim cédc gidi han sau :
2
2) im ~+1 b) lim 2%
x—>4 3x -2 x>+ x° 43
2. Cho ham s8
Ax) = Vx+1néux20
2x néu x <0

VA céc day s6 (i) Vi 1, =~ (v,) Vi v, = —~.
n n

Tinh limu,, limv,, lim f(x,) va lim f(v,).

Tir d6 c6 két luan gi vé gigi han cia ham s6 dachokhix—>07?
3. Tinh céc giéi han sau : R

2.1 4-x% Jx+3-3

a) lim 2. b) lim : o) lim XTI 2,
x—>-3 x+1 xo2 x+2 x—6 x-—6
—_— — 2 —
& tim X8, o m 2. g pim 2 *rx-1
x—>+0 4 —x x—>+oox2+1 X—»+00 3+x
4. Tim cédc gidi han sau :
— - . 2x-
a) lim ﬁ ; b) lim 2x 7; ¢) lim X7
X2 (x - 2/)2~ — xo1m x—1 xo1t x—1
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5. Chohams6 f(x) = T2 c6 dd thi nhu trén Hinh 53,

x2'—
; b7 i
i 0 : -
ﬁi 32 . ] X
Hinh 53

a) Quan sit d6 thi va néu nhan xét vé gid tri ham s6 da cho khi x — —o,
x—>3 vax—>-3"
b) Ki€m tra c4c nhan xét trén bing cdch tinh cic gi6i han sau :

o lim f(x) v6if(x) dugc xét trén khoang (o ; —3),
X—-©

e lim f(x) véif(x) dugc xét trén khoang (-3 ; 3),

x—3" N
e lim f(x) vé4if(x) dugc xét trén khoang (-3 ;3).
x—>-3*
6. Tinh:
a) lim (x* -2 +x-1; b) lim (=2x> +3x% -5);
X—>+00 e
/ ) J 2
C) lim x2_2x+5; d) lim X +1+x.
X0 x>+0 5-2x '

7. Mot thdu kinh hoi tu ¢6 tieu cy 1a . Goi d va 4 14n lugt 12 khoang cdch tir
mot vat that AB va tX dnh A'B’ cha né t6i quang tAm O cua th4u kinh

(h.54). Cong thic thdu kinh I i- ; 5_‘ _

1
I
133



134

! S S !
e | A
4] 3 ' 4
i \ oo
X d : d' "
g = m—mm == mmmm e e mm——— - — - I e T »!

Hinh 54
a) Tim biéu thitc xac dinh ham s6 d' = ¢(d).

b) Tim lim ¢(d), lim @(d) va lim ¢@(d). Giai thich ¥ nghia cta cic
d—f* d—f~ d—>+00

két qua tim dugc.

BAN CO BIET ?

Nha bac hoc Anh Niu%on {Newton, 1642 — 1727) |4 ngudi dau tién dé xuat thuat
ng(t "gidi han", dich tir chir La-tinh "Limes" c6 nghia la "bd", "mép" hay "bién gi6i".
Tuy nhién, chinh Giurin (Jurin, 1684 — 1750), sau d6 Ré-bin (Robins, 1697 — 1751),
Co-si (Cauchy, 1789 — 1857) ... mdi dua ra cac dinh nghia vé khai niém nay.

Nha toan hoc BPlrc Vai-d-xtrat (Weierstrass) da trinh bay
mdt dinh nghia hién dai vé& khai niém giéi han, gan giéng
véi dinh nghia sau day ma ngay nay van thudng dugc ding
trong toan hoc. '

"$8 b dugc goi la gidi han clia ham s y = fix) khi x — a, néu
v8i méi £> 0, t6n tai 5> 0saochovdixzava|x—a|l< s

thi bat déng thitc |f{x) — b| < & dugc thuc hién." (T dién
toan hoc NXB KH&KT 1993).

Ki hiéu "lim" ma ta ding ngay nay la do nha toan hoc Thuy St
Luy-lo (L’Huiller, 1750 — 1840) dua ra vao nam 1786.

Nhu vay, khai niém Gidi han chi méi ra ddi & thé ki XVII.
Tuy nhién, tu tudng "gidi han" da xuét hién rat sém & Weierstrass

nhiéu nha bac hoc thdi c8 dai. L (1815 = 1897)




Cdu Dvor-so-vui ¢ Xanh Pé-téc-bua (Nga) dang md ra cho tau qua lai.

I - HAM SO LIEN TUC TAI MOT DIEM

ﬂ1 | | |
—x* +2néux<—1

Cho hai ham s8 f(x) = x* va g(x)=1{2 néu —1<x<1 cé dé thi nhu Hinh 55.

—x2 42 néux>1

¥ A r4
—
S20 )
/ N 1
1
1

o
~
~
L
o)
A

Dé thi ham s8 y = fix) D6 thi ham s8 y = g(x)
Hinh 55

a) Tinh gia tri cia mdi ham sé& tai x = 1 va so sanh véi gidi han (néu c6) cda ham

s6 d6 khix > 1
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b) Néu nhan xét vé d8 thi ctia m&i ham s6 tai diém c6 hoanh d6 x = 1. ,
(Ham s6 y = f(x) dudc goi Ia /ién tuc tai x = 1 va ham s8 y = g(x) khdng lién tuc tai
diém nay).

DINH NGHIA 1

‘Cho ham s6 y = f(x) x4c dinh trén khoang K va x, € K.

Ham s6 y = f{x) dugc goi la lién tuc tai xgn€u lim f(x) = f(xg).
: XX

Ham s6 y = f(x) khong lién tuc tai x, duoc goi 1a gidn doan tai di€ém do6.

ta1 .XLO =73.

Vi du 1. Xét tinh lién tuc cua ham s f(x) =

Gidi. Him s6 y = f(x) xac dinh tréen R \ {2}, do d6 x4c dinh trén khoang
(2 ; +0) chita xg = 3.
x

lim f(x) = lim"
x—3 x—>3 x—

> =3 =£3).

Vay ham s6 y = {x) lién tuc tai xo=3. ®

11 - HAM SO LIEN TUC TREN MOT KHOANG

DINH NGHIA 2

Ham s6 y = f(x) duogc goi 1a lién tuc trén mét khodng néu n6
lién tuc tai moi di€ém cha khoang dé.

Ham s6 y = f(x) duoc goi 1a lién tuc trén doan [a ; b] néu né
lién tuc trén khoang (a ; b) va

lim f(x) = f(@), lim_ f(x)= f(b).

x—a x—b”

Khdi niém ham s& lién tuc trén nira khoang, nhu (a ; b], [a ; +x), ... duqé
dinh nghia mét cach tuong tu. v

NHAN XET /
D6 thi ciia ham s6 lién [N ;

tuc tréen mot khoang 1a a/ of ~—"
mot "dudng lién" trén
khoang d6 (h.56). Hinh 56
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Hinh 57 cho vi du vé d6 thi
cha mot ham s6 khong lién |
tuc trén khoang (a ; b).

P

Hinh 57
111 - MOT SO PINH Li CO BAN

' Ta thira nhan cédc dinh Ii sau day.
DINH Li 1

a) Ham s6 da thic lién tuc trén toan bo tip s6 thuc R.

b) Ham s6 phan thic hitu ti (thvong cua hai da thic) va céc
ham s6& lugng gidc lién tuc trén timg khoang cua tap xéic
dinh cua ching.

DINH Li 2

7 Gia sir y=fix)vays= g(x) 12 hai ham s lién tuc tai diém \
Xy Khi d6 :

a) Cdc ham s6 y = f(x) + g(x), y =f(x) — g(x) vay= f ().8(x)
lién tuc tai xg ;

b)Ham s6 y =M lién tuc tai xp néu g(xy) #0.

8(x) _ J
-2
Vidu 2. Chohams6 h(x) =4 y_1  "u**!
S néu x = 1.
Xét tinh lién tuc cha ham s6 trén tap xdc dinh cta né.
.Gidi. Tap xéc dinh cia hams61a R.
2x% - 2x
x-1
Pay 12 ham phan thitc hitu ti c6 tap xé4c dinh 1a (-0 ; 1) U (1 ; +00).
Vay né lién tuc trén méi khodng (~o0 ; 1) va (1 ; +o0).

e Néux=1,thi h(x) =
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A

188

e Néux=1,tacéh(l)=5va

. o2t - _
lim ACx) = lim 2= 2% = i 2X0 =D _ oo
x—1 x—=>1 x-—-1 x->1 x-1 x—=1 :

Vi lim A(x) # A(1), nén ham s6 da cho’ khOng lién tuc tai x = 1.

x—1

Két ludgn : Ham s6 da cho lién tuc trén cdc khoang (- ; 1), (1; +0) va
gidn doan taix=1. W

2 CL
Trong biéu thifc xac dinh h(x) cho & Vi du 2, can thay s6 5 bdi s6 nao dé€ dugc mot
ham s& mdi lién tuc trén tap sé thuc R ?

3

Gia sir ham s6 y = f(x) lién tuc trén doan [a ; b] v6i fla) va f(b) trai ddu nhau. Hoi
dd thi cGia ham s8 c6 cét truc hoanh tai diém thudc khoang (a ; b) khéng ?

* Ban Hung trd |0i rang : "D& thi cla
ham s6 y = fix) phai cét truc hoanh Ox
tai mot diém duy nhat nam trong
khoéng (a ; b) " - J.C)) P y=x
* Ban Lan khang dinh : "Dé thi cGa ham
s6 y = fix) phai cat truc hoanh Ox it nhat
tai mot diém nam trong khoang (a ; b) "
» Ban Tuan thi cho réng : "D4 thi cla
ham s& y = f{ix) c6 thé khéng cét truc
hoanh trong khoang (a ; b), chdng han
nhu dudng parabol & hinh (h.58).

Cau trd 16i cha ban nao dang, vi sao ? Hinh 58

__5_
f--m——--
=

fla) |

DINH Li 3

Néu ham s6 y = fix) lién tuc trén doan [a ; b] va fla)f(b) < 0, thi
t6n tai it nhat mot di€m ¢ € (a ; b) sao cho f(c) = 0.

Minh hoa bang dé thi (h.59). y

ai/ 0\~ b
Hinh 59 .. “T @




Dinh 1i 3 thudng dugc 4p dung dé chu‘ng minh sy ton tai nghiém cua
phuong trinh trén mot khoang.

C6 thé phat biéu Pinh 1i 3 dudi mot dang khéac nhu sau :

Néu ham s6 y = f(x) lién tuc trén doan [a ; b] va fla)f(b) <0, thi
phuong trinh fix) = 0 c6 it nha’:tkm(}_t nghiém nim trong
khoang (a;b).

Vi du 3. Chitng minh rang phu‘o‘ng trinh x° + 2x— 5 = 0 ¢6 it nhit mot nghiém.
Gidi. Xét ham s6 f(x) P 2x - 5. ,

Ta c6 f(0) = -5 va f(2) = 7. Do 6, AOf2)<0. -

y =f(x) 1a ham s6 da thic nén lién tuc trén R. Do do no lién tuc trén doan
[0 2]. Tir d6 suy ra phuong trinh f{x) = 0 c6 it nhit mot nghiém xy € (0;2). W

CHUY

Néu nhan xét thém rang f(1)A2) = —14 < 0 thi ta c6 thé két luan
phuong trinh c6 it nhat mot nghiém trong khoang (1 ; 2) < (0 ; 2).

4

ﬁHéy tim hai s6 a va b thod man 1 < a < b < 2, sao cho phuong trinh trong Vidu 3 &
trén cé it nhat mot nghiém thudc khoang (a ; b).
BAT POC THEM

TINH GAN DUNG NGHIEM CUA PHUONG TRINH.
PHUONG PHAP CHIA BOI

. 'frong Vi du 3 & phan 1ll, §3, ta da ching minh dugc réng phuong trinh

X +2x-5=0cb nghiém x; thudc khoang (0 ; 2). Gia st rang d6 la nghiém duy
" nhé&t cGa phuong trinh trén khodng nay.

B&ng cach ap dung lién tiép Dinh Ii 3, ta ¢ thé tim dudc cac gia tri gan ding cia

nghiém xq. Ta lam nhu sau :

o 0 , ., . o s
—~Bubdc 1:Laysd 1= %2 Ta cé, f(1) = -2. So sanh dau cua f(1) va dau cia

gia tri ham sd tai hai dau mat Ia f(O) va f(2), ta thay f(l)f(2) -2.7 < 0. Do dé6,
perdng trinh f(x) =0 cé nghlem thuoc 1;2). NhL(vay, xge(1;2).
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— Bubc 2 : Léy s6 1 5=l;—2 Ta c6, f(1,5) = 1,375 va A1)A1,5) = -2.1,375 < 0.

Do d6, fix) = 0 c6 nghiém thudc.(1 ; 1,5). Nhu vay, xg € (1 ; 1,5).
— Buéc 3 : Ly s6 1,25 =112 215 Ta c6, f(1,25) = 0,546 875 va f(1,25).1,5) < 0.

Do d6, f(x) = 0 cé nghiém thudc (1,25 ; 1,5). Nhu vay, xy € (1,255 1,5).
Bang sau day trinh bay két qua tinh 14n lugt ctia cac budc 4, 5, 6, 7.

a | b ";b fla) fib) f(a;b] Nghiéem xq
1,25 1,5 1,375 -0,546 875 1,375 0,349609375 1,25< xg < 1,375
1,25 1,375 1,3125 -0,546 875 0,349609375 -0,114013671875 1,3125 <xg< 1375
1,3125| 1,375 | 1,34375 | -0,114013671875 0,349609375 0,113861083984375 1,3125< xg < 1,34375
1,3125(1,34375 [ 1,328125| ~0,114013671875 | 0,113861083984375 | —0,001049041748046875 | 1,328125 < xg< 1,34375

1.
140

Né&u dimg & budc 4, ta c6 1,25 < x, < 1,375. Nhu vay, c6 thé cé dudc cac gia tri

gén dung ctia nghiém x,. Chang han %

la mét gia tri gan ding cda x,
vGi sai s6 tuyét déi A < [1,375 - 1,25] = 0,125.

Khi ding & butc 7, ta c6 1,328125 < xy< 1,343 75. C6 thé 18y xo = 1,335 937 5 v6i sai
s8 tuyét d6i A < 11,343 75 — 1,328 125] = 0,015 625.

Né&u tiép tuc quy trinh trén, ta tim dugc nhimg gia tri gan dung cua x; vi sai s6
cang ngay cang bé. .

Chd y. Trong qua trinh tinh toan, néu c6 s8 atb a+b

nao dé ma f( j=0,thi két

luén nghiém x, = atb

¢ Viéc tim gia tri gan ding ctia nghiém nhu trén sé dé dang hon néu s dung may
tinh b tdi. Dac biét, may tinh bd tdi c6 chitc narrg iap trinh hay méy vi tinh c6 thé
cho phép tinh moét cach tu ddng va nhanh chéng gia tri gdn dung cuda nghiém vdi
sai sd A rét bé.

Bai tap

Diing dinh nghia xét tinh lién tuc ciia ham s6 f(x) = x° + 2x — 1 tai Xy = 3.



a) Xét tinh lien tuc cha ham s6 y = g(x) tai xp = 2, biét

3—
’ x—gné'ux;tZ
’_g(x)_=_r x-2
-7 |5 néu x = 2.

b) Trong biéu thitc xéc dinh g(x) & trén, cdn thay s6 5 bdi s6 nao dé ham s6
lién tuc tai xp = 2.

Cho ham s6 f(x) =

-

3x+2néux<-1

x* -1 néux2-1.

a) V& d6 thj cha ham s6 y = f{x). Tir d6 néu nhan xét vé tinh lién tuc cliia
ham s6 trén tap x4ac dinh cha né.

b) Khang dinh nhan xét trén bing mot chitng minh.

Tx+1
2 +x-6
Vé6i mbi ham s6; hay x4c dinh cdc khoang trén d6 ham s6 lién tuc.

Y kién sau diing hay sai ?

Cho cac ham s6 f(x) = va g(x) =tanx + sin x.

"Néu ham s6'y = f(x) lién tuc tai diém xy con ham s6'y = g(x) khong lién
tuc tgi xy, thi 'y = f(x) + g(x) la mot ham s6 khong lién tuc tai xy."

Ching minh ring phuong trinh :

a) 2x> — 6x + 1 =0 ¢4 it nhat hai nghiém ;

;. b)cosx =xc6 nghiém.

On tap.chudng IV

Hay lap bang ligt ke céc gidi han dic biét ctia diy s6 va cdc gi6i han dic
biét cia ham s6.

Cho hai day s6 (u,) va (v,). Biét |u,, - 2| < v, v6i moi nva limv, = 0. Cé
két luan gi vé gidi han cha day s6 () ?

Ten cia mot hoc sinh dugc ma hog bdi s6 1530. Biét ring méi chir s6 trong
s6 nay 12 gié tri cha mot trong céc biéu thic A, H, N, O véi :

A=1im3"’1 : H=1im[\/n2+2n-n];

n+2
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Hay cho biét tén clia hoc sinh nay, bing cach thay cac chi s6 trén boi céc
chir ki hiéu biéu thic twong tng.

4. a) C6 nhan xét gi vé cong boi chia cac cdp s6 nhan lii vo han ?
b) Cho vi du vé mét c4p s6 nhan lbi vé han c6 cong boi 1a s6 am va mot cép s6
nhan lii vé han c6 cong boi 1a s6 duong va tinh tdng cia méi cdp s nhan dé.

5. Tim céc giéi han sau :

2
+5x+6
a) lim zx;z'; by lim X : X ;
xo2 x“+x+4 >3 x2 43y
o lim 222 B lim P —2x+1);
x4 x—4 X3 400
2
J2 —ox+a-
e) lim x+3; £ lim x°—-2x+ X
x—o—o 3x -1 o 3x —1
2 3., .2
6. Cho hai ham s6 f(x) = ——— va g(x) = *— % *1
X x

a) Tinh lim f(x) ; lim g(x); lim f(x) va lim g(x).

x—0 x—0 X—>+00 X—>+c0
b) Hai dudng cong sau day (h. 60) l1a dé thi cia hai ham s6 da cho. Tir két
qua cau a), hay xac dinh xem dudng cong nao 1a dé thi cia méi ham s6 dé.

»

£y

4
4

a) b)
Hinh 60
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7. Xét tinh lién tuc trén R cha ham so

X2 -x-2

8(x)=' x-2
. 15-x néu x < 2.

néu x > 2

8. Ching minh rang phuong trinh x° = 3x" + 5x -2 =0¢6 it nhat ba nghiém
nam trong khoang (-2 ; 5).

Bai t&p tréc nghiém
9. Meénh dé nao sau day 12 ménh dé ding ?
(A) Mot day s6 c6 gi6i han thi luén luén tang hoac luon ludn giam.
(B) Néu (u,,) 1a day s6 tang thi limu, = +oo.
(C) Néu limu, =+ va limy, = +oo thi lim(x, — v,) = 0

(D) Néu u, = a" va—1<a<0thi limu, =0.

1+2+3+...+n

n2+1

10. Cho day s6 (u,,) v6i u, =

Ménh dé nao sau day la ménh dé ding ?

(A) limu, = 0; (B) limu, =% : (O limy, =1

~ (D) Ddy (u,) khong c6 gi6i han khi n — +co.
11. Cho day s6 (u,) v6i u, = V2 + (N2)* + ...+ (V2)".

Chon ménh dé ding trong cdc ménh dé sau :

(A) limu, =2 + (2)* +. WD) 4 ‘F
-2

(B) limy, = —© ;

(C) limy, = +0 ;

(D) Day s6 (u,) khong c6 gi6i han khi n — +o.
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Chon phuong dén diing :

12. lim 3x -1 bing :
x—o1" x-1
(A)-1; (B) —0; (©)-3; (D) +oo.
5 . 1-x%
13. Cho ham s6 f(x) =
lim f(x) bang:
X——®
(A) +o ; B)1; (C) =0 (D) -1.

14. Cho ham s6

3——x néux #3
fx)=<Jx+1-2
m néu x =3.

Ham s6 di cho lién tuc tai x = 3 khi m bang .

(A)4; B)-1; O1; (D) — 4.
15. Cho phuong trinh
—4x3 +4x-1=0.
Ménh dé saila:

(A)Ham s6 f(x) =—4x> +4x—1 lientuc rén R ;
(B) Phuong trinh (1) khong ¢6 nghiém trén khoang (—w ; 1) ;
(C) Phuong trinh (1) c6 nghiém trén khoang (=2 ; 0) ;

(D) Phuong trinh (1) c6 it nhat hai nghiém trén khoang (—3 ; lj

2
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BA0 HAM

Trudc déy, Dao ham va Tich phdn dugc hoc tron ven trong Gidi tich 12. Ngay nay, phan
Li'thuyét dao ham duge hoc trong chuong trinh Dai s§ va Gidi tich 11 dé phuc vu kip thoi
cho viéc hoc cac mdn khoa hoc khac nhu V4t li, Hod hoc, ...

O day, hoc sinh dugc hoc ddy dli va hé thdng vé dao ham cdp mét tir cac bai todn dua
dén sy xudt hién khi niém dao ham, dinh nghia, quy tc tinh va cac cong thic dao ham
co ban va quan trong nhét.

Dao ham cdp hai dugc dua ra nham gitip cho viéc hidu ban chat va céch tinh todn mot
khai niém quan trong clia Vit Ii 13 gia téc.

Dinh nghia Vi phén dugc dua ra nham chudn bi cho viéc hoc Tich phan & Gidi tich 12.
Vi khéng c6 thdi gian hoc & 16p 11, phan Ung dung dao ham chuyén sang chuong ddu
tién cua Giai tich 12.

8A0 HAM

10. DAI SO & GIAI TICH 11-A



PINH NGHIA VA Y NGHIA
CUA PAO HAM

&

I - DAO HAM TAI MOT DIEM

1. Céc bai toan dan dén khai niém dao ham

1

% Mot doan tau chuyén ddng thdng khdi hanh tir mét nha ga. Quang dudng s (mét) di
‘dugc clia doan tau la mét ham s8 cla thdi gian ¢ (phut). & nhimg phut dau tién,
ham s8 d6 la s = r*
Hay tinh van téc trung binh cta chuyén dong trong khoang [z ; 1y] véi tg=3var=2;
t=25;t=29;1=299.

Néu nhan xét vé nhitng két qua thu dugc khi 7 cang gén 7, = 3.

i

a) Bai toan tim van téc tic thoi

Mot chit diém M chuyén dong trén truc s'Os (h. 61).

s 0] s(tp) s() s

Hinh 61

» 10. DA1 56 & GIAI TICH 11.8



Quing dudng s cia chuyén dong 1a mot ham s6 cua thoi gian ¢

s = s(p).
Hay tim mét dai lugng dac trung cho mic d6 nhanh cham cia chuyén dong
tai thoi diém ¢,

Gidi. Trong khoang thdi gian tir £y dén ¢, chat di€ém di dugc quang dudng 1a

s =50 =s(2) — s(tg).
Néu chit diém chuyén dong déu thi ti s6

S—5) _ s(8) — S(to)
t—1y t—1

12 mot hang s6 v6i moi ¢.

D6 chinh 12 van t6c clia chuyén dong tai moi thoi diém.

Néu chét diém chuyén dong khong déu thi ti s6 trén 13 van téc trung binh
ctia chuyén dong trong khoang thdi gian |¢ - £

Khi ¢ cang gan ¢, tic la |t - t0| cang nho thi van tdc trung binh cang thé
hién dugc chinh x4c hon mitc d6 nhanh cham clia chuyén dong tai thoi
diém ¢,

Tu nhén xét trén, ngudi ta dua ra dinh nghia sau day.

Gi6i han hitu han (néu c6)

lim s(t) — s(t)

duoc goi 12 vdn téc tiec thoi clia chuyén dong tai thdi diém ¢,

D6 1a dai lugng dac trung cho mic d6 nhanh chdm ctia chuyén déng tai thdi
diém L.
b) Bai toan tim cudng do tirc thoi
Dién luong Q truyén trong day dn 13 mot ham s6 clia thoi gian ¢ :
Q=00).
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Cuong do trung binh ctia dong dién trong khoang thoi gian |t - t0| la
[, = o) - 0(1p)
rb - .
!t - Iy
Néu |t - t0| cang nho thi ti s6 nay cang biéu thi chinh x4c hon cudng do
dong dién tai thoi diém ty. Ngudi ta dua ra dinh nghia sau day.
Gi6i han hitu han (néu c6)

im 20— Qo)

-1 ! - tO
dugc goi 1a cuong dé tire thoi ciia dong dién tai thoi diém 7.
NHAN XET

Nhiéu bai todn trong Vat 1i, Hod hoc, ... dua dén viéc tim gidi

han dang lim M

X=Xy X — XO

. trong d6 y = f(x) 1a mot ham s6

di cho. Gi6i han trén dén téi moét khéi niém quan trong trong
Toén hoc, d6 12 khdi niém dao ham.

2. Pinh nghia dao ham tai mot diém

DINH NGHIA

Cho ham s6 y = f(x) x4c dinh trén khoang (a ; b) va xg € (a ; b).
Néu ton tai giGi han (hitu han)
lim f(x) = f(xg)
x—)XO X — .XO
thi gi6i han d6 dugc goi 1a dao ham cla ham s6 y = f(x) tai
diém x, va ki hiéu 12 f'(xg) (hodc y'(xg)), tic la

Fixg) = lim f(x)—f(xo).

X—=>Xg X—XO
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CHUY
Pai lugng Ax = x — xo dugc goi 1a s6 gia cia d6i s6 tai x.

Dai lugng Ay = f(x) — flxg) = fixg + Ax) ~ flxg) dugc goi 1a s6

gia tuong ung ciia ham s6. Nhu vay

. . Ay
y'(xg) = lim —.
0 Av—0 Ax

3. Cach tinh dao ham béng dinh nghia

2
ﬁCho hamsfy = x* Hay tinh y'(x) bang dinh nghia.

Pé tinh dao ham clia ham s6 y = f(x) tai diém x, bing dinh nghia, ta c6 quy

tic sau day.
QUY TAC

/Bm’fc 1. Gia sir Ax la s8 gia cta ddi s6 tai xg, tinh
Ay = flxg + Ax) = fixg).
Bucéc 2. Lap ti s6 Ly
Ax

Buwoc 3. Tim  lim ﬂ
\ Av—0 Ax

N

Vidu 1. Tinh dao ham cua ham s6 f(x) = 1 tai diém x; = 2.
X

Giai. Gia sir Ax 1a s6 gia ciia d6i s6 tai xq=2. Ta c6
1 1 Ax

Ay = f(2+Ax) - f(2) =

2+Ax 2 2Q2+A0)]
Ay 1

A 22+ A0

lim —A—y=l'm -1 -

1
Ax—0 Ax Ax—02(2 + Ax) 4

1
Vay f'(2) = " =
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4. Quan hé giira sy tn tai cia dao ham va tinh lién tuc cGa ham sé
Ta thira nhan dinh Ii sau day.
DINH Li 1

[ Néu ham s6 y = f(x) c6 dao ham tai x thi n6 lién tuc taiq )

diém do.

CHU Y )
a) Dinh Ii trén tuong duong véi khang dinh :
‘Néu ham s6 y = f(x) gidn doan tai x, thi n6é khong c6 dao
ham tai diém d6.
b) Ménh dé dao cta Dinh Ii 1 khong ding.
Mot ham s6 lién tuc tai mot diém c6 thé khong c6 dao ham tai
diém d6.
Chéang han, ham sé f(x) = ~x* néux>0 va
x néfux<O0
lién tuc tai x = 0 nhung khong c6 dao ham tai dé.
Ta nhan xét rang d6 thi cha ham s6
nay la moét dudng lién, nhung bi 0
"gay" tai diém 00 ; 0) (h. 62). %

5. Y nghia hinh hoc ctia dao ham

3 y=x
y=-x2

a) Vé d6 thi clla ham s6 f(x) =

b) Tinh £'(1). Hinh 62
¢) Vé dudng thing di qua diém M(1 ; %)
va c6 hé s@ géc bang f '(1). Néu nhan A (©)

<

xét vé vj tri tuong déi cla dudng théng
nay va dé thi ham sé da cho. fx)

a) Tiép tuyén cua dudng cong phing
Trén mat phang toa do Oxy cho dwdng ~ flixgp-----—5
cong (C). Gia st (C) 1a d6 thi cia ham A
s6 y = fx) va My(xp ; f(xp)) € (C). Ki
hiéu M(x ; fix)) 1a mot diém di chuyén 0 X
trén (C). Dudng thing MoM 1a mot cét
tuyén ctia (C) (h.63). | Hinh 63
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Nhan xét ring khi x — xp thi M(x ; f(x)) di chuyén trén (C) t6i diém
My(xg 5 f(xp)) va nguoc lai. Gia st cat tuyén MoM cé vi tri gi6i han, ki hiéu
12 MoT thi M,T dugc goi la tiép tuyén cia (C) tai My. Di€m M, duoc
goi 1a tiép diém. - .

Sau day, ta khong xét trudng hop ti€p tuyé€n song song hodc trung vdi Oy.
b) Y nghia hinh hoc ciia dao ham

Cho ham s6 y = f(x) xdc dinh trén khoang (a ; b) va c6 dao ham tai
xg € (a; b). Goi (C) 1a d6 thi cha ham s6 d6.

DINHL{ 2

Dao ham cia ham s6 y = f(x) tai diém x( 12 h¢ s6 goc cua
tiép tuyén MyT cla (C) tai diém M (xq ; fixp)).

Chirmg minh. Gia st M(xg + Ax ; flxg + Ax)) 1a diém di chuyén trén (C). Ta
c6 (h.64) .

MyH = Ax, HM = Ay.

Hé s gbc cla cat tuyén MM la tang, trong d6 ¢ 1a géc tao boi truc Ox va
vecto MyM nhu trén Hinh 64a hoac 64b. Ta cé '

. HM Ay |
tang = —— = —.
MyH Ax
y y
Sl + Ax) Sxo+ Ax) |
Sxo) Soxo)
0 0 X
a) b
Hinh 64
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Khi M dén t6i My (M — M) thi Ax — 0 va nguoc lai.

Theo gia thi€t, f(x) c6 dao ham tai x; nén t6n tai gidi han

. Ay B
f'(xg) = lim == = lim tang.
07" Ax50Ax MM, v
Vay khi M — M|, thi cét tuyén MM din t6i vi tri gi6i han la dudng théng
M,T, c6 hé s6 goc bang lim tang = f'(xg). '

M—)MO
Pudng thang M,T 12 ti€p tuyén tai M, cta (C).
Vay f '(xo) 12 hé s6 goc cua ti€p tuyén tai M, cha do thi (C). =
¢) Phuong trinh ti€p tuyén
4
Viét phuong trinh dudng thdng di qua My(xg ; yo) va cb hé s6 goc k.

Tir y nghia hinh hoc ctia dao ham ta ¢6 dinh 1i sau day.

DINH Li 3

Phuong trinh ti€p tuyén cta d6 thi (C) cia ham s6 y = f(x)
tai diém M(xg ; fxp)) 12

Yy =Yy = f'(xp)x — xp),

trong dé yo = flxp).

5
]%Ch'o ham s8 y = —x2 +3x-2. Tinh y'(2) bing dinh ngha.

Vi du 2. Cho parabol y = e 3x-2, ’ -
Viét phuong trinh tiép tuyén cla parabol tai diém c6 hoanh do xg = 2.

Gidi. Bang dinh nghia ta tinh duorc y'(2) = —1. Do d6, h¢ s géc cua ti€p
tuyé€n la -1, Ngoai ra ta ¢6 y(2) =

Vay phuorng trinh tié€p tuyén cua parabol ta1 diém M0(2 0) la
y- 0—( l)(x 2)hayy=—x+2. B
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6. Y nghia vat li cta dao ham

a) Van téc tire thoi

Xét chuyén dong thing xdc dinh bdi phuong trinh s = s5(£), v6i s = s(¢) 12
mot ham s6 ¢6 dao ham. Nhu da thay trong bai todn m& ddu, van téc tirc thoi
clia chuyén dong tai thdi diém £y la dao ham ciia ham s6 s = s(¢) tai ¢ :

V(to) = S'(to).
b) Cudng do tirc thoi

Néu dién lugng Q truyén trong day din 1a mot ham s6 cia thoi gian : Q = Q(¢)
(Q =Q(1) 1a mot ham s6 c6 dao ham) thi cudng do tic thoi ctia dong dién
tai thoi diém o 12 dao ham cta ham s6 Q = Q(¢) tai 4 :

I(t) = Q'(1p).

Il - DAO HAM TREN MOT KHOANG

6 ]
RBéng dinh nghia, hay tinh dao ham cda cac ham sd :

a) fx) = x* tai diém x bt ki : b) g(x) = tai diém bt ki x = 0.
X

DINH NGHIA

|| Ham s6 y = f(x) dugc goi 12 ¢6 dao ham trén khoéang (a ; b)
néu né c6 dao ham tai moi diém x trén khoang dé.

Khi d6, ta goi ham s6 f': (a; b) > R
x - fi(x)

la dao ham cua ham sO y = f(x) trén khoang (a ; b) kf hiéu la
y' hay f'(x).

Vidu3. Hims6 y = 26 dao ham y' = 2x trén khoang (-co ; +0).
’ | s . .
Hams6 y = — co dao ham y' = ——_17 trén céc khoang (o0 ; 0) va (0 ; +o0).

X
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N

BAI POC THEM

DAO HAM MOT BEN

Cho ham s6 y= f(x) xac dinh trén khoadng (a;b) va x,e(a;b). Co thé khéng

tén tai gidi han (hitu han)

. f)=f(x)
lim ————

X—)XO X —.xo
nhung ton tai cac gidi han moét bén

- 0= Flxp)
lim ———, lim ————,
xoxy XX xox, XX

Khi d6, ta néi ham s6 cé dao ham mot bén.

DINH NGHIA 1
Né&u tén tai gidi han (hitu han) bén phai
X)— X
lim F-f( 0),
x—)xg X=Xy
ta sé goi gidi han d6 la dao ham bén phai cia ham s8 y = f(x) tai
x=x, vakihiéula f'(x3).
Tuong tu, gidi han (hitu han) bén trai (néu tén tai)
x)—f(x
lim F(x)=f(xg)

x—)xa X=Xy Y

dudc goi la dao ham bén trdi cla ham s6 y = f(x) tai x = X, Vva ki hiéu
la £'(xg).

Céac dao ham bén phai va bén trai dugc goi chung la dao ham mét bén.

Tu cac tinh chat cba gidi han mét bén suy ra ngay dinh li sau day.

DINH Li :

Ham s6 y=f(x) c6 dao ham tai x, khi va chi khi f'(x(’)'),
f'(xy) ton tai va bang nhau. Khi d6, ta c6

£ =F105)= ()
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Vidu1. C'hl'mg minh ring ham sé

2 néux=0
fx)= )
—-xnéux<0

-

c6 cac dao ham mét bén, nhung khéng c6 dao ham tai x, =0.

Gidi. Tac6 :

; 2
£y = tim LOIO 2y,
x—0t  x-0 x—0" X
£ = tim OO =X
x—0~ x-0 x—0" X

Vay tai x, =0, ham s8 nay c6 dao ham bén phai bang 0, dao ham bén trai bang —1.

Vi cac dao ham bén phai va bén trai khac nhau nén ham s6 khéng c6 dao ham

tai x;=0. m

VI du 2. Xét sy tén tai dao ham va cac dao ham mét bén clia ham sé

2x néu x <0

f(x)z{—é/x_‘l né’u x>0

tai diém x=0.

Giai. Vi
_ s[4
lim M= lim x—0= — lim %:—oo
x—0"  x—0 x»0"  x—=0 x—0" Ix
nén ham s8 khéng cé dao ham bén phai tai x = 0.
Vi
x—0" x=0 x—0" X

nén ham sé c6 dao ham bén traitaix=0va f'(07)=2.
T dinh Ii suy ra réng ham sé da cho khéng c6 daohamtai x=0. =

DINH NGHIA 2

Ham s8 y = f(x) dugc goi la cd dgo ham trén doan [a ; b] néu thod man

cac diéu kién sau :

Cé dao ham tai moi xe(a;b) ;
C6 dao ham bén phaitaix=ga :
C6 dao ham bén trai tai x = b.

155



156

Bdi tap

Tim s6 gia cia ham s6 f(x) =x3, biét rang :
a)yxg=1;Ax=1;
b)X0= 1 ;Ax=—0,1.

A 7 P ~ e ~
Tinh Ay va Ey cua cdc ham so sau theo x va Ax :

a)y=2x-35; b)y=x2—];
1
c)y=2x3; d) y=-—.
X
Tinh (bing dinh nghia) dao ham clia m&i ham s& sau tai cic diém da chira:
a)y=x2+x taixg=1;

b) y= taixg=2;

N ow | —

+1

c)y= tai xo = 0.

X —
Ching minh rang ham s6
(x—l)2 néux =0

flx) = 5

—X néu x <0
khong c6 dao ham tai diém x = 0 nhung c6 dao ham tai diém x = 2.
Viét phuong trinh tiép tuyén cua dudng cong y = 3
a) Tai diém (-1 ; -1);
b) Tai diém c6 hoanh do bing 2 ;
¢) Biét hé s6 goc cua tiép tuyén bing 3.

Viét phuong trinh ti€p tuyén chia dudng hypebol y = 1 :
X
" . o 2 1
a) Tai diém (5 ; 2] ;

b) Tai diém c6 hoanh do bing —1 ;

. L e L 1
¢) Biét rang hé s6 goc cha ti€p tuyén bang 7



7.

T

R

1 . s
Mot vat roi tu do theo phuong trinh s = Egtz, trong d6 g = 9,8 m/s2 la gia

toc trong truong.
a) Tim van tdc trung binh cua chuyén dong trong khoang thoi gian tir ¢
(t=75s) dén t + At, trong céc trudng hop Ar=0,15; Ar=0,05s; Ar=0,001 s.

b) Tim van téc tic thdi ctia chuyén dong tai thoi diém =5 s.

QUY TAC TINH PAO HAM

PAO HAM CUA MOT SO HAM SO THUGNG GAP

1

Dung dinh nghta tinh dao ham ctia ham s6 y = P tai diém x tuy y.

Du doan dao ham ctia ham s6 y = X100 tai diém x.

Viéc tinh dao ham cta ham s6 bang dinh nghia néi chung phic tap. Doi
véi mot s6 ham s6 thuong gap, ta c¢6 nhilng coéng thitc cho phép tinh mot
cdch nhanh chéng dao ham ciia chiing tai mot diém.

DINH Li 1

Hims6y=x"(n e N, n> 1) c6 dao ham tai moi x € R va

(’\_n ) " ”Xn —1

Chitng minh. Gia sit Ax 1a s0 gia cua x, ta c6 :
Ay =(x+Ax)" - x"

=+ Ax — x) [(x + Axy" 1y (x+ Ax*)”_2 X+ ...+ (x+ A)c)x”—2 + xn_l]

n—2

= A+ A"+ (o + A P b o+ AT Y
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A _ . Cn
2 A e A R+ e AT 2T

. A _ = — -
lim =2 =" e g =

C Ax—>0Ax " 1156 hang

NHAN XET

“a) Dao ham clia ham héng bang 0 : (©)'=0.

b) Pao ham ciaham s6 y=xbang 1 : (x)' = 1.

2 '
ﬁcm’rng minh céc khang dinh trong nhan xét trén.
PINH Lf 2

Ham s6 y = Jx c6 dao ham tai moi x duong va

o
x) NS

Chirng minh. Gia sir Ax 1a s6 gia cua x duong sao cho x + Ax > 0. Ta cé
Ay=\/x+Ax—\/;; |
Ay _ Jr+ax —Jx 3 (\/x+Ax—\/;)(\/x+Ax+\/;)

Ax Ax Ax(Vx + Ax + V)
o xX+Ax—x N 1 )

Ax(x + Ax +Vx) \/x+Ax+\/_;’
lim £= lim L L

Ax—0 Ax Ax—)O\/x+Ax+\/;_2\/;.

Y

1
Vay dao ham cta ham s6 y = Jx 1a y=—7 8
| | 2/x

A
C6 thé tra I3i ngay dugc khong, néu yéu cau tinh dao ham cda ham s6 f(x) = \/x

taix=-3;x =47
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Il - PAO HAM CUA TONG, HIEU, TICH, THUONG

1. Pinh li

g

DINH LI 3

/Gié st u = u(x), v = v(x) 1a cdc ham s6 c6 dao ham tai diém\
x thudc khoang xac dinh. Ta ¢6 :

w+v)=u+v (0
wu-v)Y=u-v 2)
(wv) =u'v+uv (3)

u) u'v-—uv
\ [;J = (=0 2 0) @ )

Chitng minh. Ta chimg minh cic cong thic (1) va (2).

Xét ham y = u + v. Gia str Ax 12 s6 gia cta x. Ta c6 s6 gia tuong ung cua u
laAu,chav]aAvvaciay=u+vla

Ay=[(u+Au)+ (v +Av)] - (u+v) = Au + Av.

Tir dé ﬂzAu+Av;
Ax *Ax
lim ﬂz lim ﬂ+ lim ﬂ='u'+v'

Ax—>0 Ax  Ax—>0 Ax  Ax—0 Ax
Vay (u+v)' =u'+Vv'
Ching minh tuong tu, tacé (u—v) =u' - v'. ®

Bing quy nap todn hoc, ta ching minh duoc

(uptupy .. tu)=uturt.  tu,.

Cdc cong thirc khac duge chimg minh tuong tu.

4
Ap dung cac cong thitc trong BDinh Ii 3, hdy tinh dao ham cua cac ham sé
y =5x3-2x%; y = -x3Jx.
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Vi du 1. Tim dao ham ciia ham s6 y = x% — x* + Jx.

Gidi. (X2 —x* +x) = 20— 4x3 + L.

N

Vi du 2. Tim dao ham cia ham s6 y = x>(x — x°).
" Gidi. Ta c6
CWx -0 = () Wx = %)+ Bx - )

1 4
=3x“(VJx —-5
8 ””(2&_ x]

= 3x%x + £2J;—8 J_-

2. Hé qua
HE QUA 1
Néu & 12 mot hing s6 thi (ku)' = ku'.
HE QUA 2 -y '
1 ' V'
(—] =-= (v =v(x) #0).
% v : .

5
ﬁHéy chimg minh cac hé qua trén va lay vi du minh hoa.
1-2x
x+3

Vidu 3. Tim dao ham cia ham s6 y =

Gidi. Ta c6

(1 - 2xJ' _(1-20'(x+3)-(1-20(x +3)

x+3 (x+3)°
2x+3)-d-20__ -7
= = 2.
()c+3)2 (x+3)
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IIT - DPAO HAM CUA HAM HOP

1. Ham hgp

g S :
a_x % \q/_\y=f(u)
e u=gl) I
y = fgkx).
Hinkh 65

Gia slr u = g(x) 1a ham s6 cua x, xdc dinh trén khoéang (a ; b) va lay gid tri trén
khodng (c ; d) ; y = fiu) 1a ham s6 cia u, x4c dinh trén (c ; d) va ldy gi4 tri trén
R . Khi d6, ta 1ap moét ham s6 xdc dinh trén (a ; b) va ldy gié tri trén R theo
quy tic sau (h.65) :

x = flgx)).
Ta goi ham y = f{g(x)) 1a ham hop clia ham y = f(&) véi u = g(x).

3,10

Vidu4. Hims6y=(1 - x°) 3

1a ham hop ciaham s6 y = u'® véiu =1 - .
Vidu 5. Him s6 y = sin(@f + ») 12 ham hop clia ham s6 y = sinu véi
u= ot + y; o, yla nhimg hang s6.

6
Ham s8 y=+vx? +x+1 la ham hop clia cac ham s& nao ?
2. Pao ham cia ham hgp

Ta thira nhan dinh i sau day.
DINH Li 4

Néu ham s6 u = g(x) ¢4 dao ham tai x 12 ', va ham s6 y = f(u)
c6 dao ham tai « 13 y’', thi ham hop y = f(g(x)) c6 dao ham tai
xla

Y=y, u'y.
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Vi du 6. Tim dao ham cfia ham s6 y = (1 - 2x)°.

Gidi. Patu=1-2xthiy=u’, y', = 3%, u', = -2.
Theo cong thitc tinh dao ham cua ham hop, ta ¢6
V' = Yt =3P (=2) = —6u”.

Vay y', = -6(1-2x)%. m

5
3x—4

Vidu 7. Tim dao ham cua ham s6 y =

5
Gidgi. Datu=3x-4thi y = —.
- u

Theo cong thitc tinh dao ham cia ham hop, ta c6
5 -15

Y=y uy=-">F3=——. 8
OOETT 2T Bx—a)?
Bang tom tat
(u+tv-w)=u+v'—-w

(ku)' =ku'  (klahing s6)

(wv)' =u'v+u

[_lij' _Wv—w'

v v2

[l) v
v v2

Yx =Yu-Uy

Bai tap

1. Bing dinh nghia, tim dao ham cla cdc ham 6 sau :
a)y=_7+x—x2taix0= l;
b) y=x" —2x+1 tai xp = 2.
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2. Tim dao ham cua cdc ham s& sau :

a)y=x —4x +2x-3; b)y=i—%x+x2—aiﬁ;
4 3 2
X 2x 4x 5 2

Q)y="—-Z4+= _1; d) y =3x (8 - 3x°).

)y > 3 5 )y =3x"(8 —3x")

3. Tim dao ham cua cdc ham s6 sau :

a)y=( —5¢); b)y=("+1)(5-3x");
2x 3-5

y=— ; d)y=2—x;
x° -1 x“—-x+1

2

3
e)y= [m + L] (m, n 1a c4c hang s6).
X

4. Tim dao ham clia cdc ham s6 sau :

a)y=x2—x\/;+1; b)y=\/2—5x—x2;

3

X . 1+x
C) y = ———==== (a la hing s06) ; d)y= .
5. Choy=x"—3x%+2 Timxdé:
a)y' >0; b) y' <3.

PAO HAM CUA HAM s
LUONG GIAC

1. Giéi han cta 3N%

x
A
sin0,01 sin0,001

Tinh \ béng may tinh bo tai.
0,01 0,001

Ta thira nhan dinh Ii sau day.
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DINH Li 1

. sin x
lim
x>0 Xx

Vidy 1. Tinh lim 22%
x>0 X

Gidi. Ta co

lim ta’”‘:lim[ﬂ 1J:limﬂlim L i m

x>0 X x>0 X COSXx x—=0 X x—0cCc0sSx
, . sin2x
Viduy 2. Tinh lim .
x>0 X
... 1. SID2X ) sin2x . sin2x
Gidi. lim = lim 2( j =2 lim =21=2. =
=0 X x—0 2x x—0 2x

2. Pao ham cua ham sé y =sinx

DINH Li 2

[ Ham s0 y = sinx ¢6 dao ham tai moi x € R va (sinx)' = cosx.]

Chitng minh. Gia st Ax 1a s6 gia ctia x. Tacé :

Ay = sin(x + Ax) — sinx = 2sin%_cos(x +;%) :

sinAx sinAx
A 2 =
_y=2COS(x+£] 2 :COS[_X-FE‘] 2 .
Ax 2 Ax 2

s —
lim _A_y_ = lim cos(x+£]. lim 2 .
Ax—0 Ax  Ax—0
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ol

Vi lim cos(x + —J = cosx (do tinh lién tuc cta ham s6 y = cos x)
Ax—0 2

. Ax
sin —
. . . Ay
va lim =1nén hm — =1.cosx=cosux.
Ax—0 Ax Ax—0 Ax
2

Vay y' = (sinx)' = cosx. W
CHUY

Néu y = sinu va u = u(x) thi

(Sinu)' =u'.cosu.

Vi du 3. Tim dao ham ctia ham s6 y = sin(3x + %J
Gidi. Dat u = 3x +§ thi u'=3 vay=sinu.

. \ T
Tacdy =u'cosu= 3cos(3x + EJ n

Pao ham ctia ham sd y =cos x
2

Tim dae ham clia ham sé y =sin(§—-x].

DINH Li 3

{

[ Ham s8 y = cosx ¢6 dao ham tai moi x € R va (cosx)' = —sinq‘

T nhan xét cos x = sin [g— - x] suy ra ngay diéu phai chimg minh.
CHU Y.

Néu y = cos u va u = u(x) thi

(cosu)' = —u'.sinu.
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Vidu 4. Tim dao ham cia ham s8 y = cos()c3 - 1).
Gidi. Dat u = X —1thiw =3x°va y =cosu.

Ta cod

y'=—u'sinu = —3)c25in()c3 -1). m

4. Pao ham clla ham s6 y =tanx
3

sinx

Tim dao ham cla ham s6 f(x)= [x¢§+kn,kez .
X

DINH Li 4

Ham s6 y = tan x c6 dao ham tai moi x # 5 +kn, ke Z va

(tanx)' = 5
cos“ x

sin x

k]

Ap dung quy tic tinh dao ham ctia mot thuong d6i v6i ham s6 tanx =
CoS X

suy ra di€u phai ching minh.

CHUY

Néu y = tan u va u = u(x) thi tacod

(tanu)' =

COS2 u

Vidu 5. Tim dao ham cita ham s6 y = tan(i‘bc2 +5).
Gidi. Datu=3x"+5thi ' = 6x va y = tan u.
Ta co

u' 6x

y = = —. n
cos? u cosz(i%x2 +5)
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5. Dao ham cla ham sd y = cotx

4
ﬁﬁm dao ham cua ham sé

y=tan[§—x} vai x # km, k € Z.

PINH L 5

Ham s6 y = cotx ¢6 dao ham tai moi x # kn, k € Z va

1

sin2 X

(cotx)' = —

CHUY

Néu y = cot u va u = u(x), ta ¢

(cotu)' = — 'u2 -,

sin“ u

Vidu 6. Tim dao ham cua ham s6

y= cot3(3x -1).
Gidi. Dt u = cot(3x — 1) thi y = u°
Theo cong thitc dao ham cuia ham hop, ta c6

4 . 2 L
Y=y, U, =3u My

= 3cot2(3x — D[cot(3x - 1]’

—Bx —1)'

= 3cot2(3x - 1).—(23)6—)
sin“(3x — 1)

=3

= 3cot2(3x - 1).—2—

sin“(3x — 1)
2 -—
_ _9cos Bx-1 =

sinfGx—1)
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BANG PAO HAM

Jo) =
& 2Jx

"y = nun_l.u'

(l}f__ji
u u2

l_ u'
(u) =T

sinx) =cosx sinu) = u'.cosu
(sinx) ( )

cosx) = —sinx cosu) =—-u'sinu
( ) ( )

(tanx)' = 3 (tanu)' = 3
cos” x cos” u
(cotx)' = — 3 (cotu)' = — u2'
sin“ x sin“ u
Bai tap
1. Tim dao ham cta cdc ham s6 sau :
x -1 2x+3
a9 y= ; b) y= :
VTR V=T 5
2 ' 2 ,
x“+2x+3 X +T7x+3
) y=2 112, S dy= s
3-4x ' x° —=3x
2. Giai cac b4t phuong trinh sau :
2
a)y'<0v6’iy=Lx+2'
x—1
2
b)Yy 20véi y=*F3
Cox+1
-1
c)y'>0v6iy=—22x—.
x“+x+4
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Tim dao ham clia cdc ham s6 sau :

. sin x + cos x
a) y = Ssinx — 3cosx ; b)y=—""—"—;
sinx — cosx
sin x X
c)y=xcotx; d)y=—"—+—;
X sin x

e) y=+1+2tanx; f)y=sin\l1+x2..

. Tim dao ham cua cdc ham sd sau :

é)y=(9—2x)(2x3_9x2+1); b)y=(6\/__L2J(7x_3);
‘ : ' X
) y=(x-20Vx?+1; d)y=tan2x—cotx2;
€) y = CoOs—
1+ x
AL . T
Tin 1) , biét ring f(x) 22 va o(x) =4x + sm;.

Chitng minh ring cdc ham s6 sau c6 dao ham khong phu thuoc x :

a)y= sin®x + cos®x + 3sin2x.cos_2x ;
' 2
b) y—cos2 = — x| + cos? T+ x|+ cos? _—n—x +
3 3 3
2
+cos> (Tﬂ + x) — 2sin’ x.

Giai phuong trinh f'(x) = 0, biét ring :

a) f(x) =3cosx + 4sinx +5x;

b) fix) =1 —sin(n + x) + 2cos(2n2+ XJ.
Giai b4t phuong trinh f'(x) > g'(x), biét rang :
a) f(x)=x3+x‘—\/§, g(x) =32 1 x+ 2 ;

2
b) f(x) = 2x° ~ x +\/— g(x)-—x +——\/—.
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VI PHAN:

vy,

1. Dinh nghia

2 ;\Cho ham s8 f(x)=+x, xy = 4 va Ax = 0,01. Tinh f'(x,) Ax.

Cho ham s6 y = f(x) xac dinh trén khoang (a ; b) va c¢6 dao ham tai x € (a ; b).
Gia slr Ax la s6 gia cua x.

Ta goi tich f'(x)Ax 1a vi phdn cua ham s8 y = f(x) tai x ing vdi
s6 gia Ax, ki hiéu 1a df(x) hoac dy, tdc 1a

dy = df (1) = f'()Ax.

CHUY
Ap dung dinh nghia trén vio ham s6 y = x, ta c6
dx =d(x) = (x)'Ax = 1.Ax = Ax.
Do d6, v6i ham s6 y = f(x) tacé
dy = df(x) = f'(x)dx.
Vidu 1. Tim vi phaﬁ cta cdc ham s¢ sau : |
a)y:x3—5x+ 1;
b)y= sin’x.
Giai
a)y=x3—5x+ l,y':3x2—5.
Vay dy = d(x’ - 5x + 1) = y'dx = (3> — 5)dx.
b)y= sin3x, y'= 3sin2x Cosx.
Vay dy = d(sin’x) = y'dx = 3sin’x cos xdx. ®
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2. Ung dung vi phan vao phép tinh gan ding

Theo dinh nghia ctia dao ham, ta c6
Ay
(X5) = lim —.
Fx% Ax—0 Ax
Do dé vé6i |Ax| di nho thi

A 1] T
Ey ~ f'(xg) hay Ay ~ f'(xp)Ax.

T dé, ta c6 flxg + Ax) — f(xp) = f'(xg)Ax

hay f(XO + AX) = f(XO) + f'(XO)AX.

D6 1a cong thigc tinh gan diing don gidn nhat.
Vidu 2. Tinh gié tri gan diing cla +/3,99.

Gidi. Dét f(X) =.\/;, ta cod f'(x) = L

2x

Theo cong thitc tinh gin ding, v6i xy =4, Ax = -0,01 tacd
f(3,99) = f(4-0,01) = f(4) + f'(4)-0,01),

tic 1a +/3,99 = /4 — 0,01 ~ /4 + %.(—0,01) =1,9975. =

24
Bai tap
1. Tim vi phéan cta cic ham s6 sau :
a) y = Jx (a, b 12 céc hing s6) :
a+b

b) y = (¥ + 4x + (x> = Jx).
2. Tim dy, biét:

2
a)y=tan x;
b) cos x

y =
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ij DAO HAM CAP HAI

I - PINH NGHIA

1

ﬂﬂ’nh y' va dao ham cula y', biét :
a)y=x3 —5x2’+4x;
b) y = sin3x.

Gia sir ham s6 y = f(x) c6 dao ham tai mdi diém x € (a ; b).
Khi d6, hé thic y' = f'(x) x4c dinh mot ham s6 mdi trén khoang
(a; b). Néu ham s y' =f'(x) lai c6 dao ham tai x thi ta goi dao
ham cua y' 1a dao ham c4p hai cia ham s6 y = f(x) tai x va ki
hiéu 1a y" hoac f "(x). ‘

CHUY
« Pao ham cfp 3 clia ham s6 y = f(x) dugc dinh nghia tuong ty
vaki hieula y™ hoac f™(x) hoac f®(x).
* Cho ham s6 y = f(x) o6 dao ham cép n — 1, ki hieu 1a f*D(x)

(e O,n>4).Neu " D(x) c6 dao ham thi dao ham clia né

dugc goi 1a dao ham cép n cta fx), ki hiéu 1a y(n) hoac £ (x).

FP0 = F Dy

Vidu. Véiy=x thi
y' = 5x4, y'= 2Ox3, y'= 6Ox2,
y® = 120x, y¥ = 120 va y(") =0v6in>5.
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Il - Y NGHIA CO HOC CUA PAO HAM CAP HAI
Y
Mot vat roi tu do theo phuong thdng ditng c6 phuong trinh s=%gt2 (trong do

g2=~98 m/sz). Hay tinh van téc tlrc thdi v(¢) tai cac thai diém tg=4s;1=41s.
s e . AV ,
Tinh ti s6 N trong khoang At = t, — 1.

Xét chuyén dong x4c dinh bdi phuong trinh s = f(r), trong d6 s = f(r) 1a mot
ham s6 c¢6 dao ham dén cdp hai. Van t6c tic thdi tai ¢ clia chuyén dong 1a
vie) =f'(). '

Ldy s6 gia At tai ¢ thi v(¢) c6 s6 gia tuong ing 12 Av.
Ti s6 % duoc goi 1a gia t6¢ trung binh cta chuyén dong trong khoang
!
thoi gian Az. Néu ton tai
Av
v'(@) = lim — = y(1),
)= asoAr ) _
ta goi V'(t) = {t) 12 gia téc tiec thoi ctia chuyén dong tai thoi diém ¢.
Vi v(r) =f'(¢) nén -

[ 70 =f"0). |

1. Y nghia co hoc

Pao ham cdp hai f "(¢) 12 gia t6c tic thoi cta chuyén dong s = f(¢) tai thoi
diém ¢. :

ﬁs | |
1 o

Tinh gia t8c tic thdi clia sy rdi trdo s = Egt L

2. Vidu

Xét chuyén dong c6 phuong trinh
s(t) = Asin(ax + @) (A, , ¢ la nhiing hing s6).
Tim gia t6c tic thoi tai thoi diém ¢ cda chuyén dong.
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_ thuat ngir nhir "vi phan", "tich phan" ... do Lai-bo-nit

174

Gidi. Goi v(f) 1a van tSc titc thai clia chuyén dong tai thdi diém ¢, ta c6
V(1) = 5'(t) = [Asin(awt + )] = Awcos(wt + @).
Vay gia tdc tic thoi cta chuyén dong tai thdi diém ¢ 12

HO) = s"(1) = V() = Ao’ sin{t + @). ®

Bai tap
a) Cho f(x) _ (x + 10)°. Tinh £ "(2).

b) Cho f(x) = sin 3x. Tinh f(—g] £7(0), f[%]

Tim dao ham cp hai ctia cdc ham s6 sau :
1 v ' 1

a)y= ; b) y= ;
)y - x ))’m

c)y=tanx; d)y= cos2x.

BAN CO BIET

LAI-BO-NIT (LEIBNIZ)

Déng thai va doc 1ap v6i Niu-ton, nha bac hoc ngudi
Blrc Lai-bo-nit 1a ngusi phat minh ra phép tinh vi phan

va tich phan. Nhiéu ki hiéu nhu %, [fxdx, ... va

dua ra van con dudc sir dung dén ngay nay.

Leibniz
(1646 — 1716)

Céng thirc tinh dao ham cap » cda tich hai ham u.v (u va
v ¢6 dao ham dén cap n) sau day la cia Lai-bo-nit

@) =1y 4 LDy 2Dy

+ C,’:u("_p)v(p) +ot CZ_lu'v("_l) + ()

*)



Cé thé chimg minh cong thirc trén bang phuong phap quy nap.

Lai-ba-nit sinh ngay 1-7-1646 tai Lai-xich (Leipzig). Cha 6ng la Gido su luan |i da
méat khi &ng méi 6 tudi nhung éng da kip thira hudng & ngudi cha léng ham mé
mén Lich si. Ngoai nhitng budi hoc & trudng, Lai-ba-nit tu trang bi kién thitc nha
thudng xuyén doc sach trong thu vién cta cha. Ong hoc tiéng La-tinh luc 8 tudi,
dén 10 tudi, 6ng da lam tha bang tiéng La-tinh. Sau d6, 6ng hoc tiéng Hy Lap va
rat gidi thir ti€ng nay nhé su c& géng rat 16n. Nam 15 tudi, Lai-bo-nit 1a sinh vién
luat clia Trudng Dai hoc Téng hop Lai-xich. Trong hai nam dau, ngoai viéc theo
hoc Luat, 6ng doc rat nhiéu sach vé Triét hoc, nam 17 tudi (1663), nhd ban luan
van xuét s3c vé mot trong nhiing hoc thuyét 16n vé Triét hoc, Lai-Bo-nit dudc
nhan Bang CUr nhéan.

Mua hé 1663, Lai-bo-nit chuyén sang hoc cac giao trinh toan clia Erhard Weigel
& Trudng Pai hoc Téng hgp I-&-na (Jena).

Nam 20 tudi (1666), ong trd lai hoc Luat & Lai-xich va chudn bi thi 1dy Bing Tién
si. Vi ghen ti, ngudi ta tir chdi cdp Béng Tién si cho Lai-bo-nit. Ho néu li do la éng
codn qua tré. Song that ra vi ng hiéu biét vé luat nhiéu hon tat ca cac giao su &
Lai-xich céng lai.

Chan ngdy thai dd hep hoi bao trim Trudng Pai hoc Lai-xich, éng rdi thanh phé
qué huong dén Nuy-ram-be (Nuremberg). o day, éng dugc phong hoc vi Tién si
vao ngay 4-11-1666 nhd cong trinh vé phuong phap giang day mdi vé luat.
Hon nita, ngudi ta con mdi 6ng gilt chifc vu Gido su luat, nhung 6ng tif chéi.
Lai-bo-nit da soan cong trinh vé giang day Luat va dé xuét ké hoach cai tién cla
minh trén dudng di tir Lai-xich dén Nuy-ram-be. Mt trong nhiing dac trung cla
cudc ddi Lai-bo-nit 1a dng c6 thé lam viéc trong bat ki diéu kién nao, & bat ki dau,
va trong moi thdi diém. Ong doc, viét, nghién ngdm khéng ngimg. Ong da viét
phan 16n cac cong trinh toan hoc clia minh (khéng k& nhitng cong trinh dic sic
vé rat nhiéu linh vuc khac nhau) trong cac chuyén xe ngua trén nhing con dudng
nho & chau Au héi thé ki XVII khi dng phai di day, di dé theo yéu cdu clia khach
hang. Hoat déng khéng mét mdi nay cla 6ng da dé lai cho ching ta mot khoi
lugng gidy viét di loai, d0 ¢& va phai I6n nhu mét ddng cd khé, chua kip phan
loai, vd mdi chi dugc cong bé mdt phan. Ngay nay, phan 16n s6 gidy nay con
dang dudc déng goi trong médt goc cla thu vien Hoang gia & Ha-né-ve (Hanover).
That khé tin dudc rang chi mot cai ddu lai c6 thé san sinh ra dugc toan bé tu
tudng (da hoac chua in ra) ma Lai-bo-nit da dé lai trén nhitng trang gidy kia. Diéu
lam cac nha gidi phau ngac nhién Ia sau khi do va quan sat hop so cla Lai-ba-nit
ngudi ta nhan thay rdng nd nhd hon nhiéu so véi hdp so clia mdt ngudi binh
thudng (Khdng hiéu 16i dén dy co that hay khong V).

Ong 1a nha bac hoc 18n trong rat nhiéu linh vuc (Luat, Tén gido, Chinh tri, Lich
s, Van hoc, Logic, Triét hoc, Toan hoc, Siéu hinh). Chi can ¢ mét trong nhiing
cdng hién trén day cla 6ng ciing du luu danh hau thé. Ngudi ta bao Lai-bo-nit 1a
mot vi du ching té cau phuong ngén "Biét nhiéu nghé, chdng gidi nghé nao"
khong dung.

Ong la ngudi sang lap Vién Han 1am Khoa hoc Bic ma éng la VI Chu tich dau
tien. Ong mat vao ngay 14-11-1716 & Ha-n6-vo trong cé don.
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On tap chuong Vv

Tim dao ham cla cdc ham s sau :

3 2
a)y=_x_._x_.+x_5; b)y:g_i.{.i_i,
3 2 x x23 7
2
c)y=-——3x 6x’+7; d)y=[g+3xJ(\/;—l);
4x X
1+x —x% +7x+5
e)y= ; y=s——7F——
1-Vx x° —=3x
Tim dao ham cua cdc ham s6 sau :
a)y=2J;Sinx_cosx’; ‘b)y=3cosx;
X 2x +1
2 .
t” + 2cost 2cos@ — sin
)y=——7""; d))’=—.u;
sin? 3sing + cos@
tan x cot x
e)y= ; = .
)y sinx + 2 Dy 2Jx -1
Cho ham s6 f(x) = ¥1+ x. Tinh A3) + (x - 3)f'(3).
Cho hai ham s6 f(x) = tanx va g(x) = ! . Tinh &
1-x 8'0)

Giai phuong trinh f'(x) = 0, biét ring

f(x)=3x+@—ﬁ+5.
X x3

fi )
f2

Cho fi(x) = 22X

, f2(x) = xsinx. Tinh

Viét phuong trinh ti€p tuyén :

a) Cha hypebol y = i:— tai diém A2 ; 3) ;
x —

b) Ciia dudng cong y = x° + 4x > = 1 tai diém c6 hoanh 6 xq = -1 ;
c¢) Ca parabol y = X —4x+4 tai diém c6 tung 46 yp = 1.



8. Cho chuyén dong thing x4c dinh bdi phuong trinh S = £ — 312 - 9, trong
dé ¢ duge tinh bang giay va S dugc tinh bang mét.
a) Tinh van t6c ctia chuyén dong khi 1 =2s.
b) Tinh gia t6c cha chuyén dong khi =3 s,
¢) Tinh gia téc tai thoi di€ém van tdc triét tiéu.
d) Tinh van t6c tai thoi diém gia tdc triét tiéu.
9. Cho hai ham s§ |

1 Ay x?
: v = —,
2 V2
Vi€t phuong trinh ti€p tuyén vdi d6 thi cua méi ham s6 da cho tai giao
diém ctia ching. Tinh géc giita hai ti€p tuyén ké trén.

y:

Bai tap trdc nghiém

Chon phuong dn dung :

2
10. Véi g(x) = "_—i"l*s . g'(2) bing :
(A)1; (B)-3; A ©)-5; (D) 0.

11. Néu f(x) = sin’x + x° thi f"(— gj bing :

(A)O; B)1; -2 (D) 5.
12. Gia sith(x) = S(x + 1)° + 4(x + 1).
Tap nghiém cua phuong trinh A"(x) =01a:

(A)[-1:2];. (B) (o0 ;0]; ©) {-1}; (D) &.
3 2
13. Cho f(x)=%+%+x. |
Téap nghiém cua bt phuong trinh f'(x) <0 la:
(A)D; (B) (0; +0) ; O [-2:2]; (D) (-0 ; +a0).
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On tép cudi nam
| - CAU HOI
1. Néu dinh nghia cac ham s6 lugng gidc. Chi 1o tap xac dinh va tap gid tri
cua tung ham s6 dé.
2. Cho biét chu ki cha m&i ham s6 y = sinx, y = cos x, y = tan.x, y = cotx.

3. Neéu cédch giai cac phuong trinh lugng gidc co ban, cach giai phuong trinh
dang asin.x + bcosx = ¢.

4. Viét cong thirc tinh s6 hodn vi cua tap'gdm n phan tir (n > 1). Néu vi du.

5. Viét cong thic tinh s6 chinh hop chap & clia n phan ti, cong thic tinh s6 t6
hgp chap & cua n phan tir.-Cho vi du

6. Viét cong thic nhi thitc Niu-ton.

7.  Phat biéu dinh nghia x4c sudt (cé dién) cla bién cé.

8. Néu r6 céc budc chung minh bang phuong phép quy nap todn hoc va cho
vi du.

9. Phat biéu dinh nghia cip s6 cong va cong thitc tinh tdng n s6 hang ddu tién
clia mot cap sG cong.

10. Phat biéu dinh nghia cap s6 nhan va cong thic tinh téng 7 s6 hang ddu tién
ciia mdt cap s6 nhan.

11. Day s6 (u,) thoa man di€u kién gi thi duoc goi 1a ¢d gidi han 0 khi n dan
téi duong vo cuc ? -

12. Viét cong thic tinh téng chia mot cap s6 nhan 1ui vo han.

13. Dinh nghia ham s6 c6 gidi han +oe khi x — —oo.

14. Neu cdc gidi han dac biét cia day s6 va ciia ham s6.

15. Néu dinh nghla ham s6 lién tuc tal mot diém, trén mot khoang. Néu nhan
xét v€ do thi cia mot ham s6 lién tuc trén mot khoang.

16. Phét biéu dinh nghia dao ham chia ham s6 y = f(x) tai x = x,.

17. Vi€t tat cd cc quy tac tinh dao ham da hoc.

18. Gia sut y = f(x) la ham s6 c6 dao ham tai xo. Hay viét phuong trinh ti€p
tuy€n cua dé thi ham s d6 tai diém Mg(xq ; f(xg))-

Il — BAI TAP

1. Chohams6 y = cos2x.

a) Ching minh rang cos2(x + k7) = cos2x v&i moi s6 nguyén k. Tu do vé
do thi (C) cha ham s6 y = cos2x.
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b) Viét phuong trinh ti€p tuyén ctia dé thi (C) tai diém ¢6 hoanh do v = g

¢) Tim tap xdc dinh cia ham s6 - = \/@
' ' 1+ cos”2x

Cho ham sg y = —5—
6 + 7sin2x
a) Tinh A = —5— biét rang tana = 0,2. -
6 + 7sin2a

b) Tinh dao ham cua ham s6 da cho.

¢) Xdc dinh cdc khoang trén d6 v' khong duong.
Giai cdc phuong trinh :

a) 2sin%cos2 X — 2sin%sin2 X = cos® x — sin® x ;
b) 3cosx +4sinx=15;

c)sinx+cosx=1+cosxsinx;

d) V1 -—-cosx =sinx (x € [n;3n]) ;"
e) (éos% — 3sin stinx + (1 + sin% - 3cosx)cosx =0.

Trong mot bénh vién ¢6 40 bdc si ngoai khoa. Hoi c6 bao nhiéu cach phan
cong ca mé, néu méi ca gbém :

a) Mot bac si md va mot béc si phu ?
b) Mot béc si md va bon bac siphu?
Tim s6 hang khong chia a trong khai trién cta nhi thirc

10
(e
a

Chon ngiu nhién ba hoc sinh tir mét t6 gém c6 sdu nam va bon nit.
Tinh xac suit sao cho :
a) Ca ba hoc sinh déu 1a.nam ; b) C6 it nhat mdt nam.

Mot tiéu doi c6 10 nguo‘l duoc x&p ngau nhién thanh hang doc, trong do c6
anh A va anh B. Tinh xdc suit sao cho :

a) A va B dimg lién nhau ;

b) Trong hai ngudi d6 ¢6 mét ngudi ding & vi tri s6 1 va ngudi kia dimg &
vi tri cudi cung.
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10.

11.

12.
13.

180

Tim cdp s6 cong tang, bi€t ring téng ba s6 hang ddu clia n6 bang 27 va
tong cac binh phuong cha ching bing 275.
Cho biét trong mot cdp s6 nhan, hiéu clia s6 hang thi ba va s6 hang thit hai
bang 12 va néu thém 10 vao s6 hang thit nhat, thém 8 vao s6 hang thit hai
con gilt nguyén s6 hang thit ba thi ba s6 mgi.lap thanh mot cdp s6 cong.
Hay tinh t6ng cha nam s6 hang ddu ctia cdp s6 nhan da cho.
Tinh cac giéi han sau :
2
3-2n)~
(i )B=2m)°

a) l
n3+1

. 1 23 n—1
b) lim 2 +— +— + ..+ ;
n+1 n“+1 n°+1 n+1

\/4n2+1+n'

2n+1

d) limvVr(n -1 =n).

>

¢) lim

T
ncos—

Cho hai day s6 (u,), (v,) v6i u, = 2" vav, =—1mo.
. n“+1 .onc+1

a) Tinh limu,,. _ _
b) Chiing minh ring limv, = 0.

Chimng minh rdng ham s6 y = cosx khéng c6 gi6i han khi x — +co.

Tinh cac gi6i han sau : |
2) lim 223, b) lim 2 Y3X =2 .

x—)—'2,/2x2 + '1 ’ x—2 x2 -4 ’

2

c) lim x_’j‘xLl; d) lim (x+x2+...+x"— jvéineN*;

xo2t x-2 x—=1" 1-x

. 2x-1 o x+4x? -1

e) lim ; f) lim ———— ;

x—+0 X+ 3 X——o 2 -3x

g) lim (=2x> + x% - 3x + ).

x——0



14.

15.

16.

17.

18.

19.

20.

Chimg minh rang phuong trinh sau c6 it nhat mot nghiém :
sinx = x —1.

Phuong trinh sau c6 nghiém hay khong trong khoang (-1 ; 3) :
-3 +x-1=07

Giai cac phuong trinh :

a) f'(x) = g(x) v&i flx) = sin32x va g(x) = 4cos 2x — 5sindx ;

b) f'(x) =0 v6i flx) = 20cos 3x + 12cos Sx — 15cos 4x.

Tinh dao ham cua cdc ham s6 sau :

1 _.cosxlx2+1 )

a) y= ; b) y= ;
' co_s2 3x ' Vit +1
c)y=(2—x2)cosx+2xsinx; d)y=w-

COS X + xsinx
Tinh dao ham c4p hai cua cdc ham s§ sau :

_ | . .
a) y=——; b) y= ;
)y x+1 )y x(1 —x)

c) y = sinax (a la hing s8) ; d)y= sin’x.

Cho ham s6

fx) = e bx2 +cx +d. (&)
Hiy xac dinh ¢4t s6 b, ¢, d, biét rang d6 thi (C) clia ham s6 y = f(x) di qua
2 N ] 1
cicdiém (-1 ;-3),(1;-1)va f (EJ =0.
Cho cac ham s6
f(x) = X +'bx2+cx+a', )
glx) = x* —3x+1.
Véi céc s8 b, ¢, d tim dugc & bai 19, hay :
a) Viét phuong trinh ti€p tuyén ctia d6 thi (C) tai diém c6 hoanh d¢ x = -1 ;
b) Giai phuong trinh f'(sinx) =0 ;
¢) Tim 1im Sf7(sin5x) +1

x>0 g'sin3x) +3
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PAP SO - HUOGNG DAN

CHUONG |
NS
. aytany=0rmnixe {-n, 0.7} ;
) { 3n m 511]
bytany=ltaix € ——,—,—
' 4 4 4

: ( n] [ TII] [ 3n
ve |-n;——|ul0;—|u|n;—
\ 2 2/ 2

¢) tan.v > 0 khi

d) tanv<Okhix e [—E;OJU[E;n)
2 2

ayD=R\{kn, ke Z};
b)D=R \{R2n. ke Z},;

aD=R \{%+kn,keZl :

&D=R \{—§+I\'n,/\'eZ).

Lay doi xing qua truc Ox cdc phan do thi
ham s6 vy = sinx trén cdc doan [n + k27 ;
2n + k2m), gilt nguyén cdc phdn d6 thj
conlai (k € Z). , '

» = sin 2x 14 ham s6 tuan hoan véi chu ki
m va la ham s8 1€. Tir d6 suy ra d6 thi caa
ham sd nay.

Cét d6 thi ham s6 y = cos x bdi dudng thang

1 .
V= > xéc dinh hoanh d6 giao diém.

xe(2n;n+k2r), ke Z.
3n

X e[£+k2n;—+k2n],k € Z.
2 2

a) 0<cosv<|l, y<3, yo, =3

oOx =k2n, ke Z.

b) 3-2sinx <35, y, =95

Sy= —§+k2n, ke Z.
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§2.

lL.a)y= arcsin% -2+ K27,
x=n—arcsin% -2+K2n, ke Z ;

byx= 24k 2E ke z
6 3

3n

c)x=§+k—,ke Z ;

d) x=—40° + k180°,
x=110°+k180°% ke Z.

2 v=hknx=l+kZ ke Z.
4" 2

w

a)x;liarccos% +k2n, ke Z ;

b) x=+4°+£120°% ke Z ;

) x:ﬁ+kﬂ,x=—ﬂ+k4—n,k €z ;
18 3 18 3

d)x=i£+kn, x=i§+kn,k € Z.

4, x= —§+kn,ke Z .

5 a)x=45°+k180%kc Z;

byx= 2+ kE ke z
3718 3

c)x= E+k£,x=kn,ke Z.
4 2

d) x =k§,x=g+kn,k¢3m;k,mez.

6. x=1+k£,k¢3m—l;k,Ine Z.
12 3

7. a)x= 1-l—k—TE,x= _I +kn, ke Z.
16 4 4

by x==4kX ke Z.
8 4



3.
3 6. a) .\'=l+k£.ke Z .
1( 5

lx=hkmov=2 sk ke Z. )
2 b) x=km, x=arctan3+in. k € Z.
+R2n. ke Z ; On tap chuong [

2. a)x=R2m, x=+
: 1. a)cd:b) khong.

wlA

n 3n
b)yx=k—,v=+"—+kmn, k . T
) 2 ! 8 thn ke Z 2. a) .\'e{—g,%} ibyyve (-n:Qu(m 2m).
3. ayx=kdn, ke Z :b)x= g + k2m, 3. a)l+cosa<2 = ¥y<3, vy . =3
St i o v=k2n, ke Z :
Xx= — + k2m, x = arcsin| —— | + k2m,
6 4 b) v< L vy =1
. . ! 2n
X =T — arcsin 3 +Rn, ke Z Syv= —3—+k21t,.ke Z.
m 1 .2
c) —Z+kn, x=arctan| -— |+km, ke Z ; 4. a) ,\'=—l+arcsm—3—+/<27t, ke Z
2
n .2
d) x=—+kn .\'=1t—1—arcsm5+k2n, ke Z.
x=arctan(-2) +An. k€ Z . b) v=+l ik, _\-=i3—n+kn ke Z:.

4. a) x= I tin 2n
4 c) .\':i7+k2n,keZ;
X = arctan [—gj +ikn. ke Z ; 57 -
2 d)x=——+k—, ke Z
144 12

b).\=£'+kn..r=arclan3+kn,ke\Z; -
4 5 ax=k2m, .r:ig+k2n.ke Z.
c)x= I + Am, x=arclan(—5)+.-k1t,k e Z ; - 8
4 b)y=—+kn, x=arctan—+kn k€ Z;
- - 2 15
d)v= 2 + A, x = 3 +hn, ke Z. v=k2n, ke Z ;x=n-2a+Rn ke Z
.. 2 X 1
5. a)x= _l£2 +K2m x= —T—; +kn ke Z : (voi COSO‘ZE ; sma=7_5-).
a @ 2n Ca el 27
b) x=—+—+k— . ke Z d) Diéu kién sinx =0, .\'=i7+k2n.
(véi cosoz=2 ; sina:i). CHUONG 1I
5 5 §1.
. 2 _ ¢ —19-
Ox= X ma= - skmkez; L 44 =16104.3=12;
‘l2 12 2.42. 3.a)24;b)576. 4.12.
T o« ' §2.
d) x=———+kn, ke Z ;
Ja=gTg T ke 1. 2)6!;b)3 x5!;c)4l4.
2.10¢; 3.210. 4 .360.

5 _12
(Vo sina =75 cosa=-=). 5. 2)60;b) 10.  6.20. 7. 60.
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§3.
2.12.3. n=5 4. 28. 5.-I.
6. a), b) Goi y. Khai trién 11'% = (10 + 1)'0,
101'% = (100 + 1)'%.
§4.
1. a) Q = (SSS, SSN, NSS, SNS, NNS, NSN,
"~ SNN, NNN).
b) A = {SSS, SSN, SNS, SNNJ ;
B = {SNN, NSN, NNS) ;
C= [SSN, NSS, SNS, NNS, NSN, SNN, NNN).
2.2)Q={(,)); 1<i,j<6).
3.2 Q={{1,2}, {1,3}, {1,4}, {2, 3], {2, 4},
(3,4)).
b) A={(1,3},{2,4});
B=1{{1,2}, (1,4}, {23}, (2.4}, (3,4}).

4., a) A=A1NA2 B=AlmA2 ;
C=(4 NA2)U(A) mA2) iD=A VA,
b) HD. D 1a bi&n c6 "Ca hai ngudi déu bén
trugt”
5. aQ=1{1,2,..,10};
b) A=1{1,2,3,4,5};B={7,8,9,10};
C=1{2,4,6,8,10}.
6. a) Q= (S, NS, NNS, NNNS, NNNN} ;
b)A = (S, NS, NNS) ; B={NNNS, NNNN}
7. a) 2 gbm cdc chinh hgp chap 2 cba 5 chit
s61,2,3,4,5;
b) A = ((1,2),(1,3),(1,4),(1,5), (2, 3),
(2,4, 2,5, G, 4, 3,5, 4 5} ;
B=1{(2,1),4,2)};C=0.
§s.
6 11
1. ¢) P(A) 26 P(B) %
2.b)A={1,3,4};B=({1,2,3),(2,3,4});

) P(Aj=%, P(B) =

2
1 2 1 1
. L a4 a2nlol
7 D300
5. 2)~0,000 003 7 : b) ~ 0,28123;
¢) = 0,000 133.
2 1
6. a) —, b) —.
3 23

12 13

7.a)Poclap;b) — ;¢) —.

a) boc lap )25 )25
On tap chuong II

4. a) 1176 ; b) 420.
3 522

5. a)=0,1;b)0,2.

6. a) , b) . 7. =0,4213.
105 210
2 3 1 1 1
8. a)—;b) —;¢)—. 9. a)—;b) —.
)5 )5 )5 )4 )4
CHUONG III
§1.
1 2 3
4. S =—,S =—,S = —
a) §; 2’27337,
§2.
3. bu,=+n+8 vdineN.
4. a)Didy s6 giam ; b) Day s6 tang ;

¢) Day s6 khong tang ciing khong giam ;
d) Day s6 giam.
5. a) Ddy s6 bi chan dudi viu, > 1;

b) Diy s6 bi chan vi 0<u,,s%;

d)—«/f <u, <'«/§.

0)0<u,<1;
§3.
1. a)u,;=3,d=-2; bu -—l d—l'
. 1 Y ’ 1 2v 2»

¢) Dday s6 khong phai 1a cdp s6 cong ;

3
Duy=2,d=——.
Yu 2

2, a)yu =16,d=-3;
byu =3,d=2;u =-17,d=2.
3. D4p s6 dugc d€ trong ngoic don cha bang.

uy d uy, n Sn
-2 (3), 55 20 (530)
(36) -4 | (=20) 15 120
3 4/27 7 (28) | (140)
-5 | @ 17 12 72
2 -5 (-43) | A0 | -205




4. a)h,=0,5+0,18n; b) hy; =4,28 (m).
5.78.

§4.

2. a)q=3;b)u|=%;c)n=7

3.a)eq=3:-,1,3,9,27;

=-3: ——13 -9,27;
3

20 100 50 25 25

b) - , , =, =, ==
3 3 3 3 6
4.1,2,4,8, 16, 32.
5. Sau 5 nam: =~ 1,9 triéu ngudi ; Sau 10 nam :
= 2,1 triéu ngudsi.

J10

6. Biéu dién a,., =a”'_4—- véin>1.

Do d6 day s6 (a,) 1a cdp s6 nhin véi cong

boi g =@ .
4
On tap chuong I1I
1. Cép s6 cong la ddy s6 tang néu d > 0 va
giam néu d < 0.
2. Q)u,<0v6imoin;
b) Céc s6 hang dan d4u.
5, Dung phuong phédp quy nap todn hoc.
6. a)2,3,5,9,17.
7. a) Day s6 tang, bi chan dudi.
b) Day s@ bi chan, khOng téng ciling khong
giam
c¢) Day s6 gidm va bi chan vi

O<uy,< !
T2l
8 ayu =8d=-3;
21
b)u1'=0,d=3;ul=——12,d=?.

9, a)u1=6,q=2;b)u1=12,q=2;
AQuy=1l,qg=2
10. A = 22°30, B = 67°30, € = 112°30,

D=157°30.11. q; = 1 hoic g, =§ 12,6 m%.

CHUONG IV
§1.

1. ayu,= %(kg);

- — 1
¢) Chii§ : 10 °g=10 %10 kg= — kg,
10
3 3
3. a)2;b)=;¢)5; d)—.
a) )2 ) )4
10
4, a)unzl;b)l. 5. §=-——.
4" 3 11
101 . 1
—- 7. a)+0;b)—w; ¢) —— ;d) +oo.
99 ) ) ) >
8. a)2; b)0.
§2.
1.a)L: b) =5
L) )

2. Ham s6 y = fix) khéng c6 gi6i han khi x — 0.

3-8)—4;b)4.;c)é.d)—Z.e)O;f)—oo.

4, a)+00; b) +0;c)—0o0.
5. b) lim f(x)=0, lim f(x)=-
xX——x >3
lim f(x) =
—-3"
6. a) +; b) +0;¢c) +o ; d) —1.
af
7. d= =—;
a) od) i f
b) lim ¢(d) = +o, lim ¢(d) = —o
d—f* d-f~

lim p(d)=f.
d—>+wo

§3.

1. y=f(x) lién tuc tai x, = 3.

2. a)y=g(x) khong lién tuc tai x, =2 ; b) 12,

3. a) y=f(x) lién tyc trén (-0 ; —1) va
(=1; +).

4. a) y = f(x) lién tuc trén (0 ; =3), (=3 ;2)
va trén (2 ; +00) ; b) y = g(x) lién tuc trén
céc khoang (%+kn;§+kn} VoikeZ.

5. Y kién ding.
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6. b) HD. Xét ham s6 f(v) = cosx — v trén
R vahaiso 0. |.
On tap chuong IV

2. limu, =2. 3. HOAN.

. d : f) 2
- e)— -
: 3

S. d)— b)— c)—

6. a) lim f(v) = +x: lim g2(v) = +% ;
r—=0 v— 0
him f(v)=-1; lim g(v)=+x:

XN+ 7 N>
b) Hinh 60a) la do thi cia v = g(x). Hinh
60b) ta do thi caa y = fv).
7.3 =ein) ligntuc uén R
8. HD. Xétdau £(0), f(1). f(2)va f(3i.

CHUONG V
§l.
1. a2)-fl)=
b) f10.9) — fily=-0.271.

A N
2. ) Av=2an 2=2:
Ax
Ay
b) Ay = Av(2v + Av) . —=2v+ Av:
Ax

C)Av = ZA\'[?)_\'2 + 3vAv + (A.\')z] :
Ay ' >
2. 6.\'2 + 6. Av + 2(AX)”

Avx
Ax A\ |

d) Ay=——-— —_—
M+ Av) A\ xv+Av)

1
3.a)3:b) ——:c¢)-2.
a) ) 2 c)

‘4. HD. Chimg minh f gian doan tai v = 0.
Tur d6 suy ra f khong c¢é dao ham tai
diém do.

S, a) v=3x+2: b) yv=12v-16:

) ¥v=3v+2vi v=3v-2.
6. a) v=—4(x-1):b) v=—(x+2);

- R X
) y=—-—+lvav=-—— |
4 4

7. a) 49.49 m/s ; 49,245 m/s : 49.005 m/s :
b) 49 m/s.
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§2.

1. a)-1:b) 10

2. a) Syt - 1247 +2 . b) —2.\‘3 + 2x - -;— :
C) TG Je %\' o d) —63:% + 12044,

3. 300 =5 (T = 10);
2
b)—4x (3¢ — o) 2t D,
(x =1
507 —6y -2 6n n 2
d) “77'326)——7[”74'—2} .
(v~ —x+1) X X
4. a e ;
2V2 - 5A—\
v (3(1 -7 ) 3—-x

\/(a —-x ) 2\/(1—\

S.a)x<Ohoacxy>2:b) | - \/5 <x< 1-+\/§.

§3.
3 23

1. a) ;b) : .
(5x-2) (7-3v)° N

-202x° ~3:-9) d —10x% —6x+9
(3—4,\')2 .\'2(,\'—3)2 '

2. ;DU 3) by (o =3]ufl;+0);
C)[l—\/l_‘) _ 1+\/E] .

22

c)

2

3. a)5cosx+3sinx:b) — 5
(sin.x —cos x)

Cc) coty— 3

sin” oy
| |
d) (v eos v = siny) | ———— 1
.\'" sin“ x
e) ! f xcosVxZ +1

xVi+2tanx P

4. 2) _2(2\-‘ —9,\"+ ])+(6L\' — 189 (9-2); |
302 _ 1
b) [f-'-—\_{J (7,\—3)+7[6\/.\———2J N

Ry



o) Vxl+1+ xx-2) ;
Vit 41

2tanx 2x

d) ;€) — sin——.
cos’x  sin?a? (+x)°  T+x
5. L.
2
n .. 3
7. ayx=@+ 5 +k2n, (k € Z) vé6i c05(p=g :
x=n+kdn
b) n  4n (ke Z).
X=——+k— :
3 3

8. a)(—0;0)U2;+x): b)(—x:0)U(l;+wr).

§4.
1

a) ——dx;
2a+bWx

b) [(2;&4)02 O+ +4x+ I)X[Z\'—%Md\';
=V.v

(.\'2 —-Dsinx+2vcosy

(I —‘\‘2 )2

2tanx

COS2 X

2. a) dv.

dx; b)

§s.
1. a) 622 080;

b) f"[—§J=-9; £10=0;

(g4

3
2. a) y"= 1 b) V' E————;
-0} 41 -x)°
o) y'= 25";"’ : d) y' =—2cos 2x.
cos” x
On tap chuong V
1. a) y':xz—.\"" l;
2 8 15 24
by y=-—Z+=3-7+-3°
. _x2 ,\'3 ,\‘4 7-\'5
)y 3x2 -7
4x*

3 942 \/T 67 -2 .\'+_4 )

dy
247
1
C) '\" = /_.—'———,, N
=y
by = 4y —10x+15
) (.\‘2 —3v)?
2 oy (\/.;+l).\'sin.\'+(2,\'2\/;+licos.'\' )
V= ;
] | 2
by v =3 2xv+)siny—6cosy
V= o~ :
' (2v+ I)’2
, Zziin/—fzcosr-l )
c) v = — :
st
-7
dyv= ——m
_A3sing+cosg)”
i
)y 24-sin3 v
e) v =

] . 2 -
Cos™ (sinv+2)

1= _cot

)y = sin” v \/T )
NN b

x=3

3.2+ : 4.1.
4
5. {12 ;4. 6. 1.
7. ayv=-2x+7;
b)y=-5v-3;

c)v=-2x+ 3 =0,y=2v-5.
8. a)-9m/s: b) lZm/s2 ;
c) 12m/s2 ood) —12m/s.

! V2
9, a) y= ——_\'+\/57\‘= \/5.\'—_ :
V2 ' 2

b) 90°.
On tap cudi nam

Loy ve—r+ 22 1 g R

v3 |
3 2
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65
3’

_ —70cos2x
(6+7sin2x)?

c) [—£+kn;z+kn]ke Z .
4 4
3. a) I£+5n;(—1)"ﬁ+k2n, n,kez=;
4 2 3
n " 4
b) I——a+k2n,keZ} vai cosa =— ;
2 5
. 3
sina =—.
5

C)I +k2m; 2m, kleZ} d) IZn%}

e) V6 nghiém.

2 . 4
4. a) Ay, =1560;b)40C,, .
3 Ci
5. 210, 6.a) —- ;b) 1-——.
10 10
' ]
7. a) Q ;i b) &
10! 10!
8.u =5d=4
9, 186.
1 3 1
10.a)4;b) —;¢) — ;d) ——.
) ).2 _)2 ) >

11. a) 0.

;€)—0;d)—0;

1
13.a)4:b) —
) )16

3 g) oo,

1
2.
e) 70 3
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15. HD. Xét ham s6 f(x)=x* =3x> +x -1
hai s6 -1 ;0.

16. a) I +k— l‘:lrcsml + nm;
2 2 3

va

g - larcsinl +mn, k,n,me Z};

b) Ikﬁ;ilen, k,leZ}.
473

’

17. 2 6sin3x :
cos” 3x
b —x(\/xz +lsin\/x2 +1 +cosx/x2 +1)
Jo? +1)
2

c) x’sinx ; d)—2 .
(cos x + xsin x)

2
18.a) y" = 2 ib) yrl=—+ 2

A+xy X (1-x)?

) y"=—a2 sinax ;d) y" = 2cos2x.

19.b=—l,c=0,d= —}.
2 2

20.a)y=4x+1;
x=kn

b) [ x= arcsin%+ n2n (mnkelZ),

1
x=1t—arcsm-§+m2n

c) 5.



BANG TRA CUU THUAT NGU

. THUATNGU
Bét phuong trinh lugng giac
Bién c6
Bién c¢6 chic chin
Bién c6 d6i
Bién c6 khong
Bi€n c6 xung khic
Bién c6 doc lap
Cip s6 cong
C4p s6 nhan
Chinh hop
Cong boi
Cong sai
Cong thitc cOng xac sudit
Cong thuc nhan xac suit
Coéng thuc nhi thitc Niu-ton
Cuong do tirc thoi cua dong dién 153
Didy s6 ] 85
Diy s6 bi chin 90
Day s6 c6 gidi han hitu han 113
D3y s6 c6 gidi han 0 112
Day s6 c6 gidi han vo cuc 117
Diy s giam 89
Diy s6 hitu han 85
Diy s& khéng déi 93
Ddy s6 Phi-b6-na-xi 91
Didy s8 tang 89
Dao ham 145
Pao ham bén phai 154
Dao ham beén trai 154
Pao ham cép hai 171
Pao ham cip n 171
Dao ham cta ham hgp 161
Dao ham mot bén 154
Pao ham tai mot diém 146
Pao ham trén mot doan 155
Dao ham trén mot khoang 153
Puong hinh sin 10
Gia t6c tic thoi clia chuyén déng 172
Giao cua hai bién c6 62
Gia thiét quy nap 80
Gié6i han bén phai cua ham s6 126
Gi6i han bén trai cia ham s6 126
Gidi han hitu han cba diy s6 112
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: . THUATNGH =
_WG|0| han eru h'm cua ham s0 rai mot dlem____________
~ Gidi 1 han huu han cua h'un soivoecwe .

sin v

Gidi han hm

Gidi han vo cuc (cua ddy 56) 117

-W:GIUI han vé cuc gua himsé - 129

Ham s6 gidn doan - - 136

Ham s6 luomg gidc o ) 4
Ham s0 tudn hoan U TN 14
He thic truy héi B 87

_Hoan vi ' ] ) 0

Hop cda hai bi€nco """":___::__, ' 62

Phép thir o B 59
Phép lhu ngau nhién o N 59
Phuo’ng phdp quy nap toan hoc 7 .80

_Phuong trinh uep tuyen : 152

Quy tac céng (trong tO hop) R ) 43
_Quy tac nhan (trong t6 hop) ‘ N .

S8 hang téng quat cua day s6 . R 1. 8
Tam gidc Pa-xcan 57

Tan suat e S 75

Van téc tuc thoi cua chuyén dong 147
Viphan o S S VL
Xac sufit cua blén cO S i ‘ .65

Y nghia hinh hoc cua dao ham T 150
Y nghia vat li clia dao ham 5
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MUC LUC

Chuong I. HAM SO LUONG GIAC VA
PHUONG TRINH LUONG GIAC
§1. Ham sé lugng giac
§2. Phuong trinh lugng giac co ban
§3. Mot s6 phuong trinh luong giac thuang gap
On tap chuong |

Chuong I. TO HOP  XAC SUAT

§1. Quy tac dém

§2. Hoan vi - Chinh hgp - T6 hap
§3. Nhi thirc Niu-ton

§4. Phép th{r va bién c6

§5. Xac suat cta bién ¢

On tap chuong li

Chwong III. DAY SO CAP O CONG VA CAP SO NHAN

§1. Phuang phap quy nap toan hoc
§2. Day so

§3. Cap s6 cong

§4. Cap s6 nhan

On tap chuong Ill

Chuong IV. GIGI HAN
§1. Gidi han cla day s6
§2. Gidi han cGa ham s
§3. Ham s6 lién tuc
On tap chuong IV
Chuong V. DAO HAM
§1. Binh nghia va y nghia ctia dao ham
§2. Quy tac tinh dao ham
§3. Dao ham cla ham s6 lugng giac
§4. Vi phan
§5. Dao ham cép hai
On tap chuong V
On tap cudi nam

Trang

18
29
40

43
46
55
59
65
76

80
85
93
98
107

112
123
135
141

146
157
163
170
172
176
178
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VUONG MIEN KIM C_:_U‘ON'_G
HUAN CHUONG H(':) CHI MINH CHAT LUONG QUOC TE
SACH GIAO KHOA LOP 11

1. TOAN HOC 7.DIALI 1

« DAI SO VA GIAI TICH 11 8. TIN HOC 11

» HINH HOC 11 9. CONG NGHE 11
2.VATLIN 10. GIAO DUC CONG DAN 11
3. HOA HOC 11 11. GIAO DUC QUOC PHONG - AN NINH 11
4. SINH HOC 11 12. NGOAI NGU
5 NGU VAN 11 (tap mot, tap hai) e TIENG ANH 11 o TIENG PHAP 11
6. LICH SU 11 o TIENG NGA 11 o TIENG TRUNG QUOC 11

SACH GIAO KHOA LOP 11 - NANG CAO
Ban Khoa hoc Ty nhién : . TOAN HOC (PAI SO VA GIAI TICH 11, HINH HOC 11)
o« VAT Li 11 ¢ HOA HOC 11 ¢ SINH HOC 11
Ban Khoa hoc Xa hoi va Nhanvan : NGU VAN 11 (tap mot, tap hai)
o LICHSU 11 ¢ DIALI11
« NGOAI NGU (TIENG ANH 11, TIENG PHAP 11,
TIENG NGA 11, TIENG TRUNG QUOC 11)

(I

Gia: 7.800d
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