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Tiep tgc phan gia tri lugng giac va cac cong Mc lugng giac duoc hoc trong chuong cuoi 
cua Oal sd 10, chuong nay cung cap kien thuc ve ham so lugng giac va each giai phuong 
trinh lugng giac. 6 day chi yeu cau giai thanh thao cac phuong trinh co ban va nhung 
phuong trinh bae nhat va bae hai doi vol mot ham sd luong giac. 
Khae voi nhirng ham soda duoc hoc trudc day, cac ham sdy=sin;c,)'=cos.x; y=tan.x; 
\/ay=catx\a nhung ham sd tuan hoan. Cac ham sd nay gap nhieu trong cae mon khoa 
hoc ling dung (Vat If, Hoa hoc,...) 



H A M S 6 LtfONG GIAC 

I - DINH NGHIA 

Tnldfc hd't, ta nhde lai bang cac gia tri luong giac eua eae eung dae biet. 
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a) Sijrdung may tfnh bo tui, hay tfnh sinx, cosx vdi x la cac so sau : 

5;^;1 ,5;2;3 ,1;4 ,25;5. 
6 4 

b) Tren di/dng tron lUOng giac, v6i diem goc A, hay xae ̂ nh cac diem M ma so do cCia 
r\ 

cung AM bang x (rad) ti/ong Lfng da cho d tren va xae dmh sinx, cosx (lay n = 3,14). 

1. Ham so sin va hanfi so cosin 

a) Ham so sin 

d ldp 10 ta da bie't, eo the dat tuong ling mdi s6' thue x vdi mdt dilm M duy 
rv 

nha't tren duofng tron luong giac ma sd do cua eung AM bang x (rad) 
(h.la). Dilm M co tung dd hoan toan xae dinh, dd ehfnh la gia tri sinx. 



Bilu diin gia tri eua x tren true hoanh va gia tri eiia sinx tren true tung, ta duoc 
Hinh lb. 

7 -

O X X 

a) b) 

Hinh 1 

Quy tac dat tuong ling mdi sd thuc x vdi sd thue sinx 

sin: R ^ R 

X (—> J = sinx 

duoc goi la ham so sin, ki hieu la y = sinx. 

Tap xae dinh eua ham sd' sin la R. 

b) Ham sd cosin 

cosx 

O 

M" 

a) b) 
Hinh 2 

Quy tac dat tuong dng mdi sd' thuc x vdi sd thuc cosx 

cos : R -^ R 

X I—» J = eosx 

duge goi la hdm so cosin, ki hidu la j = eosx (h.2). 

Tap xae dinh eiia ham sd cdsin la R. 



2. Ham so tang va ham so cotang 

a) Ham sd tang 

Ham sd tang la ham sd dugc xae dinh bdi cdng thdc 
sinx 

y 
eosx 

kl hidu la J = tan x. 

(eosx^t 0), 

n Vi cos X ^ 0 khi va chi khi x 9̂  — + 7̂t (^ e Z) nen tap xae dinh ciia ham 

sd'j = tanxla 

b) Ham so cotang 

D=R\l- + kn,keZ\. 

Ham sd cotang la ham sd dugc xae dinh bdi cdng thde 
cosx 

y= — 
sinx 

(sinx ^ 0), 

kl hieu Ik y - cot x. 

Vi sinx ;̂  0 khi va chi khi x ^ kn {k e Z) nen tap xae dinh ciia ham sd 
y = cotx la 

D= M.\{kn,ks Z }. 

^2 
Hay so sanh cac gia trj sinx va sin(-x), cosx va cos(-x). 

NHAN XET 

Ham sd J = sin X la ham sd le, ham sd y = cos x la ham sd' chSn, 
tiit dd suy ra cac ham sd 3̂  = tan x va j = cot x diu la nhiing ham sd le. 

II - TINH TUAN HOAN CUA HAM SO LUONG GIAC 

Tim nhOhg sd r sao cho/(x+r) =fix) vdi moi x thuoc tap xae djnh cOa cac ham sd sau : 

a) f{x) = sin X; b) f{x) = tan x. 



Ngudi ta chiing minh duge rang T = 2n Ik sd duong nhd nhSit thoa man 
dang thde 

sin(x + T) = sinx, Vx e R (xem Bai dgc them). 
Ham sd j = sin x thoa man dang thde trdn dugc ggi la hdm so tudn hodn vdi 
chu ki 2n. 

Tuong tu, ham sdy = eosx la ham sd tuSn hoan vdi chu ki 2n. 
Cae ham sd j = tan x va y = cot x cdng la nhihig ham sd tuSn hoan, vdi chu ki n. 

Ill - SUBIEN THIEN VA DO THI CUA H A M S 6 L U O N G GIAC 

1. Ham so J = sinx 

, Tii dinh nghia ta tha'y hkm sd y = sinx : 
• Xae dinh vdi mgi x e R va -1 < sinx < 1 ; 
• La ham sd le ; 
• La ham sd tudn hoan vdi chu ki 27t. 

Sau day, ta se khao sat su bidn thidn cua ham s6y = sinx. 

a) Su bie'n thien va do thi ham sd^' = sinx tren doan [0 ; n] 

Xetcae sd thuc Xj,X2, trong ddO<Xj <X2^—.Dat X3 =7t-X2, X4 =7t-Xi. 

Bieu didn chung trdn dudng trdn luong giac va xet sinx,- tuong dng (/ = 1,2, 3,4) 
(h.3a). 
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Hinh 3 

Trtn Hinh 3 ta th%, vdi xi, X2 tuy y thude doan "••f. 
Khi dd X3, X4 thude doan 

TC 

vaxj <X2 thi sinxj < sinx2. 

va X3 < X4 nhung sinx3 > sinx4. 



vay ham so ̂ ^ = sinx dong bien trdn 

Bang bidn thidn : 

"̂ f va nghich bieh tren n 

y = sinx 

0 
71 

2" 

Dd thi cua ham soy = sinx tren doan [0 ; 71] di qua cac dilm (0 ; 0)^ (xj; sinxj), 

, (X3 ; sinx3), (X4; sinx4), (TI ; 0) (h.3b). 
v2 J 

(X2 ; sinx2), 

CHUY 

Vl J = sin X la ham sd le ndn l̂ y dd'i xdng dd thi ham sd trdn 
doan [0; 7t] qua gde toa dd O, ta dugc dd thi ham sd trdn doan 
[-n ; 0]. 

Dd thi ham sd j = sin x trdn doan [-7t ; 7r] dugc bilu didn trdn 
Hinh 4. 

Hinh 4 

b) Dd thj ham soy = sinx tren R 

Ham sd y = sinx la ham sd tuSn hoan chu ki 271 ndn vdi mgi x € R ta ed 

sin(x + ^27i) = sinx, k e Z. 

Do dd, mudn cd dd thi,ham sd j = sinx trdn toan bd tap xae dinh R, ta tinh 
tie'n lien tid'p dd thi ham sd trdn doan [-TI ; n] theo cae vecto v = (27i; 0) 
va -V = (-271; 0), nghia la tinh tiln song song vdi true hoanh tiing doan 

cd dd dai 2n. 



Hinh 5 dudi day la dd thi ham sd >' = sinx trdn R. 
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Hinh 5 

c) Tdp gia trj cua ham sd j = sin x 

Td dd thi ta tha'y tap hgp mgi gia tri eua ham sd 3' = sinx la doan [-1 ; 1]. 

Ta ndi tap gid tri ciia ham sd nay la [-1 ; 1]. 

2. Ham so y = cosx 

Td dinh nghia ta thâ y ham s6y = eosx : 

• Xae dinh vdi mgi x G R va -1 < cosx < 1 ; 

• La ham sd chan ; 

• La ham sd tuSn hoan vdi ehu ki 27c. 

Vdi mgi x e R ta ed dang thdc 

7t^ 
smj X + — 

2j 
= cosx. 

Td dd, bang each tinh tiln dd thi ham sd }' = sinx theo vecto « = | — ; 0 
7t 

71 
(sang trai mdt doan ed dd dai bang —, song song vdi true hoanh), ta dugc dd 

tiii cua ham %6y = cosx (h.6). 

3' = sinx y = cos X 



Td dd thi cua ham sd j = cosx trdn Hinh 6, ta suy ra : 
Ham s6y = eosx dong bien trdn doan [-TC ; 0] va nghich bie'n trdn doan [0 ; 7r]. 
Bang bidn thidn : 

X 

y = eosx 

- 7 C 0 TC 

^ ^ 1 ^ . ^ ^ 

Tap gia tri cua ham sd j = cos x la [-1; 1]. 

Dd thi cua cac ham s6y = cosx, j = sinx duge ggi chung la cac dudng hinh sin. 

3. Ham so.y = tanx 

Td dinh nghia ta tha'y ham sd j = tanx : 

• Cd tap xae dinh la D = R \ <̂  — + )t7c, it e 

• La ham sd le ; 

• La ham sd' tuSn hoan vdi ehu ki 7t. 

Vi vay, dl xet su biln thidn va ve dd thi eua ham sd' j = tanx, ta chi e ^ xet su 

biln thidn va ve dd thi eua ham sd nay trdn nda khoang 71 

'•--2, 
, sau dd lafy ddi 

71 71 
xdng qua gd'c toa dd 0, ta duoc dd thi ham sd trdn khoang — ; — 

^ 2 2y 
Cud'i eung, do tinh tudn hoan vdi ehu ki 7C ndn dd thi ham sd>> = tanx trdn D 

f TC TZ\ ^ 

thu dugc td dd thi ham sd trdn khoang ; — bang each tinh tidn song 
V 2 2y 

song vdi true hoanh tdng doan cd dd dai bang 7C. 

a) Su bien thien va do thi ham 503' = tanx tren niira khoang 
" • ' 1 

Td bilu didn hinh hoe eua tanx (h.7a), vdi Xi, X2 e ' • • I 
r\ 

, AMi = xi. 

r\ AM-i = X2, AT\ = tanxi, AT2 = tanx2, ta thdy : 

xi < X2 => tanxi < tanx2. 

10 



Dilu dd ehdng to rang, ham sd j = tanx dong bien trdn nda khoang 
ftang J l H 

Hinh 7 

Bang biln thidn : 

X 

y = tanx 

0 

0 — 

7C 

4̂  

• I " ^ 

7t 

2" 
______—• +00 

Di ve dd thi ham sd j = tanx trdn nda khoang «^f ta lam nhu sau : 

.1 71 
Tinh gia tri eua ham sd' j = tanx tai m6t sd' diem dae bidt nhu x = 0, x = —, 

6 
71 7C s 

X = —, X =—,... rdi xae dinh eae dilm (0 ; tan 0), 
4 3 

r7l 7 C ^ 
—; tan-

Id 6J 
, 71 7C 

, - ; t an-

7C 7C I rry ^ t •> 

— ; tan— |, . . . . Ta eo bang sau 

X 

y = tanx 

0 

0 

7C 

3 

n 
4 

1 

7C 

I 

S ... 

D6 thi ham sd' j = tanx trdn nda khoang 
^ • • 1 

di qua cac dilm tim dugc. 

11 



Nhan xet rang khi x cang gdn - tiii d6 tiii hdm s6 y = tanx cang gdn 

dudngthangx=-(h.7b). 

b) Do thi ham soy = tanx tren D 

Vl J = tanx la ham sd le ndn dd thi ham 
sd cd tam dd'i xdng la gd'c toa dd O. 
Ldy dd'i xdng qua tam O dd thi ham sd 

3̂  = tanx trdn nda khoang -It 
2 

>' 1 

0 n 
2 

X 

Hinh 8 

o;-J..a 
duoc dd thi ham sd trdn nda khoang 

[f.o 
Td dd, ta dugc dd thi ham sd 3̂  = tan x trdn 

khoang ; — . Ta thdy trdn khoang 

nay, ham sd >' = tanx ddng biln (h.8). 

Vi ham sd j = tanx tudn hoan vdi ehu ki TC ndn tinh tid'n dd thi ham sd trdn 
I TC 7C I 

khoang — ; — song song vdi true hoanh tiing doan cd dd dai 7c, ta duge 

dd thi ham sd >' = tanx trdn D (h.9). 
y h 

I 
-3n 

2 
37C 

2 

/ 

X 

Hinh 9 

• Tdp gia tri cua ham sd 3̂  = tanx la khoang (-00 ; +00). 
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4. Ham so 3' = cotx 

Td dinh nghia ta thdy ham sd 3' = cotx : 

• Cd tap xae dinh lkD=R\ [kn, ke Z} ; 

• La ham sd le ; 

• La ham sd tudn hoan vdi ehu ki 7C. 

Sau day, ta xet su bidn thien va dd thi eua ham s6y = cotx tren khoang (0 ; TC), 
rdi td dd suy ra dd thi cua ham sd trdn D. 

a) Su bien thien va do thi ham sd3' = cotx tren khoang (0 ; n) 

Vdi hai sd Xj va X2 sao cho 0 < Xj < X2 < TC, ta ed 0 < X2 - Xj < TC. Do dd 

cot Xj - cot X2 = cos Xj cos X2 
sin xj sin X2 

sin X2 cos Xj - cos X2 sin Xj 
sin Xj sin X2 

_ sin(x2 - xj) 
>0 

sin xj sin X2 

hay eotxi > cotX2. 

vay ham s6y = cotx nghich bie'n trdn khoang (0 ; TC). 

Bang biln thidn : 

X 

y = cotx 

0 ? 
2 

^ ^ —00 

Hinh 10 bilu diln dd thi ham sd 3? = cotx 
trdn khoang (0 ; TC). 

Hinh 10 

13 



b) Dd thi cua ham sd j = cot x tren D 

Dd thi ham sd j = cotx tren D duge bilu didn trdn Hinh 11. 

-271 

Hinh II 

• Tap gia tri eua ham sd 3̂  = cotx la khoang (-00 ; +00). 

BAI DOC THEM 

HAM SO TUAN HOAN 

I - DI.NH NGHTA V A Vi DU 

1. Djnh nghTa 

Ham sd y =f{x) cd t$p xae dinh D di/gc goi la ham sd tudn hodn, 
neu tdn tai mot soT*Qsao cho vdi moi x e D ta cd : 

a ) x - r GZ) vax + r eZ) ; 

b)/(x + r)=/(x). 
Sd T di/ong nho nhat thoa man cac tfnh chat tren di/oc goi la chu kl 
ciia ham sd tuan hoan do. 

2. Vi du 

Vl du 1. Ham sd hang f{x) = c (c la hang sd) la mot ham sd tuan hoan. 
Vdi moi sd difdng T ta deu cd/(x + T) =/(x) = c. Tuy nhien khdng cd sd duong T 
nho nhdt thoa man djnh nghTa nen ham sd tuan hoan nay khong cd chu kl. 

14 



Vl'd^^ 2. Ham phan nguyen y = [x] da di/gc neu trong Dai sd 10. 

Ta xet ham 3' = |x} xae djnh bdi: {x} =x - [x]. Nd dugc goi la ham phan le cua x. 

Ching han, {4,31 = 4,3 - 4 = 0,3 ; 

{-4,3} = - 4 , 3 - ( - 5 ) = 0,7. 

Ta chdng to ham y= [x) la ham tuan hoan vdi chu ki la 1. 

That vay, {x+ 1} = x + 1 - [x+ 1] = x + 1 - [x] - 1 =x - [ x ] = |x }. 

Do thj cua ham so y = |x) di/oc bieu diSn tren Hinh 12. Nhin vao dd thi ta thay 
ham sd cd chu ki bang 1. 

y. 
1 

^7\77\7\7V\;' 
-2 -1 0 1 2 3 4 X 

Hinh 12 

3. Do thj cua ham sdtuln hoan 

Gia sd3' =/(x) la mot ham sd xae djnh tren D va tuan hoan vdi chu ki T. 

Xet hai doan Xj = [a ; a + 7] va X2 = [a + T ; a + 27] vdi a e D. 

Goi (Cj) va (C2) lan li/gt la phan cOa dd thj dng vdi x e Xj va x e X2, ta tim mdi 

lien he giura {£{) va (C2) (h.13). 

y 

f(Xo) 

0 

1 

a 

(Ci) 

/ ' \ 

T 

(C2) 

''"'\M2 
' , * • " " • • l l 

r i-v 1 

1 N , ' 

a + T x o + r 

T 

a + 2T X 

Hinh 13 

Lay XQ bat ki thuoc X^ thi XQ + T e X2. 
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Xet hai diem Mj va M2 ldn Iugt thude (Ci) va (C2), trong dd 

Mi{x^ ; yi) vdi 
Xj - XQ 

M2 {X2 ; 3'2) vdi 
-"̂ a ~ ""•Q •*" ^ 

3'2=/(Xo+r) = /(Xo). 

Ta cd MjMj = (x2 - xj ; 3'2 - 3'i) = (7 ; 0) = v (v khong doi). 

Suy ra M2 la anh cCia M j trong phep tjnh tien theo vecto v. Vay "(C2) la Snh cOa 

(Cj) trong phep tjnh tien theo vecto v". 

TU dd, mudn ve dd thj cCia ham sd tuan hoan chu ki T, ta chi can ve do thj cCia ham sd 
nay tren doan [a ; a + T], sau do thuc hien lan luot cac phep tmh tien theo cac vecto 
V, 2v, ..., va cac vecto -v , -2v, ... ta dUOc toan bd dd thj ciia ham sd. 

II - TlNH TUAN HOAN CCiA H A M SO LLfONG GlAC 

1. Tinh tuSn hoan va chu ki cua cac ham 503' = sinx va3' = cosx 

DINH LI 1 

Cac ham sd 3' = sinx va 3' = cosx la nhdng ham sd tuan hoan vdi 
chu ki 27t. 

Chiing minh. Ta chdng minh cho ham sd3" = sinx (trudng hop ham sd 3' = cosx 
dugc chdng minh tUdng tU). 

Ham 30 3' = sinx cd tap xae dinh la R ya vdi mgi sd thUc x ta cd 

x-2 j t e R , x + 2jt e R , (1) 

sin(x + 2ji) = sinx. (2) 

Vdy 3' = sinx la ham so tuan hodn. Ta chdng minh 27t la sd duong nhd nhat thoa 
man cac tfnh chat (1) va (2). 

Gia sd cd sd T sao cho 0 < 7 < 27t va sin(x + 7) = sinx, Vx € R . 

Chon X = —, ta dUdc 
2 

sin —+ 7 =sin—= 1 <:> cos7=l . 
U J 2 

Dieu nay trai gia thid't 0 < 7 < 2TC . 

Vay 271 la sd dUOng nhd nhat thoa man tfnh chat (2), nghTa la 27t la chu ki cOa 
hdm 30 3" = sinx. • 

16 



2. Tinh tuin hoan va chu ki cua cac ham soy = tanx va3^ = cotx 

DINH LI 2 
f 

Cdc ham 
chu ki TC. 

s6y = = tanx vd 3; = = cotx la nhdng ham sd tuan hoan vdi 

.-

Chiing minh. la chdng minh cho ham soy = tanx, (trudng hop hdm soy = cotx 
dugc chdng minh tuong tu). 

Hdm sd3' = tanxcd tap xae djnh £)= R \ |—+^7t, k& 

Vdi mgi xsDtacdx-nsDvax + n&D, tan(x + Jt) = tanx. 

Vay3' = tanxla ham sd tuan hoan. Ta chdng minh n la chu kl cua ham sd nay. 

GiS sd cd sd 7 sao cho 0 < 7 < TI va tan(x + 7) = tanx, Vx e D. 

Chgn X = 0 thi X e D va tan(0 + 7) = tanO = 0. 

Nhung tan a = 0 khi va chi khi a = A:7i, ̂  e Z , do do phai cd 7 = A:7i, ̂  e Z . Dieu 
nay mau thuin vdi gia thiet 0 < 7 < TI. 

Vay chu ki cQa ham sd 3' = tanx la TC. • 

Bai tqp 

1. Hay xae dinh cdc gia tri cua x trdn doan 
3TC 

dl ham sd y = tanx : 

a) Nhan gia tri bdng 0 ; 

c) Nhdn gia tri duong ; 

2. Tim tdp xae dinh eua eae ham sd : 

1 + cosx 

b) Nhan gia tri bang 1 ; 

d) Nhan gia tri am. 

a)y = 
smx 

b)3' = 
1 + eosx 
1 -cosx 

0)3^= tan 
TC 

X d) 3' = cot 
TC 

X + — 

3. Dua vao dd thi cua ham sd 3" = sinx, hay ve dd thi cua ham sd y = |sinx|. 

4. Chiing minh rang sin 2(x + T̂C) = sin 2X vdi mgi sd nguydn k. Td dd ve dd thi 
ham sd 3̂  = sin 2x. 

2.0Als6&GIAl1lfcH11-A 17 



5. Dua vdo dd thi ham s6y = cosx, tim cac gia tri cua x dl cosx = —. 

6. Dua vao dd thi hdm sd y = sinx, tim cdc khoang gia tri'eua x dl hdm sd do 
nhan gia tri duong. 

7. Dua vdo dd thi ham s6y = cos x, tim cae khoang gia tri cua x dl ham sd dd 
nhan gid tri am. 

8. Tim gia tri ldn nhdt cua cac ham sd : 

a) 3' = 2 Vcosx + 1 ; 

b)3' = 3 - 2sinx. 

PHl/CHMG TRINH LtfONG GlAC CO BAN 

4Tim mgt gia tri cOa x sao cho 2sinx - 1 = 0. 

Trong thuc tl, ta gap nhihig bdi toan ddn ddn vide tim td't ea cae gia tri cua x 
nghidm ddng nhihig phucmg trinh nao dd, nhu 

3sin2x + 2 = 0 

hoac 2cosx + tan2x-1 =0, 

ma ta ggi la cdc phucmg tiinh luang gidc. 

Gidi phucmg trinh lugng gidc la tim tdt ca cac gia tri cua dn sd thoa man 
phuong trtnh da cho, Cdc gia tri nay la sd do eua cac cung (gdc) tinh bang 
radian hodc bdng dd. 

Vide giai edc phuong trinh lugng gidc thudng dua vl vide giai cac phuong 
trinh sau, ggi la cdc phucmg trinh luang gidc ca hdn : 

sinx = a, cosx = a, tanx = a, cotx = a, 

trong do a la mdt hang sd. 

1 8 2.Bi!JSd&GlAlTlCH11-B\ 



1. Phi/dng trinh sinx = a 

^ 2 
i Cd gia tri ndo cCia x thod man phuong trinh sinx = -2 khdng ? 

Xet phuong tnnh sinx = a. (1) 

Trudng hgp lai > 1 

Hiuong traih (1) vd nghidm, vi Isinxl < 1 
vdi mgi x. 

Trudng hgp lai <, 1 
Ve dudng trdn lugng giac tdm O, true 
hoanh la true cdsin, true tung la true sin. 
Trdn true sin ldy dilm K sao cho OK = a. 
Td AT ke dudhg vudng gde vdi true sin, cdt 
dudng trdn lugng giac tai M va Af ddi 
xdng vdi nhau qua true sin (nlu \a\ = 1 
thi M trung vdi M') (h. 14). 

Hinh 14, 

r\ rv Td dd ta thdy sd do cua cac cung lugng giac AM vk AM' la tdt ca cae nghidm 
cua phuong tnnh (1). 

r\ 
Ggi a la sd do bang radian eua mdt cung lugng gidc AM, ta cd 

r\ 
^sdAM = a+k2n,k.e Z ; 

r\ 
sdAM'=n-a+k2n,ke Z. 

vay phuong tnnh sinx = a cd cae nghidm la 

X = a + k2n, k eZ; 
X = n- a + k2n, k e Z. 

Ndu sd thuc a thoa man dilu kidn 
7C TC 

^ « ^ — . V 

2 2 tlu ta viet a = arcSm a 
sma - a 

(dgc Id ac-sin-a, nghla la cung ed sin bdng a). Khi dd, cae nghidm cua 
phuong trtnh sinx = a dugc vidt la 

X = arcsina + ^27t, k s Z 

va X = 7C - arcsina + ^27c, k e Z. 
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CHUY 

a) Phuong trtnh sinx = sin a, vdi a la mdt sd cho trudc, cd cdc 
nghidm la 

x= a + k2n, k e Z 

vk x = n- a+ k2it, k e Z. 

Tdng qudt, 

' f{x) = g{x) + k2K, ksZ 

f{x) = 7c - g{x) + k2n, keZ. 

b) Phuong trtnh sinx =.sin;ff ° cd cae nghidm la 

sin/(x) = sin^(x)«> 

,0 
x = /3" + k36Qr, ke Z 

vk x=lS0°-/3° + k360°, keZ. 

e) Trong mdt cOng thde vl nghidm cua phuong trinh lugng 
gidc khdng dugc dung ddng thdi hai don vi dd va radian, 
d) Cae trudng hgp dae bidt: 

• a = 1 : Phuong trtnh sinx = 1 cd edc nghidm la 

X = - + it27c, k e Z. 
2 

• a = -l : Phuong trinh sinx = -1 ed cdc nghidm la 
7C 

X = h ^27C, k e Z. 
. 2 

• a = 0: Phuong trtnh sinx = 0 cd cac nghidm la 
X = ^7c, ^ e Z . 

Vi du 1. Giai cdc phuong trtnh sau : 

a) smx= — ; b) smx = —. 
2 5 

Gidi 

a) Vi — = sin— ndn sinx = - <:> sinx = sin—. 
2 6 2 .6 

Vdy phuong trinh ed cdc nghidm la 

X = - + k2n, ke Z vk x=7c + k2n = — + k2n, k e Z. 
6 6 6 
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b) Ta cd sinx = - khi x = arcsin-. Vay phuong trinh sinx = - cd cac 

nghidm la 

X =arcsin— + 2̂7C ,keZ 
5 

Giai cac phuong trinh sau : 

1 

va X = TC - arcsin— + k2% ,keZ. 
5 

a) sinx: 

2. Phirong trinh cosx = a 

Trudng hgp \a\ > 1 

Phuong trinh cos x = a vd nghidm 
vi Icosxl < 1 vdi mgi x. 

Trudng hgp |a| < 1 

Tuong tu trudng hgp phuong trtnh 
sinx = a, ta ldy dilm H trdn true cdsin 

sao cho OH = a. Tit H ke dudng 
vudng gde vdi true cdsin, cdt dudng 
trdn lugng gidc tai M vk M' ddi 
xdng vdi nhau qua true cdsin (nd'u 
Id = l th iM = Ar)(h.l5). 

b) sin(x + 45°) = - — . 
2 

s in .L 

Hinh 15 

Td do ta thdy sd do cua eae eung lugng giac AM vk AM' la tdt ca cae 
nghidm eua phuong trtnh cosx = a. 

r\ 
Ggi a la sd do bdng radian eua:thdt cung lugng gidc AM, ta cd: 

r v 
sdAM = a+ k2n, k e 

r\ 
sd AM' =-a+k2n,ke Z. 

vay phuong trtnh cosx = acd edc nghidm la 

X = ±a + k2K, k eZ. 
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CHUY 

a) Phuong trtnh cos x = cos a, vdi a la mdt sd cho trudc, cd cdc 
nghidm Id 

X = ± a + ^27c, k e Z. 

Tdng qudt, cos/(x) = cosg(x) o /(x) = ±g(x) + k2'Jt,ke Z. 

b) Phuong trtnh cosx = cosP° ed cdc nghidm la 

x = ±p° + k360'',keZ. 

c) Nd'u sd thuc a thoa man cdc dilu kidn 

J o < or < TC 
[cosa = a 

thi ta vilt a = arccosa (dgc la ae-edsin-a, cd nghla Id cung cd 
cdsin bang a). Khi dd, cdc nghidm cua phuong trtnh cos x = a 
cdn dugc vidt la 

X = ± arceos a + ^2TC, k e Z. 

d) Cic trudng hgp dac biet: 

• a=\ : Phuong trinh eosx = 1 cd cdc nghidm Id 

x = k2Ti,k& Z. 

• a = -1 : Phuong trtnh eosx = -1 cd cdc nghidm la 

X = 7C + 2̂7c, k e Z. 

• a = 0 : Phuong trtnh cosx = 0 cd cdc nghidm Id 

X = — + 7̂c, ̂  e Z. 
2 

Vl du 2. Giai cac phuong trtnh sau : 

. TC . . :, 72 
a)cosx=cos—; b)cos3x= ; 

6 2 

c) eosx = - ; d) cos (x + 60°) = — . 
3 2 

Gidi 

TC TC 

a) eosx = cos— •» x ;= ± — + 2̂7C, k e Z. — 
6 6 
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_ _ y[2 37C ^ 
b) Vi = cos— ndn 

2 4 
>/2 ., 37C .., , 37C , -

cos 3x = •- <^ cos 3x = c o s — <=> 3x = + 1- K27C 

^ 7C , 27C , „ 
«>x = ± — + ^ — , k e Z ; 

4 3 

e) eosx = — ox = ± arceos — + 2̂7C, k e Z ; 
3 3 

d)Vi — = cos 45° ndn 
2 

JT. 
cos(x + 60°) = — «:> cos (X + 60°) = COS 45° o X + 60° = ± 45° + A:360° 

<=> 
X = -15° + A:360° 

X = -105° + )t360° 
{ke Z). 

Giai cac phuong trinh sau : 

, 1 
a) cosx = — ; 

2 

b) cosx = — ; 
3 

c) cos(x + 30°) = — . 
2 

3. Phirong trinh tanx = a 
7C 

Dilu kidn eua phuong trtnh la x 5̂  — + A:7C (^ e Z ) . 

Can ed vdo dd thi ham sd' 3' = tan x, ta thdy vdi mdi sd a, dd thi ham sd y = tan x 
cdt dudng thang j = a tai cdc dilm ed hoanh d6 sai khdc nhau mdt bdi cua 7C 
(h.l6). ' • y, ' 

Hinh 16 
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Hoanh dd eua mdi giao dilm la mdt nghidm eua phuong trtnh tan x = a. 

7C TC 
Ggi xj la hoanh dd giao dilm (tanxj = a) thoa man dilu kidn —- < Xj < — 

Kl liieu Xj = arctan a (dgc Id ac-tang-a, nghia la cung cd tang bdng a). Khi dd, 
nghidm cua phuong trtnh tanx = a la 

X = aretana + 7̂C, k e Z. 

CHUY 

a) Phuong trtnh tan x = tan a, vdi a la mdt sd cho trudc, cd cac 
nghidm la 

X = a + 7̂c, k e Z. 

Tdng qudt, tan/(x) = tmg{x) => f{x) = g{x) + kn, k e Z. 

b) Phuong trtnh tanx = tan;5° cd eae nghidm Id 

x = /3° + kl80°,keZ. 

Vl du 3. Giai cdc phuong trtnh sau : 

a)tanx=tan— ; b ) t a n 2 x = — ; c) tan(3x+15°) =v3 . 

Gidi 

a) tanx =tan—<» X = — + K7C, ^ e Z. 
5 5 

b) tan2x = — <::> 2x = arctan — + 7̂C 
3 I 3; 

1 
<^x= —arctan 

2 

^ O 

V iJ 

TC 
+ k-, ke Z. 

2 
c) Vi >^ = tan 60° ndn tan(3x + 15°) = S <=> tan(3x + 15°) = tan 60*̂  

<::>3x+15° = 60° + /tl80°<»3x = 45° + itl80° . 

^x=l5° + k60°,ke 

Gicii cac phuong trinh sau : 
a)tanx=l; b)tanx = - l ; c) tanx = 0. 
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4. Phirong trinh cotx = a 

Dilu kidn cua phuong trinh Ik x i^ kn, k e Z. 

Can ed vao dd thi ham sd y = cot x, ta thdy vdi ihdi sd a, dudng thang 
J = a cat dd thi ham sd y = cotx tai eae dilm ed hoanh d6 sai khae nhau 
mdt bdi eua 7C (h.l7). 

-27C 27t 

Hinh 17 

Hoanh d6 cua mdi giao dilm la m6t nghidm eua phuong trinh cotx = a. 

Ggi Xj la hoanh dd giao dilm (cotxj = a) thoa man dilu kidn 0 < Xj < 7C. 

Kl hidu Xj = arceota (dgc la ac-edtang-a, nghia la cung cd cdtang bang a). 

Khi dd, edc nghidm cua phuong trinh cotx = a la 

X = arccot a + A:7C, ^ e Z. 

CHUY 

a) Phuong trtnh cotx = cot a, vdi a la mOt sd cho trudc, cd cac 
nghidm la 

x= a + kn, k e Z. 

Tdng quat, eot/(x) = cotg{x) => /(x) = g{x) + kn, k e Z. 

b) Phuong trinh cotx = eoty5° cd cac nghidm la 

x^j3° + klS0°,ke Z. 
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Vi du 4. Giai cac phuong trtnh sau : 

27C 

a) ept4x = cot — ; 

b) cot 3x = -2 ; 

c)eot(2x-10°)=-i=. 
V3 

Gidi 

2n . 2n , n , n , — 
a) eot4x = cot— <=> 4x = — +kn<:>x= — + k—. k e Z. 

7 7 14 4 
b) eot3x = -2 <:» 3x = arccot(-2) + kn 

<:>x= - arccot(-2)'+ k—,k e Z. 

e) Vi —7= = cot 60° ndn 

eot(2x - 10°) = ^ o eot(2x - 10°) = cot 60° 
V3 

<:>2x-10° = 60° + ;tl80° 

o x = 35° + A;90°,A:e Z. • 

^ 6 
iGi^i cdc phuong trinh sau : 

a)cotx=l; b)cotx = - l ; c)cotx = 0. 

GHI N H 6 

Mdi phuong trinh 

sinx = a (lai < 1); cosx = a (lai < 1); tanx = a ; cotx = a 

ed vo sd'nghiem. 

Giai eae phuong trtnh trdn la tim td't cd cdc nghiem eua chung. 
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BAI D O C T H E M 

M GlAl P.HaONG TRINH laONG GlAC CO BAN 
BANG MAY TlNH B 6 TOI 

Cd the sd dung may tfnh bo tui (MTBT) de giai cac phuong trinh lugng giac co 
b^n. Tuy nhi§n, ddi vdi phUOng trinh sinx = a may chi cho ket qua la arcsina vdi 
don vj td radian hoSc da dugc ddi ra do. Luc dd, theo cong thdc nghiem ta viet 
cac nghiem la 

X = arcsina + ̂ 27t, k e Z 

vd x = 7t-arcsina + ^271, ^ e Z. 

Tuong tu, ddi vdi phUOng trinh cosx = a may chi cho ket qua Id arccosa, dd'i vdi 
phuong trinh tanx = a may chi cho ket qua la aretana. 

Vi du. Dung MTBT CASIO fx - 500 MS, giai cac phUOng trinh sau : 

a) sinx = 0,5 ; b) cosx = — ; c) tanx = v3. 

Giai 

a) Neu mudn cd ddp sd bang do thi bam ba lan phfm ^ H l rdi bdm phfm mm 6i 
man hinh hien ra chOr D. Sau dd bam lien tie'p 

SHfFT 

Ddng thd nhdt tren man hinh hien ra sin 0.5 (cd nghTa la arcsin 0,5) va ket quci d 

dong thd hai la 30°0°0 (arcsin0,5 da dUOc doi ra do). 

Vay phuong trinh sinx = 0,5 cd cac nghiem la 

x = 30° + A:360°, keZ 

vd X = 180° - 30° + /t360° = 150° + /t360°, /t e Z . 

b) Bam li§n tiep 
SHIFT 

Dong thd nhat tren mdn hinh Id cos - (1 J 3) (cd nghTa Id arceos — ) vd ket qu^ 

d ddng thd hai Id 109°28'16.3" (arccosf--) da dUOc ddi ra do). 
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Vay phuong trinh cosx - — cd cac nghiem Id x » ± 109°28'16" + WdO", keZ. 

c) Bam lien tiep ^ ^ • ^ ^ ^ 
dong thd nha't tren man hinh Id tan ^\/3 (cd nghTa la aretanV3) vd ket qua d 

ddng thd hai Id 60°0°0 (arctan>/3 da dUOc doi ra dp). 

Vay phuong trinh tanx = v3 cd cac nghiem Id x = 60° + fcl80°, k e Z. m 

CHUY 

a) De giai phuong trinh sinx = 0,5 vdi ket quli la radian, ta bam ba 
MODE 

lan phfm l l^B rdi bam phfm 0 9 1 , mdn hinh hien ra chd R. 
SHIFT _ — _ , 

Sau do, bam lien tie'p B ^ i Q l ^ B l ^ 

ta dugc ket qua gan dung Id 0,5236 (arcsin 0,5 « 0,5236). 

Vay phuong trinh sinx = 0,5 cd cae nghiem Id 

x « 0,5236+ A:27t, keZ 

va X «TC - 0,5236 + fc2TC, keZ. 
b) De giai phuong trinh cotx = a bang MTBT, ta dUa ve giai phuong 

trinh tanx = — 
a 

1. Giai cae phuong trinh sau 

a) sin (x + 2) = — ; 

e) sin 
2x n] 

= 0 ; 

Bai tqp 

b) sin 3x = 1 ; 

d)sin(2x + 20°)= - — . 
2 

2. Vdi nhiing gia tri nao cua x thi gid tri eua edc ham sd y = sin 3x vd j = sinx 
bang nhau ? 

3. Giai eae phuong trinh sau : 

a) eos(x- 1) = — ; 
3 

c)eos 
3 x 7C 

T~4; 2 

b)eos3x = cos 12 ; 

d) cos 2x = —. 
4 
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2 cos 2x 
4. Giai phuong trinh = 0. 

l - s in2x 

5. Giai cdc phuong trinh sau : 

a) tan(x- 15 ) = — ; 

c) cos 2x tanx = 0 ; 

b)cot(3x-l) = -V3 ; 

d) sin 3x cotx = 0. 

6. Vdi nhiing gid tri nao eua x thi gid tri eua cdc hdm sd 3" = tan TC 

X va 

y = tan 2x bang nhau ? 
7. Giai eae phuong trinh sau 

a) sin 3x - cos 5x = 0 ; b) tan3x tanx= 1. 

M 6 T S6 PHl/ONG TRINH LtfONG GIAC 
THl/CTNG G A P 

1 - PHUONG TRINH BAC NHAT DOI V6l MOT HAM SO LUONG GIAC 

1. Djnh nghTa 

Phuang trinh bdc nhd't dd'i vdi mdt ham sd lugng giac la 
phuong trtnh ed dang 

at + b = 0, (1) 
trong dd a, b la eae hang sd (a ^0) vk t la mdt trong cae ham 
sd lugng gidc. 

Vidul 

a) 2sinx - 3 = 0 la phuong trtnh bae nhdt ddi vdi sinx. 

b) V3 tanx + 1 = 0 la phuong trinh bae nhdt ddi vdi tanx. 

^ 1 
Giai cac phuong trinh trong Vf du 1. 
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2. Cach giai 

Chuyin ve roi chia hai vl eua phuong trtnh (1) cho a, ta dua phuong trtnh (1) 
vl phuong trinh lugng giac co ban. 

Vi du 2. Giai cac phuong trinh sau : 

a)3cosx + 5 = 0 ; b) VScotx-3 = 0. 

Gidi :\ 

a) Td 3cosx + 5 = 0, ehuyin vl ta ed 

3cosx = - 5 . (2) 

. , 5 
Chia hai vd eua phuong trtnh (2) cho 3, ta duge cosx = — 

Vl — < -1 ndn phuong trtnh da cho v6 nghiem. 
3 * 

b) Td v3 cot X - 3 = 0, ehuyin vl ta ed 

V3cotx =3. (3)' 

Chia hai vl cua phuong trtnh (3) cho v3 , ta dugc cotx = V3 . 

Vi v3 = cot— nen cotx = v 3 <=> cotx = cot— <=>x = —I-^7C,^G Z . B 
6 6 6 

3. PhiTdng trinh dira ve phirdng trinh bae nhat doi vdi mot ham so 
lirdng giac 

Vi du 3. Giai eae phuong trtnh sau : 

a) 5eosx-2sin2x = 0 ; (4) 

b) 8sinx eosx cos 2x = - l . (5) 

Gidi 

a) Ta cd 5cosx - 2sin 2x = 0 <=> 5cos x - 4sinx cosx = 0 •» eosx(5 - 4sinx) = 0 

cos X = 0 

5 -4s inx = 0. 
<» 

TC 
• COSX = 0 <» X = — + ^7C, ^ e Z . 

2 
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• 5 - 4sinx = 0 o 4sinx = 5 •«> sinx = —, vi — > 1 ndn phuong trtnh ndy 
4 4 

vd nghidm. 
7C 

Vdy phuong trinh (4) cd cac nghidm lax = — + T̂C, k e Z. 

b) Ta cd 

8sin xeos xeos 2x = -1 •» 4sin2xcos2x = -1 «> 2sin4x = -1 

<:>sm4x= - - o 
2 

4x = — + ^27c 
6 

4x = — + ̂ 271 
6 

<» 

7C , TC 
X = + ^ — 

24 2 
7TC , 7C 

X = — + ^ — 
24 2 

{k e Z). 

n - PHUONG TRINH BAC HAI DOI VOl MOT HAM SO L U O N G GIAC 

1. Djnh nghTa 

Phuong trinh bdc hai dd'i vdi mdt ham sd luong giac la phuong 
trinh cd dang 

ar^ + 6r + c = 0, 
trong dd a, h, c la edc hang sd (a ^ 0) vd t Id mdt trong eae 
ham sd lugng gidc. 

Vidu 4 "• t > « ' 
2 < 

a) 2sin x + 3sinx - 2 = 0 la phuong trtnh bdc hai ddi vdi sinx. 
2 

b) 3cot X - ScotX - 7 = 0 la phuong trtnh bdc hai dd'i vdi cotx. • 

Gidi cac phUOng trinh sau : 
2 

a) 3cos X - 5cosx + 2 = 0; 

b)3tan^x-2>^tanx + 3 = 0. 

Cach giai 
Dat bilu thde lugng gidc lam dn phu va dat dilu kidn cho dn phu (nlu cd) 
rdi giai phuong trtnh theo dn phu nay. Cud'i cung, ta dua vl vide giai cac 
phuong trtnh lugng gidc co ban. 
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Vidu 5. Giai phuong trtnh 

2sin2- + > ^ s i n - - 2 = 0. 
2 2 

Gidi. Dat sin— = ? vdi dilu kidn 
• 2 • . 

- l < r < l 

ta dugc phuong trtnh bae hai theo t 

2t^ +y[2t-2 = 0. 

(*), 

(1) 

^ 
Phuong trinh (1) cd hai nghidm ti=-y[2 vk 2̂ =-^^ nhimg chi ed 

\/2 
2̂ = — thoa man dilu kidn (*). Vdy ta ed 

. X v2 . X . n 
sm— = — <» sin— = sm— 

2 2 2 4 

X TC , -
- = - + k2n 
2 4 
X 371 
- = — + ;t27c 
.2 4 

X = — + A;47C 
2 

X = — + M7C 
2 

(it e Z). 

3. Phirdng trinh dira ve dang phiTdng trinh bae hai doi vdi mot 
ham so lirdng giac 

Hay nhac lai: 
a) Cac hang dSng thdc lugng giac cd ban ; 
b) Cdng thdc cdng ; 
c) Cdng thdc nhan ddi; 
d) Cdng thdc bien ddi tfch thanh tdng va tdn^ thdnh tfch. 

Cd nhilu phuong trinh lugng giac ma khi giai cd thi dua vl phuong trinh 
bdc hai dd'i vdi mdt ham sd lugng giac. Sau ddy la mdt sd vf du. 

Vidu 6. Giai phuong trtnh iU i;<:ii'n 

6eos X + 5sinx - 2 = 0. (2) 
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, 2 2 » 

Gidi. Biln ddi cos x = 1 - sin x, ta dua phuong trinh (2) vd dang 
2 

- 6sin X + 5sinx + 4 = 0. 

Dat sinx = r vdi dilu kidn -1 <t< 1, ta duge phuong trtnh bae hai theo t 
6t +5t + 4 = 0. (3) 

4 1 , 1 
Phuong trinh (3) ed hai nghidm ĵ = — va ?2 = nhung chi cd t2 = — 

thoa man dilu kidn. Vay ta cd 

1 . . f 7C 
smx = — <=> smx = sm 

2 V 6J 

X = 1- ^27C 

6 
7TC 

X = — + ^27C 
6 

{k e Z). 

Vidu 7. Giai phuong trtnh 

>/3 tanx - 6eotx + 2V3 - 3 = 0. 

Gidi. Dilu kidn eua phuong trinh (4) la cosx 5̂  0 va sinx ^̂  0. 

Vi cotx = 
1 

tanx 
ndn phuong trinh (4) ed thi vid't dudi dang 

v3tanx + 2>/3-3 = 0, 

(4) 

tanx 

hay \/3 tan^x + (2V3 - 3)tanx - 6 = 0. 

Dat tanx = r, ta duge phuong trinh bae hai theo t 

yf3t^+{2yl3 -3)t-6 = 0. 

Phuong trinh (5) ed hai nghidm : ?i =^/3 , 2̂ = -2. 

Vdi t] = S to cd tanx = V3 <s> tanx = tan— <^ x = — + kn, k 
^ 3 3 

(5) 
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Vdi 2̂ = -2 ta ed tanx = -2 «> X = arctan(-2) + kn, k e Z. 

Cae gia tri nay diu thoa man dilu kidn ndu trdn nen chung Id cae nghiem 
cua phuong trinh (4). • 

4 
Giai phuong trinh 3cos 6x + 8sin 3x cos 3x - 4 = 0. 

Vi du 8. Giai phuong trtnh 

2 2 
2sin X-5sinx eosx - cos x = - 2 . (6) 

Gidi. Trudc hit, ta thdy nlu eosx = 0 thi phuong trtnh (6) ed vl trdi bang 2, edn 

vl phai bang -2, ndn cos x = 0 khdng thoa man phuong trtnh (6). Vay cos x^O. 

2 
Vl eosx ^ 0 ndn chia hai vl eua phuong trinh (6) cho cos x, ta duge 

2 2 2 2 
2tan X - 5tanx - 1 = — <=> 2tan x - 5tanx - 1 = -2(1 + tan x). 

cos X 

Ta dua duge phuong trtnh (6) vl phuong trinh bae hai theo tanx 

4tan x -5 tanx+ 1 =0 

o 
tanx = 1 

1 
tanx = —. 

4 

• tanx = 1 <^ X = — + kn, k e 
4 

1 1 , , n. 
• tanx = — «.X = arctan— + kn, k e Z. 

4 4 

vay phuong trinh (6) ed cac nghidm la 

X = — + K7C 
4 

va X = arctan— + K7C (^ e 
4 
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I l l - PHUONG TRiNH B A C NHAT DOI v 6 l sinx v A cosx 

«'. . .«' 1. Cong thurc bien doi bieu thurc asin x + frees x 

i^5 
DUa vdo cac cdng thdc cdng da hgc : 
sin {a + b) = sin acos b + sin bcos a ; 
sin {a- b) = sin acos b -sin bcos a ; 

cos {a + b) = cos acos b - sin asin b ; 
cos {a- b) = cos acos b + sin asin b 

va ket quh cos—= sin— = — , hay chdng minh rang : 

a) sinx + cosx= v2cos X ; b) sinx-cosx = V2 sin x -—| . 

1 1 
Trong trudng hgp tdng qudt, vdi a + b t̂ 0, ta cd 

asinx + bcosx=\a + b sin X + 
.V?+6^ V?+ 

b ^ 
rCOSX 

Vi a f 
J 

f 
+ 

V 

\2 

Vfl̂  +b^ J [4a^ + b^ 
= 1 ndn ed mdt gde a sao cho 

b 

4J7. = cos a. 777 = sma. 
b' 

Khi dd asinx + ZJCOSX = va + b (sin xeos a + cos xs ina) 

= V ^ b sin(x + a). 

Vdy ta ed cdng thde sau 

X + Z7COSX = va + b sin(x + a ) , (1) 

b 
asm 

vdi cos a = 
,/? va sm a = 

+ 6̂  ^ / ^ + b' 

2. Phirdng trinh dang asinx+ frcosx = c 

Xet phuong trtnh asin x + 6cos x = c, 

vdia,h,ce R •,a,b khdng ddng thdi bang 0 {a^ + b^ ^ 0). 

(2) 
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Nlu a = 0, b ^ 0 hoac a ^ 0, b = 0, phuong trinh (2) cd thi dua ngay vl 

phuong trinh lugng gidc eo ban. Nlu a it 0, b ^ 0, ta ap dung cdng thdc (1). 

Vi du 9. Giai phuong trinh 

sin X + V 3 cos x = 1. 

Gidi. Theo cdng thdc (1) ta cd 

sinx + v3cosx = yjl + (v3) sin(x + a ) = 2sin(x + a). 

1 J3 
trong dd cos a = —, sin a = — . Td dd ldy a = — thi ta cd 

sinx + -sMCOSx = 2sin 
^ 7 C ^ 

X + — 
V 3y 

Khidd 

sinx + v3eosx= 1 <=> 2sin 
7C 

X + — = 1 <=> sin 
3 

f A 
X + — 

y 3) 
2 

<=> sm 
7C 1 . 7C 

X -\— = sin— 
3) 6 

<=> 

TC TC , -
X H — = — h A:2TC 

3 6 
TC TC , -

x H — = TC 1- A : 2 T C 

3 6 

<s> 

X = h k2n 
6 

X = - + k2n {k e Z). m 
2 

Giai phuong trinh ^/3sin3x-cos3x = ^^. 

Bai tqp 

1, Giai phuong trtnh 

2. Giai cae phuong trinh sau : 

a) 2cos c - 3cosx + 1 = 0 ; 

. 2 . „ 
sm X - sinx = 0. 

b) 2sin 2x + >/2 sin4x = 0. 
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3. Giai cdc phuong trinh sau : 

9 X X 2 

a)sin 2eos— + 2 = 0 ; b) 8cos x + 2sinx - 7 = 0 ; 
2 2 
2 

c) 2tan X + 3tanx + 1 = 0 ; d) tanx - 2eotx + 1 = 0 . 
4. Giai cac phuong trinh sau : 

a) 2sin x + sinx cosx - 3cos x = 0 ; 
2 2 

b) 3sin X - 4sinx COSX + 5eos X = 2 ; 
2 2 1 

c) sin X + sin 2x - 2eos x = — ; 
2 

d) 2cos X - 3v3 sin 2x - 4sin x = - 4. 

5. Giai cae phuong trinh sau : 

a) eosx - v3 sinx - v2 ; b) 3sin3x - 4cos3x = 5 ; 

c) 2sinx + 2eosx- >/2 = 0 ; d) 5eos2x+ 12sin2x- 13 = 0. 
6. Giai cae phuong trinh sau : 

a) tan(2x + l)tan(3x - 1) = 1 ; b) tan X + tan 
TC 

X + — 1. 

BAI D O C T H E M 

^ ^ ^ [ BAT PHLTONG TRINH LLTONG GlAC 

Ta chi xet cac bat phUOng trinh lUOng giac cd ban. Dd Id nhOrng bat phuong trinh 
dang sinx > a (hodc sinx > a, sinx < a, sinx < a), trong do a Id mgt sd thUC tuy ^. 
Ta cung xet nhdng bat phuong trinh tuong tU ddi vdi cdc hdm sd cosx, tanx, cotx. 

I - BAT PHLTONG TRINH sinx > a 

Ne'u a > 1 thi ba't phUOng trinh sinx > a vo nghiem, vi sinx < 1 vdi mpi x. 

Neu a < -1 thi mgi sd thUC x deu Id nghiem cOa bat phUOng trinh sinx > a, vi sinx > - 1 
vdi mgi x. 
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Ta xet trudng hgp -1 < a < 1 thong qua vf du sau. 

Vidu 1. GiSi bat phuong trinh 

sinx> 

Giai. Ve dudng trdn lugng giac tdm O. 
Tren true sin ld'y diem K sao cho 

— >/2 
0K = -!— (h.18). 

2 

Ke td K dudng thing vudrig gdc vdi true 
sin, c i t dudng trdn tai hai dilm M vd M'. 

rx 
R6 rdng, neu cung AD c6 sd do tho^ man 
bd't phuong trinh (1) thi D phai nim tren 

cung MBM' vk ngUOc lai. 

Ta cd sd AM = — + ^27t, ^ € Z vd 
4 

Hinh 18 

cdsin 

sd AM' = — + it27t, ke Z. 
4 

Vdy nghiem cua bat phuong trinh sinx > — Id 

— + kin < X < — + kin, k e Z. m 
4 4 

-Jl 
Chu y. Dilm cudi cCia cung cd sd do Id nghigm cOa bat phuong trinh sinx < — 

phiii nam tren cung M'B'M va nguoc lai (h.18). Khi dd, nghiem cOa bat phudng 
trinh Id 

- ^ + it27l < X < - + 27t + Jt27t 
4 U J 
3n 9Tt 

hay — + jt2Tt < X < — + kin, {k e Z). 
4 4 

II - BAT PHL/ONG TRlNH cosx < a 

Neu a < - 1 thi bdt phUOng trinh cosx < a v6 nghidn. 

Ndu a > 1 thi moi so thuc x ddu Id nghidm ciia bdt phuong trinh cosx < a. 

la xdt trudng hop -1 < a < 1 thdng qua vf du sau ddy. 
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Vidu 2. Gidi bdt phUOng trinh 

cosx< -
^ 

(2) 

Giai. Tren true cosin lay diem H cd hodnh 

yfl dd Id . Ke tu H dudng thing vudng 

gdc vdi true cosin, cat dudng tron lugng 
giac tai hai di lm M vd M' (h.19). 

rx . , 
Ro rdng, neu cung AE cd so do thoa man 
bdt phuong trinh (2) thi E phdi nam tren 
cung MA'M' va ngUOc lai. Vay nghiem 
cCia bdt phuong trinh da cho Id 

— +kln<x< — + kin, )t e Z. • 
4 4 

yfl 
Chu ]/. Bat phuong trinh cosx > cd nghidm Id 

— + kin < X < — + 2;r I + A:27t 
4 \4 

hay 
57t , ^ IITC , - , 
— + K27I < X < — + kin, k e 
4 4 

Hinh 19 

cdsin 

III - BAT PHLfONG TRlNH tanx > a 

Vdi moi sd thUc a, bat phuong trinh tanx > a ludn c6 nghiem 

Ta xet vf du sau day. 

Vidu 3. Gill bat phuong trinh 

t a n x > l . (3) 

Giai. Lay tren true tang dilm / sao cho AI = I. 
Ndi 01 cat dudng tron lugng giac tai M va M' 

(h.20). Neu cung AE cd so do thoa man bdt 
phuong trinh (3) thi dilm E phii nam tren mgt 

trong hai cung MB vd M'B' vd ngugc lai. 

Vdy nghiem cCia bd't phuong trinh (3) Id 

— + T̂t < X < — +kn{k € Z ) . • 
4 2 

A'\ 

57l\ 
4 

, 

B 

/ 

<V 

i 

4 / 

O 

B' 

. 

I 

tang 

1 

A 

Hinh 20 
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Chu y. Nghiem cua bat phuong trinh tanx < 1 Id 

— +^7c<x< — + kn, k e 
2 4 

IV - BAT PHL/ONG TRINH cotx < a 

Vdi mgi sd thuc a, bat phuong trinh cotx < a 
deu cd nghiem. 
Ta xet vf du sau day. 

Vidy 4. Giai bat phuong trinh 

1 
cotx< s-

, 
B 

a y>^^ 

(4) 

0 

A'\ 

4 n V 
3 

1 

O 

B' 

J 
— • » 

"VM cOtang 
/n\ 

3 \ 

fA 

Hinh 21 

Giai. Lay diem J tren true cdtang sao cho 

BJ = —j=. Ndi JO clt dudng trdn iUdng gidc tai 
V3 

hai diem MvdM'(h.21). 

r\ 
Neu cung AF cd sd do thoa man bat phuong trinh (4) thi dilm F phai nam tren mgt 

trong hai cung MA' va Af'A va ngugc lai. 
Vay nghiem cOa bat phuong trinh (4) Id 

71 
— + i t 7 t < X < 7 t + ^7t, ^ e Z. • 
3 

Chu y. Nghi§m cCia bat phuong trinh cotx>-7= la 
V3 

kn<x< — -\-kn,k e Z. 
3 

On tqp chuong I 

1. a) Ham s6y = cos 3x ed phai la ham sd chdn khdng ? Tai sao ? 

7C 
b) Ham sd j = tan| x + — | cd phai la ham sd le khdng ? Tai sao ? 

2. Can cd vao dd thi hdm sd j = s inx, tim nhihig gia tri cua x tren doan 

dl ham sd dd : 

a) Nhdn gid tri bang -1 ; b) Nhan gid tri am. 
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3. Tim gid tri ldn nhdt eua eae hdm sd sau 

a) J = 72(l + eosx) + 1 ; 

4. Giai edc phuong trinh sau : 

2 
a)sin(x + l) = - ; 

2 X 1 
e ) e o t ^ - ^ - ; 

2, 3 

5. Giai eae phuong trtnh sau : 
2 

a) 2eos x - 3eosx + 1 = 0 ; 

e) 2sinx + t;osx= 1 ; 

b) y - 3 sin X - - 2 . 

b) sin 2x = — 
2 

d) tan m — + 12x =-V3. 
V12 

2 2 
b) 25sin x + 15sin2x + 9eos x = 25 ; 
d) sinx+ 1,5 eotx = 0. 

Bai tqp trac nghiem 

Chgn phuang dn dung : 

6. Phuong trinh eosx = sinx ed sd nghidm thude doan [- TC ; TC] la : 

(A) 2 ; (B)4; (C) 5 ; (D) 6. 

cos 4x ( TT ^ 

7. Phuong trinh = tan2x ed sd nghidm thude khoang 0 ; — 
eos2x • • V 2y 

la 

(A) 2 ; (B)3; (C)4; (D) 5. 

8. Nghidm duong nhd nhdt eua phuong trinh sinx + sin2x = eosx + 2eos^x la 

( A ) ^ ; 
6 

(B) 
2TC 

(C) 
TC <B,f. 

3 ^ ' 4 

9. Nghidm dm ldn nhd't eua phuong trtnh 2tan^ x + 5tanx + 3 = 0 la: 

(A) - f ; (B) - ^ ; 
4 

(C) - ^ ; 
6 

(D) - ^ . 
6 

10. Phuong trtnh 2 tan x - 2 cot x - 3 = 0 ed sd nghidm thude khoang 

( A ) l ; (B)2; (C) 3 ; (D) 4. 

f 
V 

7C 
— 
2 

\ 
7C 
J 

la: 
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/ / Chuong 11 TO +^OP^MQ^?MI 

LO 

•q: 
X 

I 

Chuong nay cung cap nhung kien thiic co ban nhat ve Dai so to hgp va Li thuyet 

xae suat. 
Phan thu nhat bao gom quy tic cong va quy tic nhan, cac khai niem, cac cong 
thuc ve hoan vi, chinh hgp va to hgp. Cac bai toan nay thuong gap trong Toan ting 
dung. Ngoai ra, cong thuc khai trien nhi thuc Niu-ton va cac ap dung cua no cung 

dugc trinh bay. 
Phan tiep theo cung cap nhung khai niem mo dau va cac cong thuc don gian nhat 
cua Li thuyet xae suat, mot Unh vuc quan trong cua Toan hoc, c6 nhieu ung dung 

thLic te. 



QUY T A C D ^ M 

Trong Dai sd td hgp, cd nhilu tdp hgp hdu han ma ta khong dd dang xae 
dinh duge sd phdn td cua chung. Di dim sd phan td cua cae tap hgp hdu 
han dd, eung nhu dl xay dung eae cdng thdc trong Dai so to hgp, ngudi ta 
thudng sit dung quy tdc cdng va quy tac nhan. 

Sd phdn td eua tdp hgp huu han A dugc ki hidu la n{A). Ngudi ta 
cung dung ki hidu | A| dl ehi sd phdn tu eua tap A. Chang han : 

a) Nd'u A = {a, b, c] thi sd phdn tu eua tap hgp A la 3, ta vid't 
n{A) = 3 hay |A| = 3. 

b)Ne'u A = {1,2, 3,4, 5, 6, 7, 8,9}, 

B = {2, 4, 6, 8} (tdp hgp eae sd chan eua A), 

th\A\B= {1,3,5,7,9). 

- Sd phdn tijr eua tdp hgp A la n{A) = 9. 

- Sd phdn td cua tap hgp B la «(B) = 4. 

- Sd phdn td eua tap hgp A XB la n{A\B) = 5. 

I - QUY TAC C O N G 

Vi du 1. Trong m6t hdp chda 
sdu qua cdu trdng dugc ddnh 
sd td 1 din 6 va ba qua cdu den 
dugc ddnh sd 7, 8, 9 (h.22). Cd 
bao nhidu each ehgn mCt trong 
cdc qua cdu dy ? 

0 © © 0 © © 
Hinh 22 

Gidi. Vi cdc qua cdu trdng hoae den diu duge danh sd phan bidt ndn mdi 
ldn ld'y ra mdt qua cdu bdt ki la m6t ldn chgn. Nlu ehgn qua trang thi ed 6 
each ehgn, edn nlu ehgn qua den thi ed 3 each. 

Do dd, sd cdch ehgn mdt trong eae qua cdu la 6 + 3 = 9 (each). • 
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QUY TAC 

1 
Trong Vf 
den. Neu 
tap A, B. 

M6t cong vice duge hoan thanh bdi mgt trong hai hanh 
dgng. Nlu hanh d6ng nay cd m each thuc hien, hanh ddng 
kia cd n each thue hien khong trung vdi bat ki each ndo cua 
hanh ddng thd nhdt thi cong viec ddcdm + n each thue hien. 

du 1, kf hieu A Id tap hop cdc qua cau trang, B Id tap hgp cdc qua cau 
mdi quan he giOfa sd each ehpn mot qua cau vd sd cae phan td cOa hai 

1cm 

II 

Quy tdc e6ng dugc phdt bilu d tren thuc ehdt la quy tdc dim sd phdn tit cua 
hgp hai tap hgp hdu han khong giao nhau, dugc phat bilu nhu sau : 

Neu Ava B la cdc tap hgp hUu hgn khong giao nhau, thi 

n{A u S) = /7(A) + n{B). 

CHUY 

Quy tdc e6ng ed thi md r6ng cho nhilu hanh d6ng. 

Vi du 2. Cd bao nhieu hinh vudng trong Hinh 23 ? 

Gidi. Rd rang, chi ed thi ed cae hinh 
vudng canh 1 cm va 2 em. Ki hieu A la 
tap hgp cac hinh vudng ed canh 1 em va B 
la tap hgp edc hinh vuOng ed canh 2 cm. //,-„;, 23 

Vi A n B = 0 , A u B la tap hgp cac hinh vu6ng trong Hinh 23 va «(A) = 10, 
n{B) = 4 ndn 77(A u B) = n{A) + n{B) = 10 + 4 = 14. 

vay cd tdt ea 14 hinh vudng. • 

- QUY T A C NHAN 

Vi du 3. Ban Hoang cd hai do mau khdc nhau va 
ba qudn kilu khae nhau. Hoi Hoang ed bao nhidu 
each chgn mdt bd qudn do ? 

Gidi. Hai do duge ghi ehfl a vk b, ba qudn 
dugc danh sd 1, 2, 3. 

Di ehgn mdt b5 qudn do, ta phai thue hidn lidn 
tie'p hai hanh dgng : 

Hanh dgng 1 - ehgn do. Cd hai each chgn (chgn a hoae b) Hinh 24 
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Hdnh dgng 2 - chgn qudn. Ung vdi mdi each ehgn ao cd ba each ehgn quan 
(ehgn 1, hoae 2, hoae 3). 

Kit qua ta ed edc bd qudn do nhu sau : al, fl2, a3, h\, hi, h3 (h.24). 

vay sd cdch ehgn m6t bd quan do la 2 . 3 = 6 (each), ai 

Tdng qudt, ta ed quy tac nhdn sau day. 

QUY TAG 

Mgt cdng viec duge hoan thanh bdi hai hanh dgng lien tiep. 
Nlu cd m each thue hien hanh ddng thd nhdt va dng vdi 
mdi each dd cd n each thue hien hanh ddng thd hai thi ed 
m.n each hoan thanh cdng viec. 

TU thdnh phd A den thdnh phd B cd ba 
con dudng, tU B den C c6 bdn con 
dudng (h.25). Hdi c6 bao nhieu each di 
tUA den C, qua B 7 

CHUY 

B 

Hinh 25 

C 

Quy tdc nhan ed thi md rdng cho nhilu hanh dgng lien tilp. 

Vidu 4. Cd bao nhieu so dien thoai gdm : 

a) Sdu chfl sd bdt ki ? 

b) Sau ehu sd le ? 

Gidi 

a) Vl mdi sd dien thoai la mgt day. gdm sau chfl sd nen dl lap mgt sd dien 
thoai, ta edn thuc hien sau hanh d6ng lua chgn lidn tilp eae ehfl sd dd td 10 
ehfl'sdO, 1,2, 3 ,4 ,5 ,6 ,7 , 8, 9. 

Cd 10 each ehgn chfl sd dau tien. 

Tuong tu, ed 10 each chgn chfl sd thd hai ; 

Cd 10 each chgn ehfl sd thd sau. 

vay theo quy tdc nhan, so cac sd didn thoai gdm sau chfl so la 

10.10 10 = 10^ = 1 000 000 (sd). 

6 thufa so 

b) Tuong tu, sd edc sd dien thoai gdm sdu ehfl sd le la 5 =15 625 (sd). • 
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Bai tqp 

1. Tfl cac ehfl sd 1, 2, 3, 4 ed thi lap duge bao nhieu sd tu nhien gdm : 

a) Mgt chfl sd ? b) Hai ehu sd ? e) Hai ehfl sd khdc nhau ? 

2. Tfl cac chfl sd 1, 2, 3,4, 5, 6 ed thi lap dugc bao nhieu sd tu nhien be hon 100 ? 
3. Cac thanh phd A, B, C, D dugc ndi vdi nhau bdi cac con dudng nhu Hinh 26. 

Hoi : 

a) Cd bao nhidu each di tfl A ddn D ma qua BvkC chi mgt ldn ? 

b) Cd bao nhidu each di tfl A din D rdi quay lai A ? 

Hinh 26 

Co ba kilu mat ddng hd deo tay (vu6ng, trdn, elip) vd bd'n kilu ddy (kim 
loai, da, vai va nhua). Hoi cd bao nhidu cdch chgn m6t chile ddng hd gdm 
mgt mat vd mgt day ? 

HOAN VI - CHINH HOP - T 6 H O P 

I - HOAN VI 

1. Djnh nghTa 

Vi du 1. Trong m6t tran bdng da, sau hai hiep phu hai dgi vdn hod ndn phai 
thue hidn da luan luu 11 m. Mgt dgi da ehgn duge nam cdu thu dl thuc 
hidn da nam qua 11m. Hay ndu ba cach'sdp xep da phat. 
Gidi. Di xdc dinh, ta gia thiit ten eda nam cdu thu duge chgn la A, B, C, 
D, E. Di td chdc da luan luu, hudn luydn vidn cdn phan c6ng ngudi dd thd 
nhdt, thd hai, ... va kit qua phan eong la mgt danh sach cd thd tu gdm tCn 
cua nam cdu thu. Chang han, neu vilt DEACB nghia Id D dd qua thd nhdt, 
E da qua thd hai, ... va 8 da qua cudi cung. 
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Cd thi neu ba each td chdc da luan luu nhu sau : 

Cdch 1 : ABCDE. 

Cdch 2 : ACBDE. 

Cdch 3 : CABED. • 

Mdi kit qua cua viec sdp thd tu ten cua nam cdu thu da.chgn dugc ggi la 
mdt hodn vi tdn eua nam cdu thu. 

DINH NGHlA 

Cho tap hgp A gdm n phdn t\x{n>\). 

Mdi kit qua cua su sdp xd'p thfl tu n phan tu cua tap hgp A 
duge ggi la m6t hodn vi cua n phan tu dd. 

Hay liet ke tat ca cac sd gom ba chd sd khdc nhau tCr cac chfl sd 1,2,3. 

NHAN XET 

Hai hoan vi cua n phdn tu chi khae nhau d thd tu sdp xd'p. 

Chang han, hai hodn vi abc va ach cua ba phdn tu a, h, c la 
khdc nhau. 

A C B D 

Hinh 27 

2. So cac hoan vj 

Vidu 2. Cd bao nhieu each sdp xep bdn ban An, Binh, Chi, Dung ngdi vao 
mdt ban hgc gdm bd'n chd ? 

Gidi. Di don gian, ta vilt A, B, C, D thay cho 
ten cua bdn ban va vilt ACBD di mo ta each 
xIp chd nhu Hinh 27. 

a) Cdch thii: nhdt: Liet kd. 

Cdc each sdp xd'p chd ngdi duge liet kd nhu sau : 

ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, 

BACD, BADC, BCAD, BCDA, BDAC, BDCA, 

CABD, CADB, CBAD, CBDA, CDAB, CDBA, 

DACB, DABC, DBAC, DBCA, DCAB, DCBA. 
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Nhu vay ed 24 cdch, mdi each cho ta mdt hodn vi tdn eua bd'n ban vd 
ngugc lai. 

b) Cdch thii hai: Dung quy tdc nhan. 

- Cd bd'n each ehgn mgt trong bd'n ban dl xIp vao chd thd nhdt. 

- Sau khi da ehgn mdt ban, edn ba ban nfla. Cd ba each chgn mdt ban xIp vao 
chd thd hai. 

- Sau khi da ehgn hai ban rdi cdn hai ban nua. Cd hai each chgn mdt ban ngdi 
vao chd thd ba. 

- Ban edn lai duge xd'p vdo chd thd tu. 

Theo quy tdc nhdn, ta ed sd cdch xd'p chd ngdi la 

4 . 3 . 2 . 1 =24 (cdch). • 

Kl hieu P„ la sd cdc hodn vi eua n phdn tir. Ta ed dinh If sau ddy. 

DINH Li 

P„ = « ( « - ! ) .. .2.1. 

Chieng minh. Di lap dugc mgi hodn vi cua n phdn td, ta tien hdnh nhu sau : 

Chgn mgt phdn td cho vi tri thd nhdt. Cd n each. 

Sau khi ehgn mdt phdn td cho vi tri thd nhdt, ed n - 1 each chgn mdt phdn 
td cho vi tri thd hai. 

Sau khi da ehgn n-2 phdn tu cho n - 2 vi tri ddu tidn, cd hai each chgn 
mgt trong hai phdn td cdn lai dl xd'p vdo vi tri thd n-l. 

Phdn tit edn lai sau eung duge xd'p vdo vi tri thd n. 

Nhu vay, theo quy tdc nhdn, cd n.{n - 1) ... 2.1 kit qua sdp xdp thd tu n 
phdn tfl da cho. 

Vdy 

P„ = n{n- 1)... 2.1. • 
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CHU Y 

Kl hidu n{n- I)... 2.1 la n\ (dgc la n giai thiia), ta cd 

P = n' 

M^2 
^Trong gid hgc mdn Giao due quoc phdng, mdt ti lu ddi hgc sinh gdm mudi ngudi 
dugc xep thdnh mdt hdng dgc. Hdi cd bao nhieu each xep ? 

II - CHINH HOP 

1. Ojnh nghTa 

Vi du 3. Mdt nhdm hgc tdp ed nam ban A,B,C, D, E. Hay kl ra vdi each phdn 
cdng ba ban ldm true nhdt: mdt ban quet nhd, mdt ban lau bang va m6t ban 
sdp ban ghi. 

Gidi. Ta cd bang phdn cdng sau ddy. 

Quet nha 

A 
C 

Lau bang 

C 
D 
B 

Sap ban ghe' 

D 
C 
E 

Mdi cdch phdn cdng ndu trong bang trdn cho ta mOt chinh hgp ehdp 3 eua 5. • 

Mdt cdch tdng quat, ta cd dinh nghia sau day. 

DINH NGHiA 

Cho tap hgp A gdm n phdn tit (n > 1). 
Kit qua cua vide ld'y k phdn tir khdc nhau tfl n phdn td cua tdp 
hgp A vk sdp xIp chung theo mdt thd tu ndo dd duge ggi Id 
mdt chinh hap chap k cua n phdn tvt da cho. 

^ 3 
Trdn mdt phlng, cho bd'n dilm phan biet A, B, C, D. Liet ke td't ea cae vecto khdc 
vecto - khdng ma dilm dau vd dilm cudi cCia chung thupc tap dilm da cho. 
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Sd cac chinh hdp 

Trd lai Vi du 3, ngodi each tinh sd each phdn cdng true nhat bdng phuong 
phdp liet ke, ta edn ed mdt each khdc la six dung quy tdc nhan. Dl tao hdn 
mgi each phan cdng, ta tid'n hanh nhu sau : 

- Chgn mdt ban tfl nam ban dl giao vide quet nha. Cd 5 cdch. 

- Khi da ehgn mdt ban quet nha rdi, ehgn tid'p mdt ban tfl bd'n ban cdn lai 
de giao vide lau bang. Cd 4 each. 

- Khi da ed cae ban quit nha vd lau bang rdi, chgn mdt ban tfl ba ban cdn lai 
dl giao vide sdp ban ghi. Cd 3 each. 

Theo quy tdc nhan, sd cdch phan cdng true nhat la 

5 . 4 . 3 = 60 (each). 

Ndi each khdc, ta cd 60 chinh hgp ehdp 3 eiia 5 ban. • 

Kl hidu A^ la sd cae chinh hgp ehdp k cua n phdn tfl (1 < ̂  < «). Ta cd dinh If 

sau day. 

DINH U 

/ 
A ^ = n ( n - 1 ) . 

\ 
.{n-k + l). 

Chiing minh. Dl tao ndn mgi chinh hgp chap k eiia n phdn td, ta tiln hanh 
nhu sau : 

Chgn mgt trong n phdn tfl da chd xd'p vao vi trf thd nhd't. Cd n each. 

Khi da cd phdn tfl thfl nhdt, chgn tid'p mdt trong n-l phdn tfl cdn lai xd'p 
vao vi trf thd hai. Cd n - 1 each. 

Sau khi da ehgn k - I phdn tfl rdi, ehgn mdt trong n- {k- I) phdn td cdn lai 
xIp vao vi tri thfl A:. Cd n - ^ + 1 cdch. 

Tfl dd theo quy tdc nhdn, ta dugc" 

A^ = n{n.-l)..:{n-k + l).m 

Vi du 4. Cd bao nhidu sd tu nhien gdm nam chfl sd khdc nhau dugc lap tfl cdc 
ehflsdl,2,..., 9? 

, Gidi. Mdi sd tfl nhidn ed nam ehu sd khdc nhau dugc ldp bang each ldy 
nam chfl sd khae nhau tfl chfn chfl sd da cho vd xd'p chung theo m6t thd tu 
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nhdt dinh. Mdi sd nhu vay dugc coi la mgt chinh hgp ehdp 5 cua 9. Vay sd 
cdc sd dd la 

A ^ = 9 8 7 6 . 5 = 15 120. B 

CHUY 

a) Vdi quy udc 0! = 1, ta cd 

A ^ -
{n-k)\ 

l<k<n. 

b) Mdi hoan vi eua n phdn tfl eung chfnh la mdt chinh hgp 
chap n ciia n phdn tfl dd. Vi vay 

P - 4 " 

III - TO HOP 

1. Djnh nghTa 

Vi du 5. Trdn rtiat phdng, cho bdn dilm phan bidt A, B, C, D sao cho khdng 
cd ba dilm nao thdng hang. Hdi cd thi tao ndn bao nhidu tam giac ma edc 
dinh thude tap bd'n dilm da cho ? 

Gidi. Mdi tam gidc dng vdi m6t tdp eon gom ba dilm tfl tap bd'n dilm da 
cho. vay ta cd bd'n tam giac ABC, ABD, ACD, BCD. m 

Mdt cdch tdng qudt, ta ed dinh nghia sau ddy. 

DINH NGHiA -» 

I Gia sfl tap A cd n phdn tfl (n > 1). Mdi tap con gdm k phdn tu 
eua A duge ggi la mgt to hgp chap k cda n phdn tU da cho. 

CHUY 

Sd k trong dinh nghla edn thoa man dieu kien I < k < n. Tuy vay, 
tap hgp khdng ed phdn tfl nao la tap rdng nen ta quy udc ggi tdp 
rdng la td hgp chap 0 cua n phdn tfl. 

Cho tap A ={ 1,2, 3,4, 5}. Hay Net ke cac to hgp chap 3, chap 4 cua 5 phan tdcCia A. 
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So cac to hdp 

Kf hieu C^ la sd cac td hgp ehdp k cua n phdn t\x{id<k< n). 

Ta cd dinh If sau day. 

DINH U 

c* - "' 
" k\{n-k)\' 

Chitng minh. Vdi A = 0, cdng thdc hiln nhidn dung. 

Vdi A > 1, ta thdy mdt chinh hgp chap k cua n phdn tfl dugc thanh lap nhu sau : 

- Chgn mdt tap eon k phdn tfl ciia tap hgp gdm n phdn tfl. Cd C^ cdch chgn. 

- Sdp thd tfl k phdn tfl chgn dugc. Cd k\ each. 
Vay theo quy tdc nhan, ta ed sd cdc chinh hgp chap k cua n phdn tfl la 

"•n ' - M - " -

Tfl do C^ = 
;t _ AJ «! 
" k\ k\{n-k)\' 

Vi du 6. Mdt td cd 10 ngfldi gdm 6 nam vd 4 nfl. Cdn lap mdt doan dai bilu 
gdm 5 ngudi. Hdi: 

a) Cd tdt ca bao nhidu each lap ? 
b) Cd bao nhidu each ldp dodn dai bilu, trong do cd ba nam, hai nfl ? 
Gidi 
a) Mdi dodn dugc ldp la mdt td hgp ch^p 5 cua 10 (ngudi). Vl vdy, sd dodn 
dai bilu cd thi cd la 

Cf„=i5i = 252. 
" 5!5! 

b) Chgn 3 ngfldi tfl 6 nam. Cd Cg cdch chgn. 

Chgn 2 ngfldi tfl 4 nfl. Cd C4 each chgn. 

Theo quy tdc nhdn, ed tdt ca C^.cl = 20.6 = 120 each lap dodn dai bilu 
gdm ba nam vd hai ntt. • 

Cd 16 ddi bdng da tham gia thi dau. Hoi cdn phai to chdc bao nhieu trdn dd'u sao 
cho hai ddi bat ki deu gdp nhau dung mgt Idn ? 
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3. Tfnh ehd't cua cac so C^ 

Tfl dinh If vl cdng thflc tfnh sd cdc td hgp ehdp k eua n phdn tfl, ta cd cae 
tfnh chdt sau ddy. 

a) Tinh chdt 1 

nk _ nn-k {Q<k< n). 

Chang ban, C7 = C7 = 35. 

b) Tinh chdt 2 (cdng thflc Pa-xean) 

^n-l "̂  ^--n-l ~ ^n {l<k<n). 

Ching ban, C7 + C7 = Cg = 70. 

Vi du 7. Chflng minh ring, vdi 2 < it $ n - 2, ta cd 

n-2 + ^n-2 • 

Gidi. Theo Tfnh ehdt 2, ta ed 

*-« — V^»_0 + ^^M-O + ^ n - : 

C k—2 , r-ik-X _ r^k-X 
n-2 + ^n-2 " ' -n-l • 

n-2 + ^ n - 2 " ' -«- l -

Cdng cdc vl tuong flng eua (1) vd (2) vd theo Tfnh ehdt 2, ta ed 

C k-2- . T/-iA:-l , fyk 
n-2 + ^^n-2 + % - 2 

^k-\ + C„_i - C„ . I 

(1) 

(2) 

B A I D O C THfiM 

^ 

TlNH S6 CAC H O A N V! VA S6 CAC TO HOP 
B A N G M A Y TfNH B 6 T O I 

Cd thi sfl dung mdy tfnh bd tui di tfnh sd cdc hodn vj n\ vk sd cdc t l hgp C* 
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1. Tinh sdcac hoan vj bdng may tinh bd tui 

Dung may tfnh be t.ui CASIO fx - 500MS d l tinh nl, ta an cdc phfm theo trinh tU 

sau : 

An sd n, an phfm ^ B , an phfm ^ H l , an phfm ^ B l . Khi dd, ket qua se hiln thj 
d dong thd hai. 

Vidul. Tinh 101. 

Ta bam lien tiep cac phfm sau : 
SHIFT -V' 

Dong thd hai hien ra 3,628,800. 

Vay 101 = 3 628 800. 

2. Tinh sd cac td hdp bing may tinh bd tui 

Dung may tfnh bd tui CASIO fx - 500 MS de tfnh C^, ta an cdc phfm theo trinh tU sau : 

An sd n, d'n phfm liHS), an sd k, a'n phfm I^SI . Kit qua hien thi d dong thd hai. 

V/'du2. Tfnh C 2̂ • 

Ta a'n lien tiep cac phfm sau : 

Jli^^iMl^B 
Dong thd hai hien ra 792. 

Vay CJ2 = 792. 

Bai tap 

Tfl edc ehfl so 1, 2, 3, 4, 5, 6, lap edc so tfl nhidn gdm sdu chfl sd khae 
nhau. Hoi: 

a) Cd tat ea bao nhidu sd ? 

b) Cd bao nhidu so chan, bao nhidu so le ? 

c) Cd bao nhidu sd be hon 432 000 ? 

Cd bao nhidu each sdp xIp chd ngdi cho mudi ngudi khach vao mudi ghi 
ke thanh m6t day ? 

Gia sfl ed bay bdng hoa mau khdc nhau vd ba Ig khae nhau. Hoi ed bao 
nhieu each edm ba bong hoa vao ba Ig da cho (mdi Ig edm mdt b6ng) ? 
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4. Cd bao nhidu cdch mdc ndi tid'p 4 bdng den dugc ehgn tfl 6 bdng den khdc 
nhau ? 

5. Cd bao nhidu cdch edm 3 bdng hoa vao 5 Ig khae nhau (mdi Ig edm khdng 
qua mgt bdng) nd'u : 

a) Cdc bdng hoa khae nhau ? 

b) Cae bdng hoa nhu nhau ? 

6. Trong mat phdng, cho sdu dilm phdn bidt sao cho khdng cd ba dilm ndo 
thang hang. Hdi cd thi ldp dugc bao nhidu tam gidc ma cae dinh eua nd 
thude tdp dilm dd cho ? 

7. Trong mat phang ed bao nhidu hinh chfl nhat dflge tao thdnh tfl bd'n dfldng 
thang song song vdi. nhau vd nam dudng thang vudng gdc vdi bd'n dudng 
thang song song dd ? 

NHI THlTC NIU-TON 

I - CONG THtrc NHI THUC NIU-TON 

Tacd : 

(a + b)^ = a^ + 2ab + b^ = C§a^ + c\a^b^ + CJb'^, 

{a + 6)^ = a^ + 3ah + 3ab^ + b^ = 0 ^ + c\a^b^ + C^a^b^ + C f̂e^ 

Khai triln bilu thflc {a + b) thdnh tdng cdc dOn thdc. 

Tdng qudt, ta thfla nhan cdng thflc khai triln bilu thflc {a + &)" thdnh tdng 
cae don thflc nhu sau : 

{a + b) = C„a + C„a o + ... + C„a b + ... + C^ ab + C„o . (1) 

Cdng thflc (1) dugc ggi la cong thiic nhi thUc Niu-ton. 
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H£ QUA 

Vdi a = & = 1, tacd 2" = C2 + Cjj + ... + C;|. 

Vdi a = 1 ; 6 = - 1 , ta cd 

0 = cj - ci +... + (-i)*cj +... + (-D^c;;. 
CHU Y 

Trong bilu thflc 6 vl phai cua cdng thdc (1): 
a) Sd cdc hang tfl la n + 1; 
b) Cae hang tfl cd sd mu cua a giam ddn tfl n ddn 0, sd mu cua 
b tang ddn tfl 0 din n, nhung tdng cdc sd mu cua a va b trong 

mdi hang tfl ludn bang n (quy udc a° = b^ = 1); 
c) Cac hd sd cua mdi cap hang tfl each diu hai hang tfl ddu va 
cud'i thi bang nhau. 

Vi du 1. Khai triln bilu thdc {x + y)^. 

Gidi. Theo cdng thdc nhi thflc Niu-ton ta cd 

{X + 3 )̂' = e g / + Clx'y + clxV +clxV + c J ^ V + clxy' + C ^ / 

= / + 6x^y + 15/3;^ + 20x^y^ + ISx^y "^ + 6xy^ + / . • 

Virfu 2. Khai triln bilu thflc (2;c-3)^ 

Gidi. Theo cdng thflc nhi thflc Niu-ton ta cd 

(2x-3)'^= C3(2x)'^ + ci(2x)^(-3) + c5(2x)2(-3)2 + cl2x{-3)^ + cJ(-3)'* 

= 1 6 / - 96x^ + 2 1 6 / - '2I6X + 81. • 

Vi du 3. Chiing td rang vdi n > 4, ta cd 

pO + c^ + C"* + = Ĉ  + C^ + = 2""^ 

Gidi. Kf hidu A = cJ + C^ + ... 

B=ci+C^+... 

Theo Hd qua ta cd 2" = A + B, 
0 = A - B. 

Tfldd suyra A =B = 2''~^ • 
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II - TAM GIAC PA-XCAN 

Trong cdng thflc nhi thflc Niu-ton d muc I, cho n = 0, 1,... va xIp cdc hd sd 
thdnh ddng, ta nhan duge tam gidc sau ddy, ggi Id tam gidc Pa-xcan. 

n = 0 

n = l 

n = 2 

n = 3 

n = A 

n = 5 

n = 6 

n = 7 

1 

1 

1 7 

NHAN X^T 

1 

6 

1 

5 

21 

1 

1 

3 

1 

1 

2 1 

3 

4 6 4 
\ ^ \ ^ 

10 10 
15 

35 

20 15 

35 21 

Tfl cdng thflc C* = C*l} + C^_i suy ra each tfnh cae sd b mdi 
ddng dfla vao cae sd b ddng trflde nd. Chang ban 

C | = c i + cJ = 4 + 6 = 10. 

^ 2 
DCing tam gidc Pa-xcan, chflng to'ring 

a) 1 + 2 + 3 + 4= C^; 

b ) l + 2 + ... + 7 = C ^ 

Bai tqp 

1. Vilt khai triln theo cdng thflc nhi thflc Niu-ton : 

a) (a + 2b) ; h){a-yl2f • c) 
xl3 

X - -
V xj 
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2. Tim he sd cua .v" trong khai triln cua bieu thflc 
A6 

x + — 
V x"" J 

3. Bie't he sd cua x^ trong khai trien cua (1 - 3xf la 90. Tim n. 

( -, \^ 
4. Tim sd hang khong chfla x trong khai triln cua x + — . 

V x) 

5. Tfl khai triln bieu thflc {3x - A) thanh da thflc, hay tfnh tdng cae he sd 
eua da thflc nhan dugc. 

6. Chflng minh rdng : 

a) l l ' ° - 1 ehiahetcho 100; 
100 

b) lOr - 1 chia hit cho 10 000'; 

c) VlO [(1 + N/10)^^ - (1 - VlO)^°°] la mgt sd nguyen. 

B A N C O B I E T ? 

PA-XCAN (PASCAL) 

Pa-xcan Id nhd toan hoc, vat If hoc vd triet hgc ngfldi 
Phap. Pa-xcan luc nho la mot cdu be than dong. Cha cau 
nhan thay dieu nay. Khong mudn sdm lam met 6c con, 
ong cam cau be Pa-xcan hoc toan. Song dieu nay cang 
kfeh thi'ch tfnh to mo cua cdu. Nam 12 tudi, mot hom cau 
hoi cha "Hinh hoc Id gi ?" Cha cau giai thfch so qua clio 
cau hieu. Pa-xcan ra't ld'y lam thfch thu. Cdu lien bude 
theo con dudng dung Id thien hudng ctja minh. Khong cdn 
sach vd, mot minh cau tU chflng minh dugc rang tdng cdc 
gdc trong mgt tam giac bang hai gdc vuong. O tuoi 16, 
Pa-xcan viet cong trinh dau tien cCia minh ve cac thiet 
dien conic. 

Blaise Pascal 
(1623 - 1662) 

Pa-xcan viet hang loat cong trinh ve cac chudi sS vd cdc he sd nhj thflc. Pa-xcan da 
dua ra bang cac he sd cCia sU khai triln cda {a + b)" dudi dang mgt tam giac, 
ngay nay gpi la "Tam giac Pa-xcan" Pa-xcan da tim ra cdc h§ sd nhj thflc bang 
phuong phap quy nap todn hoc, dd Id mot trong nhflng phdt minh quan trgng cCia 
ong. Dieu mdi me d day Id Pa-xcan phdt hien ra rang cac he sd nhj thflc chfnh Id 
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sd cac td hgp chap k ciia n phan tfl va^Pa-xcan da dung chiing de giai nhflng bdi 
todn cua If thuyet xdc suat. 

Mdt cdng hien I6n nfla cCia Pa-xcan Id viec khdi thao phep tfnh cac dai lugng vo 
cung be. 
Ve mdt kT thuat, ngay tfl ndm 1642, luc mdi 19 tudi, Pa-xcan da sang che ra mot 
may tfnh de thuc hien cac phep tfnh sd hoc. Nguyen tac cua may nay da la xuat 
phdt dilm cho viec che tao mdy tfnh dien td ve sau nay.. 

o l ghi nhd cong lao cOa ngudi dau tien da sang che ra may tfnh, cac nhd tin hoc 
da ddt ten cho mgt ngdn ngfl mdy tfnh rat phd bien la ngon ngfl Pa-xcan. 

Ve vat li, Pa-xcan da nghien cdu dp sua't cua khf quyin va cdc van de thuy t7nh hgc. 

Ten cCia Pa-xcan da dUOc ddt cho mgt mieng nui Ida tren Mdt Trang. 

PHEP THLf VA BI^N C6 

I - PHEP THU", KHONG GIAN MAU 

1. Phep thur 

Mgt trong nhflng khai niem co ban cua If thuylt xae sudt la phep thfl. MOt 
thf nghiem, mdt phep do hay mgt su quan sat hien tugng nao dd, ... duge 
hiiu la phep thu:. 

Chang ban, gieo mdt ddng tiln kim loai (ggi tdt la ddng tiln), rut m6t quan 
bai tfl ed bdi tu lo kho (cd bai 52 la) hay ban mOt vidn dan vao bia, ... la 
nhiJng vf du vl phep thfl. 

Khi gieo mdt ddng tiln, ta khdng thi doan trflde dflge mat ghi sd (mat 
ngfla, vie't tat la Â ) hay mat kia (mat sdp, vilt tdt la S) se xudt hien (quay 
len tren). Dd la vf du vl phep thii ngdu nhien. 

Mdt each tdng qudt: 

Phep thu: ngdu nhien la phep thfl ma ta khdng doan trudc 
dugc kit qua eua nd, mac du da biet tap hgp tdt ea cae kit qua 
ed thi ed eua phep thfl dd. 

Dl don gian, tfl nay phep thfl ngdu nhien dugc ggi tat la phep thfl. Trong 
Todn hgc phd thdng, ta ehi xet eae phep thfl cd mdt sd hflu ban kit qua. 
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2. Khong gian miu 

1 
Hdy liet ke cdc kit qua ed th i cCia phep thfl gieo 
mdt con sOc sac. 

• • • 
• • • 

II Tap hgp cdc kit qua ed thi xay ra eua mdt phep thfl duge ggi la 
II khong gian mdu eua phep thfl vd kf hidu la Q (dgc la d-md-ga). 

Vi du 1. Gieo mdt ddng tiln (h.28). 
Dd la phep thfl vdi khdng gian mdu 
n= {S, N}.6 day, S kf hidu cho kit 
qua "Mat sdp xudt hidn" vd Â  kf hidu 
cho kit qua "Mat ngfla xudt hidn". 

Vi dti 2. Nlu phep thfl la gieo mdt 
dong tien hai ldn thi khdng gian mdu 
gdm bdn phdn tfl: Q = [SS, SN, NS, NN}, 
trong dd, chang han, SN la kit qua "Ldn ddu ddng tiln xud't hidn mat sdp, 
ldn thfl hai ddng tiln xudt hidn mat ngfla",... 

Vi du 3. Nlu phdp thfl la gieo mot con siic sdc hai ldn, thi ichdng gian mdu 
gdm 36 phdn tfl : Q = {(/, j) I /, ; = 1, 2, 3, 4, 5, 6}, d dd (/, j) Id kit qua 
"Ldn ddu xud't hidn mat / chdm, ldn sau xudt hidn mat; chdm" (h. 29). 

Hai mdt d6ng tiSn 

Hinh 28 

B
B
B
B
B
B
 

B
B
B
B
B
B
 

B
B
B
B
B
B
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II - Bifi'N CO 

Vi du 4. Gieo mdt ddng tiln hai ldn. Day la phep thfl vdi khdng gian mdu 

Q={SS,SN,NS,NN}. 

Ta thdy su kidn A : "Kit qua eua hai ldn gieo la nhu nhau'' ed thi xay ra 
khi phep thfl dflge tien hanh. Nd xay ra khi va ehi khi mdt trong hai kit qua 
SS, NN xudt hien. Nhu vay, su kien A tflong flng vdi mgt vd ehi mdt tap 
con {SS, NN) cua khdng gian mdu. Chfnh vi le dd, ta ddng nhdt chung vdi 
nhau va vilt A = {S5, NN}. Ta ggi A la mdt bie'n co. 

Tflong tfl, bie'n cd B : "Cd ft nhdt mdt ldn xudt hidn mat ngfla" duge vid't Id 

B={SN,NS,NN}. 

Ngugc lai, tap con C = {SS, SN} la biln ed ed thi phat bilu dudi dang 
mdnh d l : "Mat sdp xudt hidn trong ldn gieo ddu tidn". 

Cdc biln cd' A, B vd C d trdn diu gdn liln vdi phep thfl gieo mot dong tien 
hai ldn ndn ta ndi chung lidn quan ddn phep thfl da cho. 

- Mdt cdch tdng quat, mdi biln ed lien quan ddn mdt 
phep thfl dflge md ta bdi mdt tap con eua khdng gian 
mdu (h.30). Tfl dd ta cd dinh nghia sau ddy. 

Bie'n cola mdt tap con eua khdng gian mdu. 
Hinh 30 

Nhu vay, mdt biln ed lidn quan din phep thfl Id mdt tap hgp bao gdm edc 
kit qua nao do eua phep thfl. 

- Cdn ehu y rdng biln ed ddi khi duge cho dudi dang mdt mdnh dl xae dinh 
tdp hgp nhfl da thdy trong Vf du 4, hoae trong phep thfl gieo con sue sdc, biln 
cd A : "Con sue sde xudt hidn mat chdn chdm" duge cho dudi dang m^nh dl 
xae dinh tap eon A = {2,4, 6} eua khdng gian mdu Q ={1,2,..., 6}. 

Ngudi ta thudng kf hidu eae biln ed bang cdc ehfl in hoa A,B,C,... 

- Tfl nay vl sau, khi ndi cho cdc bie'n co A, B, ... ma khdng ndi gi thdm thi 
ta hiiu ehdng cung lidn quan din mdt phep thfl. 

I Tap 0 dflge ggi Id bie'n co khong the (ggi tdt la bie'n co 
khong). Cdn tap Q dflge ggi la bie'n co chdc chdn. 

Chdng ban, khi gieo mgt con sue sde, biln ed : "Con sue sdc xudt hidn mat 
7 chdm" la biln cd khdng, edn bid'n ed : "Con sue sdc xud't hien mat cd sd 
chdm khdng vugt qua 6" la bien ed chdc chdn. 

- Ta ndi rdng bie'n co A xdy ra trong mdt phep thfl nao dd khi va chi khi 
kit qua eua phep thfl dd la mdt phdn tfl eua A (hay thuari Igi cho A). 
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Nhfl vay, biln ed khong the (tfle la 0 ) khong bao gid xay ra, trong khi dd, 
bien cd chdc chdn Q ludn luon xay ra. 
Trong Vl du 4, neu xuat hien kit qua SS thi A xay ra edn B khdng xay ra. 
Trong khi dd, neu xuat hien ket qua SN thi B xay ra pdn A khdng xay ra. 

Ill - PHEP TOAN T R E N C A C B I E N C O 

- Gia sfl A la biln cd lien quan din mdt phep thfl. 

I Tap Q \ A dflge ggi la bien co ddi 
II cua bidn cd A, kf hidu la A (h.31). Hinh 31 

Do 0) ^ A <^ (o ^ A, ndn A xay ra khi va ehi khi A khdng xay ra. 

Chang han, nd'u phep thfl la gieo mgt con sue sdc thi bidn ed B : "Xudt hidn 
mat chdn chdm" la biln ed ddi cua bie'n ed A : "Xud't hidn mat le chdm", 
nghia la B - A . 

- Gia sfl A va B la hai biln ed lien quan ddn mgt phep thfl. Ta ed dinh nghia sau : 

Tap A u B dugc ggi la hgp eua eae bie'n ed A va B. 

Tap Ar\B duge ggi la giao eua cae bie'n ed A va B. 

Nd'u A n B = 0 thi ta ndi A va B xung khdc. 

Theo dinh nghla, A u B xay ra khi va ehi khi A xay ra hoae B 
xay ra ; A n B xay ra khi va ehi khi A va B ddng thdi xay ra. 
Bie'n CO Ar\B cdn dugc vilt la A.B. 
A vkB xung khdc khi va ehi khi chung khdng khi nao eung 
xay ra (h. 32). 

Ta cd bang sau : 

Ki hieu 

A c Q 

A = 0 

A = Q 

C=A^B 

C = AnB 

Ar^B = <Z) 

B= A 

Ngon ngiif bien cd 

A la bien c6' 

A la bien co khfing 

A la bie'n cd chdc chan 

C la bien co : "A hoac B" 

C la bien co : "A va B" 

A va B xung khic 

A va 6 dd'i nhau. 

Hinh 32 
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Vi du 5. Xet phep thfl gieo mgt dong tien hai ldn vdi cac bien cd : 

A : "Kit qua ciia hai ldn gieo la nhfl nhau" ; 

B : "Cd ft nhdt mdt ldn xudt hidn mat sap' ; 
C "Ldn thfl hai mdi xudt hidn mat sdp" ; 
D : "Ldn ddu xudt hien mat sdp" 

Tacd : 

A={SS,NN} •,B={SN,NS,SS} •,C ^{NS} -,0 ={SS,SN}. 

Tfl dd, , 

C u D = {SS,SN,NS} =B; 

Ar\D = {SS} la biln cd "Ca hai lan diu xudt hien mat sdp" 

Bai tqp 

1. Gieo mdt ddng tiln ba ldn. 

a) Md ta khdng gian mdu. 

b) Xdc dinh eae bie'n cd : 

A : "Ldn ddu xudt hidn mat sap" ; 

B : "Mat sdp xay ra dung mgt ldn" ; 

C : "Mat ngita xay ra ft nhdt mgt ldn" 

2. Gieo iddt con sue sdc hai ldn. 

a) Md ta khdng gian mdu. 

b) Phdt bilu cac biln ed sau dudi dang mdnh de : 

A = {(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)} ; 

B= {(2, 6), (6, 2), (3, 5), (5, 3), (4 ,4)} ; 

C = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}. 

3. Mgt hdp cTifla bdn cdi the duge danh so 1, 2, 3, 4. Ldy ngdu nhidn hai the. 

a) Md ta khong gian mdu. 

b) Xde dinh eae bid'n ed sau : 

A : "T6ng cdc sd trdn hai the la sd chdn" ; 

B : "Tich eae sd tren hai the la sd chdn" 
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1 
4. Hai xa thu cung bdn vao bia. Kf hieu A^ la biln cd : "Ngudi thfl k bdn 

trdng", ^= 1,2. 

a) Hay bilu diln eae biln ed sau qua eae biln ed Aj, A2 : 

A : "Khdng ai bdn trung"; 

B : "Ca hai diu bdn trung" ; 

C : "Cd dung mdt ngudi bdn trung'' ; 

D : "Cd ft nha't mdt ngudi bdn trung". 

b) Chflng td rang A = D ; BvkC xung khdc. 

5. Tfl m6t hgp chfla 10 cdi the, trong dd edc the ddnh sd 1, 2, 3, 4, 5 mdu do, 
the ddnh sd 6 mdu xanh vd cdc the ddnh sd 7, 8, 9, 10 mdu trdng. Ld'y ngdu 
nhien mdt the. 

a) Md ta khdng gian mdu. 

b) Kf hieu A, B, Cld cac biln ed sau : 

A : "Ldy duge the man do" ; 

B : "Ldy dugc the mau trdng"; 

C : "Ldy dugc the ghi sd chdn". 

Hay bilu diln cdc bien cd A, B, C bdi cdc tap hgp eon tuong flng cua 
khdng gian mdu. 

6. Gieo mdt ddng tiln lien tilp cho din khi ldn ddu tidn xudt hidn mat sdp 
hoae ca bd'n ldn ngfla thi dflng lai. 

a) M6 ta khdng gian mdu. 

b) Xae dinh cac bid'n ed : 

A : "Sd ldn gieo khdng vugt qua ba'' ; 

B : "Sd ldn gieo la bd'n". 

7. Tfl mdt hgp chfla nam qua cdu dugc ddnh sd 1, 2, 3, 4, 5, ld'y ngdu nhidn 
lidn tid'p hai ldn mdi ldn mdt qua va xd'p theo thfl tfl tfl trdi sang phai. 

a) Md ta khdng gian mdu. 

b) Xde dinh cac bid'n cd sau : 

A : "Chfl sd sau ldn hon ehfl sd trudc"; 

B : "Chfl sd trflde gdp ddi chfl sd sau"; 

C : "Hai ehfl sd bang nhau' 
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xAc SUXT CUA Blfi'N c 6 

I - DINH NGHIA CO DIEN CUA XAC SUAT 

1. Djnh nghTa 

Mdt dac trflng dinh tfnh quan trgng eua biln cd lidn quan ddn mdt phep thfl 
la nd cd thi xay ra hoae khdng xay ra khi phep thfl dd dflge tid'n hanh. Mdt 
cdu hdi dugc dat ra la nd ed xay ra khdng ? Kha nang xay ra eua nd la bao 
nhidu ? Nhu vdy, nay sinh mdt vdn dl la cdn phai gdn cho bid'n ed dd mdt 
eon sd hgp If dl ddnh gia kha nang xay ra eua nd. Ta ggi sd dd la xdc sud't 
ciia bie'n co. 

Vi du 1. Gieo ngdu nhidn mOt con sue sde cdn dd'i va ddng ehdt. Cae kit 
qua ed thi la (h.33) 

• • • • • • • • 
• • • • • • • • 

Hinh 33 

Khdng gian mdu eua phep thfl nay cd sdu phdn tfl, duge md ta nhu sau 

Q={1 ,2 ,3 ,4 ,5 ,6} . 

Do eon sue sdc la can dd'i, ddng ehdt vd dugc gieo ngdu nhidn ndn kha 
nang xudt hidn tflng mat cua eon sue sde la nhu nhau. Ta ndi chung dong 

khd ndng xud't hien. Vdy kha nang xudt hidn cua mdi mat la —. 
6 

Do dd, nd'u A la bid'n cd : "Con sue sdc xudt hidn mat le" (A = {1, 3, 5}) thi 
kha nang xay ra eua A la 

6 " ^ 6 ^ 6 ~ 6 ~ 2 ' 

sd nay duge ggi Id xdc sud't cua bie'n cd'A. 
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1 
^Tfl mgt hop chda bdn qud cau ghi chfl a, hai qua cau ghi chfl b va hai qua cau ghi 
chfl c (h.34), lay ngdu nhien mgt qua. Kf hieu : 
A : "Lay dUdc qua ghi chfl a"; 
B : "Lay dugc qua ghi chfl b"; 
C : "La'y dUde qua ghi ehfl c". 

C6 nhdn xet gi ve kha nang xay ra cCia cac bien ed A, B vd C ? Hay so sanh chung 
vdi nhau. 

QQQQ ®(D Q 0 
Hinh 34 

Mgt each tong qudt, ta ed dinh nghia sau ddy. 

DINH NGHiA 

Gia sfl A la bid'n cd lidn quan ddn mdt phep thfl vdi khdng gian 

mdu Q ehi ed mdt sd hihi ban kit qua ddng kha nang xudt hidn. 

Ta ggi ti sd 
n{A) 

n(Q) 
la xdc sudt cua bie'n coA, kf hidu la P(A). 

P(A) = 
n{A) 

n(Q) 

CHUY 

n(A) la sd phdn tfl cua A hay cung la sd eae kit qua thudn Igi cho 

bid'n ed A, edn n{d) la sd cdc kit qua cd thi xay ra cua phep thfl. 

2. Vidu 

Vi du 2. Gieo ngdu nhidn mdt ddng tiln cdn dd'i va ddng ehdt hai ldn. Tfnh 
xde sudt eua eae bid'n ed sau : 

a) A : "Mat sdp xudt hidn hai ldn" ; 

b) B : "Mat sdp xudt hidn dung m6t ldn" ; 

e) C : "Mat sdp xudt hidn ft nhdt mdt ldn". 
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Gidi (h.35). Kh6ng gian mdu Q = {SS, SN, NS, NN} 
gdm bdn kit qua. 'Vi ddng tiln can ddi, ddng ehdt va 
vide gieo la ngdu nhidn ndn cae kit qua ddng kha nang 
xudt hidn. Ta ed 

a)A = {SS}, n{A) = 1, n{Q.) = A, theo dinh nghla ta cd 

n{A) _ I 

~ A' 
P(A) = 

«(Q) 

b) B = {SN, NS}, n{B) = 2 ndn 

P(B) = 
n{B) 

«(Q) 

c) C = {SS, SN, NS}, n{C) = 3 nen 

P(C) = 
n{C) 

n{Q.) 

2__ 
4 " 

3̂  
" 4 

2 

Hinh 35 

Vi du 3. Gieo ngdu nhidn mdt eon sue sdc can dd'i va ddng chat. Tfnh xde 
sudt eua cae biln cd sau : 

A : "Mat chdn xudt hidn" ; 

B : "Xudt hidn mat cd sd chdm chia hd't cho 3" ; 

C : "Xudt hidn mat cd so chdm khdng be hon 3". 

• • • • • • • • 
• , • • • • * • • • • • • • 

Hinh 36 

Gidi. KhOng gian mdu ed dang : Q = {1, 2, 3, 4, 5, 6}, gdm sau kit qua 
ddng kha nang xudt hidn (h.36). Rd rang 

A ={2 , 4, 6}, '«(A) = 3, 

B = { 3 , 6 } , n(B) = 2, 

C = { 3 , 4 , 5 , 6 } , «(C) = 4. 

Tfl dd, theo dinh nghia ta cd 

n{A) 3 1 
P(A) = 

n(Q) 6 2 ' 
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P(fi) = 

P ( 0 = 

n{B) _ 2 1 
n{n) ~ 6 ~ 3 ' 

n{C) _ 4 _ 2 
n(Q) ~ 6 ~ 3 

VI rfu 4. Gieo ngdu nhidn mgt eon sue sde can dd'i vd ddng ehdt hai ldn. Tfnh 
xdc sudt cua eae bid'n ed sau : 

A : "Sd chdm trong hai ldn gieo bdng nhau" ; 
B : "Tdng sd chdm bdng 8". 

Gidi. Nhu da bid't (xem Vf du 3, §4), Q = {{i,j) I 1 < i,j <6}, gdm 36 kit 
qua dong kha nang xud't hidn, Ta ed bang (xem thdm Hinh 29) : 

1 

2 

3 

4 

5 

6 

1 

M l 

21^ 

31 

41 

51 

61 

2 

\ 1 2 

\ ^ 2 ^ 

32^ 

42 

5 2 / 

<62/ 

3 

13 

\ 2 3 

S33^ 

4 ^ ' 

' ^ S / 

^ 3 

4 

14 

24 

S34/ 

<44> 

' ' 5 ^ 

64 

5 

15 

2 5 / 

' ^ S / 

<^5 

s 5 5 \ 

GVV 

6 

16 

^6/ 

^6 

46 

^56 

66S 

A = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}, n{A) = 6, o(Q) = 36. Tfldd, 
theo dinh nghia ta ed 

P(A) = 
n{A) I 

n(Q) 36 6 

Tflong tfl, B = {(2, 6), (6, 2), (3, 5), (5, 3), (4, 4)}, n{B) = 5, n{Cl) = 36 ndn 

P(B) 
n{By^ 5 

n{n) ~ 36' 

II - TINH CHAT CUA XAC SUAT 

1. Djnhli 

Gia Sfl A vd B Id cdc bid'n ed lidn quan ddn mgt phep thfl ed mdt sd hflu ban 
kit qua ddng kha nang xudt hidn. Khi dd, ta ed dinh If sau day. 
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DINH LI 

a)P(0) = O,B(Q)=l. 

b) 0 < P(A) < 1, vdi mgi bid'n ed A. 

e) Nlu A va B xung khdc, thi 

P(A u B) = P(A) + P(B) {cong thiic cong xdc sudt). 

i^2 
Chflng minh cdc ket ludn a), b) vd c) cGa djnh If. 

HE QUA 

Vdi mgi biln cd A, ta ed 

P(A)=1-P(A). 

Chiing minh. "ViAuA = Q v a A n A = 0 ndn theo cdng thflc cdng xde 

sudt ta cd 

1 = P ( Q ) = P ( A ) + P(A") . 

Tfl dd ta ed dilu phai chflng minh. • 

2. Vidu 

OOP 
Hinh 37 

Vi du 5. Tfl mdt hop chfla ba qua cdu |— 
trdng, hai qua cdu den (h.37), ldy ngdu 
nhidn ddng thdi hai qua. Hay tinh xae 
sudt sao cho hai qua dd : 

a) Khdc mau ; b) Cung man. 

Gidi. Mdi ldn ld'y ddng thdi hai qua cdu cho ta mdt td hgp chap hai cua 
nam phdn tfl. Do dd, khdng gian mdu gdm cae td hgp ehdp hai eua nam 
phdn tfl vd n(Q) = C^ = 10. 

Vl vide ldy qua cdu la ngdu nhidn ndn cdc kit qua dd ddng kha nang. 
Kf hidu A : "Hai qua khdc mau", B : "Hai qua eung mdu". 

Vl ehi cd hai mau den hoac trdng ndn ta thd'y ngay B=A . 

a) Theo quy tdc nhan, n{A) = 3 . 2 = 6. 
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Do dd 

P ( A ) = ^ ^ = A = 3 
n{n) 10 5 

b) Vl B = A ndn theo hd qua ta ed 

P(B) = P(A) = 1 - P(A) = - . • 

Vi du 6. Mdt hdp chfla 20 qua cdu ddnh sd tfl 1 din 20. Ldy ngdu nhidn 
mdt qua. Tfnh xde sudt eua cae bid'n ed sau : 

a) A : "Nhdn dugc qua cdu ghi sd chan"; 

b) B : "Nhan duge qua cdu ghi sd chia hd't cho 3 ; 

c) A n B ; 

d) C : "Nhan duge qua cdu ghi sd khOng chia hit cho 6". 

Gidi. Khdng gian mdu duge md ta Id Q = {1, 2, ..., 20} gdm 20 kit qua 
ddng kha nang, n{Cl) = 20. 

a) A = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20}, n{A) = 10 ndn 

P ( A ) = ^ = i 0 . i . 
n(Q) 20 2 

b)B={3, 6,9, 12, 15, 18},«(B) = 6. 
Tfldd 

«(Q) 20 10 

e) Vi A n B = {6, 12, 18}, n(AnB) = 3 ndn 

n{A nB) 3 
P(A nB) = 

n{Q) 20' 

d) Vi A n B = {6, 12, 18}, ndn A n B la bien cd.: "Nhan duge qua edu ghi 
sd chia hd't cho 6". Do dd, C Id bid'n cd dd'i eua biln ed A n B, ta cd 

C=AnB vk 

P(C) = 1 - P(A n B) = 1 - — = — . 
20 20 
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Ill - CAC BIEN CO DOC LAP, CONG THlTC NHAN XAC SUAT 

Vi du 7. Ban thfl nhdt ed mdt ddng tiln, ban thfl hai cd con sue sdc (diu 
can ddi, ddng ehdt). Xet phep thfl "Ban thfl nhdt gieo ddng tiln, sau dd ban 
thfl hai gieo eon sue sde" (h.38a). 

a) M6 ta kh6ng gian mdu eua phep thfl nay. 
b) Tfnh xae sudt cua eae bid'n ed sau : 
A : "Ddng tiln xudt hidn mat sdp" ; 

B : "Con sue sde xudt hidn mat 6 chdm" ; 
C : "Con sue sdc xudt hidn mat le". 

c) Chflng td P(A.B) = P(A).P(B); P(A.C) = P(A).P(C). 
Gidi 

a) KhOng gian mdu eua phep thfl ed dang 

n= {SI, 52, 53, 54, 55, 56, Nl, N2, N3, NA, N5, N6} 

Theo gia thiit, Q gdm 12 kit qua ddng kha nang 
xudt hidn (h.38b). 

n{A) = 6 ; 

a) 
Hinh 38 

h) Ta thdy A = {51, 52, 53, 54, 55, 56}, 

B={56, A^6},n(B) = 2 ; 

C={Nl, N3, N5, 51, 53, 55}, n{C) = 6 

n{A) 6 I 
Tfldd P(A) = 

P(B) = 

P(C) 

«(Q) 

n{B) 
n{D.) 

n{C) 
n(Q) 

12 

2 
12 

6 
12 

2 

1 
6 

1 
2 
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e) Rd rang A.B = {56} va P(A.B) = 
n{A.B) _ I 

n(Q) " 12' 

Ta ed 

P(A.B) = - 1 = 1 1 = P(A)P(B). 
IZ z o 

TflOng tfl, A.C = {51, 53, 55} ; 

P(A.C) = ^ = - 1 = 1 = 1 . 1 = P(A)P(C). . 
n{il) 12 A 2 2 

Trong Vl du 7, ta nhdn thdy xde sudt xudt hidn mdi mat eua eon sue sdc la —, 
/ 6 

khdng phu thude vao vide ddng tiln xudt hidn mat "sdp" hoae "ngfla". 

Neu su xay ra eua mdt bid'n ed khdng dnh hudng din xde sud't xay ra cua 
mdt bid'n ed khae thi ta ndi hai bid'n cd dd dgc lap. Nhfl vdy, trong Vf dii 7, 
cae bid'n ed A vd B ddc ldp va cung vay, A va C ddc lap. 

Tdng qudt, dd'i vdi hai biln cd bdt ki ta ed mdi quan hd sau : '•, . 

A va B la hai bid'n cd ddc ldp khi va ehi khi 

P(A.B) = P(A).P(B). 

BAI DOC T H E M 

Md RONG QUY TAG CONG VA 
CONG THQC CONG XAC SUAT 

Quy tac cdng con dugc md rdng ddi vdi cdc tap hgp hflu han, cd giao khdc rong. 

Cd the chflng minh dUOc rang, vdi hai tap hgp hflu han Ava B bat ki, ta cd 

n{A u B) = n{A) + n{B) - n{A n 6) (quy tac bao hdm vd loai trfl). 

Vi du 1. Mgt td mfldi ngfldi se dflge choi hai mon th i thao Id cdu long vd bdng 
bdn. C6 ndm ban ddng kf choi cau long, bdn ban ddng kf choi bdng bdn, trong dd 
cd hai ban ddng kf choi ca hai mon. Hdi cd bao nhieu ban ddng kf choi the thao ? 
Bao nhieu ban khong ddng ki choi the thao ? 
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Hinh 39 

Giai. Kf hieu X Id tap hgp cdc hgc sinh trong td; A Id 
tap hgp cac hgc sinh ddng kf ehdi ciu Idng, B Id tap 
hgp cdc hgc sinh ddng kf choi bdng bdn (h.39), the thi 
n(A) = 10, n{A) = 5, n{B) = 4, n{A nB)-^l. Nhfl vdy : 

A u B Id tap hgp cdc ban ddng kf choi the thao. Vi 
n{A nB) = l nen sd ban ddng kf ehdi thd thao Id 

n(A uB) = n{A) + n(B) - n(A nB) = 5 + 4 - 2 = 7 (ban). 

Tfl dd, sd ban khong ddng kf choi mdn the thao nao Id 

n{X) - n(A u B) = 10 - 7 = 3 (ban). • 

Nhd quy tac cdng md rgng, ta cd cdng thdc cdng xdc sud't md rgng sau ddy. 

Vdi hai bien cd A vd 6 bd't ki cung lien quan den mgt phep thfl, 
ta cd 

P(A u B) = P(A) + P(B) - P(A.B). 

Vi du 2. Gieo ngdu nhien mgt con sue sac cdn dd'i ddng chat hai lan. Tfnh xae 
suat cCia cdc bien cd sau : 

A : "Lin thfl nhdt xudt hidn mdt 6 chd'm"; 

B : "Lan thfl hai xud't hien mdt 6 cham"; 

C : "It nhdt mdt l in xuat hien mdt 6 cham"; 

D : "Khdng l in ndo xuat hien mdt 6 chdm". 

Giai. Ta cd n = {{i,j) 11 < / , ; < 6}, trong dd / Id sd chdm xUat hien trong l in gieo 
thfl nhat, j Id sd cham xud't hien trong l in gieo thfl hai, n(n) = 36. Nhfl vdy 

A = {{6,j)\ l<y<6},n(A) = 6; 

B={(/, 6) I l< /<6},n(B) = 6; 

C = A u B , D = C, A n B = {(6,6)}, n(An 6) = 1. 

Tfl dd, theo dmh nghTa ta cd 

n{B) _ 6 _ 1 

n(Q) ~ 36 ~ 6 ' 

n(AnB)_ J_ 

n(n) ~ 36 • 

Theo nhdn xet ta cd 

P(C) = P(A u B) = P(A) + P(B)- P(A. B) = 1 + 1 - 1 = ^ . 
o O io io 

Theo he qua ta cd 

U__ 25 

36 ~ 36' 
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Bai tap 

1. Gieo ngdu nhidn mdt eon sue sdc can ddi va ddng chdt hai ldn. 

a) Hay mo ta khong gian mdu. 

b) Xae dinh edc biln ed sau : 

A : "Tdng sd chdm xudt hidn trong hai ldn gieo kh6ng be hon 10" ; 

B : "Mat 5 chdm xudt hidn ft nhd't mgt ldn". 

c) Tfnh P(A), P(B). 

2. Cd bd'n tdm bia duge danh sd tfl 1 ddn 4. Rut ngdu nhidn ba tdm. 

a) Hay md ta khdng gian mdu. 

b) Xde dinh cae bid'n ed sau : 

A : "Tdng edc sd trdn ba tdm bia bang 8" ; 

B : "Cae sd trdn ba tdm bia la ba sd tu nhidn lidn tid'p". 
c) Tinh P(A), P(B). 

3. Mdt ngudi ehgn ngdu nhidn hai chide giay tfl bd'n ddi giay ed khae nhau. 
Tfnh xdc sudt dl hai chile ehgn duge tao thanh mdt ddi. 

4. GieO mdt eon sue sde can dd'i va ddng ehdt. Gia sfl eon sue sde xudt hidn 
2 

mat b cham. Xet phuong trinh x + bx + 2 = 0. Tinh xde suat sao cho : 

a) Phuong trinh cd nghidm ; 

b) Phuong trinh vd nghidm ; 

e) Phuong trinh cd nghidm nguydn. 

5. Tfl cd bdi tu lo kho 52 eon, rut ngdu nhidn eung mgt luc bd'n eon. Tfnh xae 
sudt sao cho : 

a) Ca bd'n con diu la at; 

b) Dugc ft nhdt mgt eon at; 

e) Dugc hai eon at va hai eon K. 

6. Hai ban nam va hai ban nfl dugc xd'p ngdi ngdu nhidn vao bdn ghd' xd'p 
thanh hai day ddi didn nhau. Tfnh xae sudt sao cho : 

a) Nam, nfl ngdi ddi didn nhau ; 

b) Nfl ngoi dd'i didn nhau. 

74 



7. Cd hai hop chfla cae qua cdu. Hdp thfl nhd't chfla 6 qua trdng, 4 qua den. 
Hdp thfl hai chfla 4 qua trdng, 6 qua den. Tfl mdi hdp ld'y ngdu nhidn mdt 
qua. Kf hidu : 

A la bid'n cd : "Qua ldy tfl hdp thfl nhdt trdng" ; 

B la bid'n cd : "Qua ldy tfl hdp thfl hai trdng". 

a) Xet xem A va B cd ddc lap khdng. 

b) Tfnh xdc sudt sao cho hai qua cdu ldy ra eung mau. 

c) Tfnh xdc sudt sao cho hai qua edu ld'y ra khdc mau. 

BAI D O C T H E M 

M ^ -* .'. DINH NGHIA THONG KE CUA XAC SUAT 

Mgt ddng tien cdn ddi vd ddng chat dflge gieo n l in . Kf hieu n̂  Id sd lan xuat 

hien mdt sap 5 trong n l in gieo dd. 

, n^ 
Ta goi ti sd f (S) = - ^ Id tan suat xuat hien mdt sip trong n ldn gieo. 

n 

Bang thflc nghiem ta thd'y, t in sud't thay ddi khi ta thflc hien loat n l in gieo khae cung 
nhu khi tdng sd lin gieo. 

Tuy nhien vdi n khd Idn, tin suit nay co tinh on dinh, nghTa Id nd dao ddng xung 

quanh sd — vd khi n tdng, t in suit ngdy cdng gan sd —. 

Ta cd the hinh dung dieu dd qua bang cdc ket qua gieo ddng tien cda cdc nhd 
toan hgc Bu^^p-phdng (Buffon) va Piec-son (Pearson) sau ddy. 

Ngudi gieo 

Bu^p-phdng 

Pidc-son 

Piec-son 

So' lin gieo 

4040 

12000 

24000 

Sd lan xuat hien mat S 

2048 

6019 

• 12012 

Tan sua't 

0,5069 

0,5016 

0,5005 

Sd - ma t in sud't/„(S) dao dgng quanh nd duge ggi Id xde suit cOa bien ed 5 

theo quan diem thdng ke. 
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Mgt cdch tdng qudt: 

Kf hieu n^ Id sd l in xud't hien bien cd A trong mgt ddy n phep thfl 

dugc ldp di ldp lai (day cdc phep thfl ldp). Ti sd - ^ ggi Id tan suat 
n 

xua't Men bien coA. 
n. 

Khi n tdng, - ^ ngdy cdng gdn mdt sd P(A) xdc dinh. NgUOi ta ggi 
n 

sd P(A) dd Id x^c suai ciia biS'n coA theo quan diim thong Ire. 

Trong trfldng hgp phep thfl ehi c6 mgt sd hflu han ket qua dong kha ndng xuit 
hien thi sd P(A) trong djnh nghTa ndy trijng vdi sd P(A) trong djnh nghTa cd diln 
eua xae sud't. Do dd, djnh nghTa thdng ke cOa xde suit la mgt sfl md rgng thflc sU 
eua dmh nghTa cd dien cCia xae suit. 

Nhd toan hgc Thuy ST J.Bec-nu-li (Jacob Bernoulli) Id ngfldi d iu tien phdt hien ra 

tfnh dn dinh thdng ke eCia ddy t in suit - ^ . 
n 

Podt-xdng (Poisson) Id ngfldi diu tien ggi quy ludt dn djnh cda t in suit Id luat so ldn. 

On tap chuong II 

1. Phdt bilu quy tdc cdng, cho vf du dp dung. 

2. Phdt bilu quy tdc nhan, cho vf du dp dung. 

3. Phdn bidt su khae nhau gifla mdt chinh hop ehdp k eua n phdn tfl va mdt td 
hgp ehdp k eua n phdn tfl. 

4. Cd bao nhidu sd chan cd bd'n chfl sd dflge tao thanh tfl cdc chfl sd 0, 1, 2, 3, 
4, 5, 6 sao cho : 
a) Cdc ehfl sd ed thi gid'ng nhau ? 
b) Cae chfl sd khae nhau ? 

5. Xd'p ngdu nhidn ba ban nam va ba ban nfl ngdi vao sau ghd kd theo hang 
ngang. Tim xde sudt sao cho : 

a) Nam, nfl ngdi xen ke nhau ; 

b) Ba ban nam ngdi canh nhau. 

6. Tfl mdt hdp chfla sdu qua cdu trdng va bd'n qua cdu den, ldy ngdu nhidn 
ddng thdi bd'n qua. Tfnh xdc sudt sao cho : 

a) Bdn qua ldy ra eung mdu ; 

b) Cd ft nha't mdt qua mau trdng. 
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7. Gieo mdt con sue sac ba ldn. Tfnh xae sudt sao cho mat sau chdm xud't hidn 
ft nhdt mdt ldn. 

8. Cho mgt lue gidc diu ABCDEE. Vid't edc ehfl cai A, B, C, D, E, F vao sau 
cai the. Ldy ngdu nhidn hai the. Tim xdc sudt sao cho doan thang md eae 
ddu mdt Id edc dilm duge ghi trdn hai the dd la : 

a) Canh eua lue gidc ; 
b) Dfldng cheo cua luc giac ; 
e) Dudng cheo nd'i hai dinh dd'i didn eua luc gidc. 

9. Gieo ddng thdi hai con sue sdc. Tfnh xdc sudt sao cho : 

a) Hai eon sue sde diu xud't hidn mat chdn ; 

b) Tfch cdc sd chdm trdn hai con sue sde la sd le. 

Bai tqp trac ngtiiem 

Chgn phuang dn dimg : 

10. Ldy hai con bdi tfl ed bai tu lo kho 52 eon. Sd each ldy la : 

(A) 104 ; (B) 1326 ; (C) 450; (D) 2652. 

11. Nam ngudi duge xd'p vao ngdi quanh mdt ban trdn vdi nam ghi. So cdch 
xd'p Id: 

(A) 50 ; • (B) 100 ; (C) 120 ; (D) 24. 

12. Gieo mdt con sue sde hai ldn. Xae sudt dl ft nhdt mgt ldn xudt hidn mat sdu 
ehdin la: 

.\. 12 
A T^T; 

36 

11 
B) — ; 

36 

6 
C : ^ ; 

36 
(D) — 

36 
13. Tfl mdt hdp chfla ba qua edu trang va hai qua cdu den lay ngdu nhien hai 

qua. Xde sudt dl ldy duge i:a hai qua trdng la : 

(A) A ; . (B)12; (C)l^; (D)A. 
30 30 30 30 

14. Gieo ba eon sue sde. Xdc sudt dl sd chain xudt hidn trdn ba con nhu nhau la : 

( A ) : ^ ; ( B ) T | T ; ( C ) - ? - ; (D) ^ 216 216 ^ ' 216 ' ' ' 216' 
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15. Gieo mgt ddng tiln can dd'i va ddng chdt bdn ldn. Xae sud't dl ea bd'n ldn 
xudt hidn mat sdp la : 

4 ._ 2 
(A) 

16 
(B) 

16 
(O — ; 

16 
(D) 

16 

/v^ 

B A N C O B I E T ? 

BEC-NU-LI 

Bec-nu-li (Jacob Bernoulli) sinh ngdy 27 thdng 2 ndm 
1654 d Ba-xlo (Basle) Thuy ST Ong Id ngudi nghien 
cull Toan diu tien trong dong hg Bec-nu-li ed nhieu 
nhd toan hgc. Cha dng, Ni-co-la Bec-nu-li (1623-1708) 
mudn dng trd thdnh muc sU. Mdc du phai hgc 
Thin hgc, dng van say me nghien cflu Todn hgc. 
Mgt sd cdng trinh quan trgng nhd't cCia dng dflOe 
eong bd trong cudn sach Nghe thuat phong doan 
ndm 1713, bao gom cae ITnh vfle cOa dai sd td hgp : 
hodn vj, to hgp, cdc sd Bec-nu-li va If thuyet xde 
sud't. Ddc biet, ludt sd Idn ddi vdi ddy phep thfl Bec-nu-li dugc cdng bd trong 
cudn sach do. Cudn sdch cCia dng duge coi Id su md diu cCia If thuyet xde suit. 
Bec-nu-li bat diu giang Triet hgc tU nhien, Co hgc d trUdng Dai hgc Tong hop 
Ba-xlo ndm 1682 vd trd thanh Gido su todn ndm 1687. Ong tie'p tue Idm viec d d6 
cho ddn khi mdt (ngdy 10 thdng 8 ndm 1705). 

Bernoulli 
(1654-1705) 
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Chiran in Dfly sd - cflp sO COHG 

Phan dau cua chuong gioi thieu Phuong phap quy nap toan hgc, mot phuong phap 
chung minh nhieu khang djnh toan hoc, lien quan den tap so tu nhien. Day la mot 
phuong phap chiing minh quan trong va hiiu hieu trong Toan hoc. 
Phan tiep theo la cac khai niem co ban ve day so(huu han va vo han), se duoc gap 
nhieu trong cac chuong cua Giai tfch. 
Cap so cong va cap so nhan la hai day sd dac biet va co nhieu ung dung, duoc trinh 
bay he thdng va chi tiet 6 cudi chuong. 



PHLTONG PHAP QUY NAP TOAN jlOg^ 

I - PHUONG PHAP QUY NAP TOAN HOC 

'̂ Xet hai menh de chfla bie'nP{n): "3"<n+ 100" vd Q{n): "l" >n" vdi n eN*. 

a) Vdi n = 1, 2, 3,4, 5 thi P{n), Q{n) dung hay sai ? 
b) Vdi mgi n e N* thi P{n), Q{n) dung hay sai ? 

Di chflng minh nhflng mdnh dl lidn quan din sd tfl nhidn « G N 
la dung vdi mgi n ma khdng thi thfl trflc tilp dflge thi cd thi 
lam nhfl sau : 

Bu&c 1. Kilm tra rang mdnh dl dung vdi « = 1. 

Bu&c 2. Gia thiit mdnh dl dung vdi mdt sd dl nhidn bdt ki n = ̂  > 1 
(ggi la gia thid't quy nap), chflng minh rdng nd eung dung vdi 
n = k+l. 

Dd la phuang phdp quy nap todn hoc, hay edn ggi tdt la 
phuang phdp quy nap. 

Mdt cdch don gian, ta ed thi hinh dung nhu sau : Mdnh dl da dung khi n = 1 
ndn theo kit qua 6 bude 2, nd eung dung vdi n = 1 -i: 1 = 2. Vi nd dung vdi 
« = 2 ndn lai theo kit qua b bude 2, nd dung vdi « = 2 -I- 1 = 3,.. . Bdng cdch 

dy, ta ed thi khang dinh rang mdnh dl diing vdi mgi sd tfl nhidn n G N . 

II - VI DU AP DUNG 

Vi du 1. Chflng minh rang vdi n G N thi 

l + 3 + 5 + ... + {2n-l) = n^. (1) 

Gidi 

Bude 7. Khi « = 1, vl trdi chi cd mdt sd hang bdng 1, vl phai bang 1 . 

Vdy he thflc (1) dung. 
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Bude 2. Dat vd trai bang 5„. 

Gia sfl dang thflc dung vdin = k>l, nghia la 

5^ = 1 -I- 3 -I- 5 -t-... -1- (2^ - 1) = ^^ (gia thiit quy nap). 

Ta phai chflng minh rang (1) eung dung vdi n = A: -(-1, tflc la 

5;t+i = 1 + 3 -I- 5 + ... -I- {2k 

Thdt vay, tfl gia thiit quy nap ta cd 

5;t+i = 1 + 3 -H 5 + ... + {2k -l) + [2{k +l)-l] = {k+ 1)^. 

Sk+i = Sk+[2{k+l)-l] = k^ + 2k+l={k+ 1)1 

vay he thflc (1) dung vdi mgi n e N*.U 

Chflng minh rang vdi n e N thi 

1 -, T n{n + l) 
1 + 2 + 3-t-... + n = —̂  -. 

V * 3 

Vi du 2. Chflng minh rang vdi n G N thi n -n chia hit cho 3. 

Gidi. Dat A„ = n -n. 
Bude l.Ydin-l,tacd Ai=0 : 3. 

Bude 2. Gia sfl vdi n = ^ > 1 ta cd 
3 

Ai^ = {k - k) -.3 (gia thiit quy nap). 

Ta phai chflng minh A^+i : 3. 

That vay, tacd 

Ak+i = (*: -I-1)^ - (it + 1) = /t̂  -I- 3/fê  -I- 3/k -1-1 - A; - 1 

= {k^ - k) + 3{k^ + k) 

= Ak + 3{k^ + k). 

Theo gia thiit quy nap A^ ': 3, hon nfla, 3{k^ + k) \ 3 ndn A;t+l : 3. 

Vdy A„ = n^ -n chia hit cho 3 vdi mgi n e N*. • 
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CHU Y 

Nlu phai chflng minh mdnh dl la dung vdi mgi sd tfl nhidn n>p 
{p la mdt sd tfl nhidn) thi: 

• 6 bfldc 1, ta phai kilm tra mdnh dl dung vdi n = p ; 

• d bude 2, ta gia thiit mdnh dl dung vdi sd tfl nhidn bita n = k>p 

vk phai chflng minh rang nd eung dung vdin = k+ 1. 

3 

Cho hai sd 3" vd 8n vdi n e N . 

a) So sanh 3" vdi 8n khi n = 1, 2, 3,4, 5. 
b) Dfl dodn ket qua tdng qudt vd chdng minh bang phuong phdp quy nap. 

Bai tap 

1. Chflng minh rang vdi n G N , ta cd eae dang thflc : 

n{3n +1) 
a) 2 -I- 5 + 8 -̂  ... -I- 3n - 1 = 

2 

^ 1 1 1 1 2" - 1 
h) - + - + - + ... + — = ; 

2 4 8 2" 2" 
. ,2 -2 , »2 , , 2 n(n + 1)(2«-^ 1) 

c) 1 -t-2 +3 + ... + n 

2. Chflng minh rdng vdi n G N , ta ed : 

3 2 
a) n +3n + 5n chia hit cho 3 ; 

b ) 4 " + 1 5 n - l chia hd't cho 9 ; 
3 

c) rt + lin chia hit cho 6. 

3. Chflng minh rdng vdi mgi sd tfl nhidn n > 2, ta ed edc bdt ddng thde : 

a ) 3 " > 3 r t + l ; b)2"^^>2« + 3. 
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4. Cho tdng S„ = — + — + ... + vdi « G N * . 
" 1.2 2.3 n{n + l) 

a) Tfnh Sj, 52, S3. 

b) Du dodn cdng thflc tfnh tdng 5„ vd chflng minh bang quy nap. 

n{n — 3) 
5. Chflng minh rdng sd dudng cheo eua mdt da giac ldi n canh la —̂^ . 

B A N C O B I E T ? 

^ 
SUY LUAN QUY NAP 

NgUdi ta thudng phan biet hai hinh thdc suy ludn, dd la suy dien vd quy nap. 

Suy diin hay con ggi Id phep suy dien Id di tfl cai chung den cdi 
' rieng, tfl tdng qudt den cu the. 

Ching han, tfl djnh If "Mgi sd tU nhien cd chfl sd tan cung Id 0 hodc 5 deu chia 
het cho 5", ta suy ra 135 vd 170 chia het cho 5. Trong suy diin, neu menh de 
tong qudt Id dung thi ket ludn cd dugc bag gid cung dung. 

Con quy nap hay cdn ggi Id phep quy nap lai di tfl cai rieng den 
cdi chung, tfl cu the den tdng qudt. 

Vidu : So sdnh cdc sd A(n) = 10"~^ vdi B{n) = 2004 + n, trong dd n e N*. Bang 
phep thfl vdi n = 1, 2, 3, 4 ta cd : A(l) < B(l); A(2) < B(2); A(3) < B(3); A(4) < B(4). 
Tfl day, ta ke't ludn 

"10" ^ < 2004 + n vdi mgi n < 4" 
Ro rdng ke't ludn ndy dung. 
Tuy nhien, cOng tfl ket qua cua phep thfl tren, neu voi ket luan : 

"10""^ < 2004 + n vdi mgi n e N*" 

thi lai sai Jim vi vdi n = 5 ta cd :> 

(1) 

(2) 

10^ > 2004 + 5 (tflong tfl, vdi n = 6, 7, 8, ...). 

Den ddy, neu ket ludn tiep : 
-.n-l 

(3) "10" ' > 2004 + n vdi mgi n > 5", 

sau dd vdi phep thfl, cho du c6 nhdn dflge ke't qua dung vdi n bang bao nhieu 
chdng nfla thi van khdng the coi la da chflng minh dUOc menh de (3). 
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Menh de (3) se dugc chflng minh neu dung phuang phap quy nap 
toan hoc. 

Cac menh de (2), (3) cd dfldc Id ket qud cOa phep quy nap khong 
hoiin toan, trong do menh de (2) Id sai con menh de (3) Id dung. 

Do phep thfl chi c6 tfnh du dodn, nen ke't qua cCia phep quy nap 
ichdng hoan toan chi Id gid thuyet, vd viec phai Idm tie'p theo la 
chflng minh hay bdc bo. 

Dudi ddy, ta xet them vdi vf du Iich sfl. 

2" Phec-ma (P. Fermat) nhd todn hgc Phap (1601 - 1665) khi xet cdc so dang 2 +1 

thay rang vdi n = 0,1,2, 3,4 thi l^'^+\ = 3; 1^\\ = 5; 2 ^% 1 = 17 ; 2^^+1=257; 

1 + 1 = 65 537 deu Id nhflng sd nguyen td. Tfl dd, dng dfl doan rang "Mgi sd c6 

dang 2 +1 vdi n e N deu Id nhdhg so nguyen td". 

Tuy nhien, 100 ndm sau, nhd todn hgc Thuy ST 0-le (Euler, 1707 - 1783) lai phdt 

hien ra rdng 2 +1 khdng phai Id sd nguydn td vi : 

2^%!= 4 294 967 297 : 641. 

Cung chfnh Pbec-ma la tac gia cGa gia thuyet ndi tieng md ngfldi ddi sau ggi la 
djnh If cudi currg cCia Phec-ma : "PhUdng trinh x" + y" = z* khdng c6 nghiem 
nguyen dUdng vdi mgi sd tU nhien n > 1". Ndm 1993, tflc Id hOn 350 ndm sau, gia 
thuyet ndy mdi dflge chflng minh hodn todn. 

Nhd toan hgc Dflc Lai-bO-nit (Leibniz 1646 - 1716) da chdhg minh dugc rang V« e N* 
3 • 5 • 7 • 

thi n - n : 3 ; n - n : 5, n - n : 7, tfl dd dng dfl dodn vdi mgi n nguyen dfldng 

vd vdi mgi sd lep thi r^ - n : p. Tuy nhien, chi ft Idu sau chfnh dng lai phdt hien ra 

2^ - 2 = 510 khdng chia het cho 9. 
Ljeh sfl todn hgc da de lai nhieu sfl kien thu vj xung 
quanh cdc gia thuyet cd dflge bang suy ludn quy nap 
khdng hodn todn (hodc bang phep tflong tu). Cd nhflng 
gia thuyet da bi bdc bo, cd nhieu gia thuyet da dugc 
chflng minh, c6 nhflng gia thuyet md vdi trdm ndm sau 
van khdng dfldc chflng minh hay bdc bd. Tuy nhien, viec 
tim cdch chflng minh hay bdc bd nhieu gia thujfet da cd 
tdc dung thuc day sfl phdt then cua todn hgc. 

Fermat 
(1601 - 1665) 
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DAY sd 

I - DINH NGHIA 

Cho hdm sd/(n) = ̂ —^, n e N*. Tfnh/(l),/(2),/(3),/(4),/(5). 

1. Djnh nghTa day so 

Mdi hdm sd u xdc dinh trdn tdp eae sd nguydn duong N* dflge 
ggi la mdt day so vo han (ggi tdt la day sd'). Ki hidu : 

M : N* -» R 

n H-> u{n). 

Ngfldi ta thfldng vid't day sd dfldi dang khai triln 
\ , 

Ul, U2, M3, . . . , M„, . . . , 

trong dd «„ = u{n) hoae vilt tdt la (M„), va ggi MJ la sdhang ddu, M„ la sd 
hang thfl « va Id sd hang tdng qudt ciia day sd. 

Vidul 

a) Day cae sd tfl nhidn le 1, 3, 5, 7, ... ed sd hang ddu MJ = 1, sd hang tdng 

quatH„ = 2 n - l . 

b) Day edc sd ehfnh phuong 1, 4, 9, 16, ... ed sd hang ddu MJ = 1, sd hang 

tdng qudt M„ = rt . 

2. Djnh nghTa day so huru han 

II Mdi ham sd u xdc dinh trdn tdp M = {1, 2,3,..., m} vdi me N* 
II duge ggi la mdt day sd hOu han. 
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Dang khai triln eua nd la MJ, U2, uj,, ..., u^, trong dd MJ Ik SO hang ddu, 
u^ la sdhang cudi. 

Vidu 2 

a) -5 , -2 , 1, 4, 7, 10, 13 la day sd hiru ban ed MJ = -5 , M7 = 13. 

1 1 1 1 1 1 1 
b) —, —, —, —, — la day sd hiJu han cd Wi = —, MC = —. 

2 4 8 16 32 ^ • ^ 2 ^ 32 

II - CACH CHO MOT D A Y SO 

42 
/ ^Hay neu cac phUdng phdp cho mgt hdm sd vd vf du minh hoa. 

1. Day so cho bang cong thiirc cua so hang tong quat 

Vi du 3 

3" 
a) Cho day sd {u„) vdi u^={-l)".—. (1) 

rt 

Tfl cdng thflc (1), ta ed thi xde dinh dflge bd't ki mgt sd hang nao cua 

day sd. Chdng han, u^ = (-1) .— = : • 
Nd'u vid't day sd nay dudi dang khai triln, ta dugc 

9 81 T.n • 
-3,^,-9,^,..., {-l)".^,... 

2 4 n 
ft 

b) Day sd {u„) vdi M„ = —j= ed dang khai triln Id 

Vrt + 1 

1 2 3 rt 2 'V2 + 1'v^ + i ' " " 'V^ + i'••• 

Nhu vay, day sd (M„) hoan todn xde dinh nd'u bie't cdng thflc sd hang tdng 
quat M„ cua nd. 

Wiet nam sd hang diu vd sd hang tdng qudt cCia cdc day sd sau : 
a) Day nghjch dao cua cac sd tU nhien le ; 
b) Day cac sd tu nhien chia cho 3 dU 1. 
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Cung gidng nhu ham sd, khdng phai mgi day sd diu ed cdng thflc sd hang 

tdng qudt M„. Dudi day, ta ndu thdm edc each khae dl cho mdt day sd'. 

2. Day so cho biing phUdng phap mo ta 

Vi du 4. Sd 71 la sd thap phan vd ban khdng tudn hoan 

7t = 3,141 592 653 589... 

Nd'u lap day sd (M„) vdi M„ la gid tri gdn dung thilu cua sd it vdi sai sd tuydt ddi 

10"" thi 

Mj = 3,1 ; U2 = 3,14 ; M3 = 3,141 ; M4 = 3,1415 ; 

Dd la day sd duge cho bdng phuang phdp mo td, trong dd chi ra each vilt 
cae sd hang lidn tilp eua day. 

3. Day so cho bing phirdng phap truy hoi 

Vi du 5. Day Phi-bd-na-xi'*' la day sd (M„) duge xdc dinh nhu sau : 

| « 1 = « 2 = 1 

l"n = «n-l + "n-2 vdi « > 3, 

nghia la, kl tfl sd hang thfl ba trd di, mdi sd hang diu bang tdng eua hai sd 
hanjg dflng ngay trflde nd. 

Cdch cho day sd nhfl trdn duge ggi la cho bang phuang phdp truy hoi. 

Ndi cdch khae, cho mdt day sd bang phuong phdp truy hdi, tflc la : 

a) Cho sd hang ddu (hay vai sd hang ddu). 

b) Cho he thvcc truy hoi, tfle la hd thflc bilu thi sd hang thfl n qua sd hang 
(hay vdi sd hang) ddng trudc nd. 

4 
Viet mfldi sd hang diu cOa day Phi-t)d-na-xi. 

(*) Phi-bd-na-xi (Fibonacci, 1170 - 1250) - Thuong gia, nha to^n hgc l-ta-li-a. 
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Ill - BI^U Dl iN H ! N H H O C C I J A DAY SO 

Vi day sd Id mdt hdm sd trdn N* nen ta cd thi bilu diln day sd bdng dd 
thi. Khi dd trong mat phang toa dd, day sd dugc bilu diln bdng edc dilm 

ed toa dd {n ; M„). 

Vi du 6. Day sd («„) vdi M„ = 
n + l ed bilu diln hinh hoe nhu tren Hinh 40 

"1 

"2 
"3 
"4 

o 

Hinh 40 

3 4 5 
M i = 2 , M 2 = - , " 3 = ^ . " 4 = 4 ' -

Tuy nhien, ngudi ta thudng bilu diln cac sd hang cua mdt day sd tren true 

sd. Chdng ban, day sd n + l 

K rt 
cd bilu diln hinh hoc nhfl trdn Hinh 41. 

1 -T^^ 4 3 2 
- H 1-
«4 W3 «2 

2 

«i "(n) 

Hinh 41 

88 



IV - DAY SO TANG, DAY s 6 G I A M V A D A Y SO BI CHAN 

As 
A 1 

Cho cdc day sd («„) vd (v„) vdi M„ = 1 + - ; v„ = 5« - 1. 
a)Tinh M„+i, v„^i. 

b) Chflng minh M^̂ J < «„ vd v^ ĵ > v„ , vdi mgi n e N . 

1. Diy so tdng, day so giam 

DINHNGHlAl 

Day sd (M„) dflge ggi la ddy sd tdng nlu ta cd M„+I > u„ vdi 

mgi n G N . 

Day sd (M„) duge ggi la ddy sd gidm nlu ta cd M„^.I < M„ vdi 

moi rt G N . 

Vi du 7. Day sd (M„) vdi M„ = 2rt - 1 la day sd tang. 

That vay, vdi mgi rt G N xet hidu M„+I - M„. Ta ed 

"n-i-l - w„ = 2(n -I-1) - 1 - (2rt - 1) = 2. 

Do M„+i - M„ > 0 ndn u„^i > M„. • 

Vidu 8. Day sd (M„) vdi M„ = ^ la day sd giam. 
3" 

That vdy, vdi mgi rt e N*, vi M„ > 0 ndn cd thi xet ti sd - ^ . Ta eg 

M„+l _ « - t - l . n _.rt-l-1 

."n 3"+^ " 3" 3rt 

Dd thdy ^ ^ < 1 ndn ^̂ 2±L < i guy ra M„+I < M„. 
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CHUY 

Khdng phai mgi day sd diu tang hoae giam. Chang ban, day 

sd (M„) vdi M„ = (-3)", tflcla ddy 

- 3 , 9 , - 2 7 , 8 1 , . . . 

khdng tang vd eung khdng giam. 

2. Day so b| chan 

6 

Chflng minh cdc bat ding thflc 

DINH NGHIA 2 

n , 1 
<— va 

n^+l 2 
ZL±i 

2n 
> 1, Vn e ] 

Day sd (M„) dflge ggi la bi chdn tren nlu tdn tai mdt sd M 

sao cho 

M„ < M, Vrt G N*. 

Day sd {u„) dugc ggi la bi chdn dudi nlu tdn tai mdt sd m 

sao cho 

u„> m,\/n e N . 

Day sd (M„) duge ggi la bi chan nd'u nd vfla bi chan trdn vfla bi 
chan dfldi, tfle la tdn tai edc sd m, M sao cho 

m<u„<M,\/n e N*. 

Vidu 9 

a) Day sd Phi-bd-na-xi bi chan dudi vi M„ > 1 vdi mgi n G 

b) Day sd {u„) vdi M„ = -^ bi chan vi 0 < —^— < 
rt^ -1-1 « 2 + l 2 
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BAN CO BifiT ? 

HOA, LA V A D A Y S O PHl-BO-NA-XI 

Ddy sd Phi-bd-na-xi thudng gap trong thien 
nhien. Nhflng chid'c Id tren ednh cay mgc each 
nhau cdc khoang flng vdi cdc sd trong ddy sd 
Phi-bd-na-xi (con ggi Id cdc sd Phi-bd-na-xi) 

3 ,5 ,8 , 13 ,21 ,34 ,55 ,89 , . . . (F) 

Sd ednh hoa trong hau het cdc bdng hoa Id cac 
sd trong ddy (F). Hoa loa ken cd 3 ednh, hoa 
mao Iflong vdng cd 5 canh, hoa phi yen cd 8 
canh, hoa cue van thg 13 ednh, hoa cue tay 21 
canh, cdn hoa cue thfldng cd 34 hodc 55, hodc 
89 ednh. 

Fibonacci 
(1170-1250) 

Trong hoa hfldng duong cung xud't hien cdc sd Phi-bd-na-xi. Nhflng nu nho ket 
thdnh hat d diu bdng hoa vd xep thdnh hai ldp dudng xoan de. Mdt ldp cudn theo 
chieu kim dong hd, ldp dudng xoan kia cudn theo chieu ngugc lai. Sd cdc dudng 
xoan dc theo chieu kim ddng hd thudng Id 34 hoac 55, con sd dudng xoan theo 
chieu ngugc lai thudng Id 55 hodc 89, ... 

Ngodi nhflng dieu thu vj tren, mdt sd van de cua kien true, hoi hoa, dm nhac, ... 
cung lien quan den cdc sd Phi-bd-na-xi. 

Hoa hudng duang 
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Bai tqp 

1. Vilt nam sd hang ddu eua edc day sd cd sd hang tdng qudt «„ cho bdi cdng thflc : 

e) M„ = 11 + -̂  ; d) M„ = 
nj 4? + 1 

2. Cho day sd (M„), bilt : 

ui=-l, u„^i=u„ + 3vdin>l. 

a) Vid't nam sd hang ddu eua day sd. 

b) Chflng minh bang phflOng phdp quy nap : u„ = 3n-A. 

3. Day sd (M„) cho bdi: 

Ml = 3 ; M„+i =-y/1-t-M^ , rt > 1. 

a) Vie't nam sd hang ddu eua day sd. 

b) Dfl doan cdng thflc sd hang tdng qudt M„ vd ehiing minh cdng thflc dd 
bang phfloiig phdp quy nap. 

4. Xlt tfnh tang, giam cua cdc day sd (M„), bil t : 

1 o 
a) M„ = - - 2 ; 

rt 

e) «„ = (-!)" (2"-H); 

b ) M „ = ; 
rt-l-1 

A^ 2 « - ^ l 

5. Trong cdc day sd (M„) sau, day sd ndo bi chan dudi, bi chan tren va bi chan ? 

2 1 
a)u„ = 2n - 1 ; b) M„ = rt(rt -I- 2) 

c) u„ = — ; d) M„ =sinn-f-cosn. 
2rt - 1 
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CXP S 6 C6NG 

I - DINH NGHIA 

Biet bdn sd hang dau ciia mdt day sd Id - 1 , 3, 7,11. 
Tfldd hay chi ra mdt quy luat rdi vidt tie'p ndm sd hang efla day theo quy ludt do. 

DINH NGHiA 

Cdp sd cong la mdt day sd (hihi ban hoac vd ban), trong dd kl 
tfl sd hang thfl hai, mdi sd hang diu bdng sd hang dflng ngay 
trudc nd cdng vdi mdt sd khdng ddi d. 

Sd d dugc ggi la cdng sai cua cdp sd cdng. 

Nlu (M„) la cdp sd cdng vdi cdng sai d, ta ed cdng thflc truy hdi 

"n+l = "/J + ^ vdi rt G N . (1) 

Dac biet khi rf = 0 thi cdp sd cdng la mdt day sd khong ddi (tdt ca cdc sd 
hang diu bang nhau). 

Vi du 1. Chflng minh day sd hflu ban sau la mdt cdp sd cdng : 

1 , -3 , -7 , -11 , -15 . 

Gw7. Vi-3 = 1-I-(-4); -11 = -7 - i - ( -4 ) ; 

-7 =-3-I - ( -4) ; -15 =-11-t-(-4) 

nen theo dinh nghia, day sd 1, - 3 , -7 , -11 , -15 la mdt cdp sd cdng vdi 
cdng sai d = - A. M 

^ 2 

1 Cho (M^ id mdt cap sd cdng cd sdu sd hang vdi ui = --, d = 3. Viet dang khai tridn 

cua no. 
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II - s o HANG TONG QUAx 

Mai va HCing choi tro xep cac que diem thdnh hinh thdp tren mat sdn. Cdch xep 
duoc the hien tren Hinh 42. 

1 tSng 2 dng 3 ting 

Hinh 42 ' '-

Hdi: Ne'u thdp cd 100 tang thi can bao nhieu que diem de xep ting de cfla thdp ? 

DINH LI 1 

Nd'u cdp sd cdng (M„) cd sd' hang ddu MJ vd cdng sai d thi sd 

hang tdng quat M„ duge xdc dinh bdi cdng thflc : 

"n = Ml -I- (« - l)d vdi rt > 2. (2) 

• ^ . . y 

Chdng minh. Ta se chflng minh cdng thflc (2) bdng quy nap. 

Khi rt = 2 thi M2 = " i + '3?. vay cdng thflc (2) dung. 

Gia sfl cdng thflc (2) dung vdi n = A: > 2, tflc la uy. = Ui +{k-l)d. 

Ta phai chflng minh rdng (2) cung dung vdi rt = A: -i- 1, tfle la M^+I = ui + kd. 

That vay, theo dinh nghia cdp sd cdng va gia thid't quy nap ta cd 

Ui^+i = ui^ + d=[ui + {k-l)d]+d=ui +kd. 

Nky u„ = Ui + {n-l)dvdin>2. m 

Vi du 2. Cho cdp sd cdng {u„), bid't ui=-5,d = 3. 

a) Tim M15. 

b) So 100 la sd hang thfl bao nhidu ? 
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e) Bilu didn cdc sd hang MJ, M2, " 3 , M4, "5 trdn true sd. Nhdn xet vi tri cua 

mdi d i lm M2. "3> "4 so vdi hai d i lm l i ln k l . 

Gidi. Cdp sd cdng cdui=-5,d=3. 

a) Theo cdng thflc (2) ta cd M15 = - 5 -f (15 - 1 ) . 3 = 37. 

b) Theo cdng thdc (2) ta cd M„ = - 5 -1- (rt - 1 ) . 3. Vi M„ = 100 ndn 

-5-<-(rt - 1 ) . 3 = 100, tfl dd rt = 36. 

e) Ndm sd hang eua cd'p sd'cdng la - 5 , - 2 , 1, 4, 7 duge b i lu d i ln bdi edc 

d i lm Mj, M2> " 3 ' "4» "5 tuong flng trdn Hinh 43 . 

H h—h H 1 1 1 1 \ h 

-5 0 1 

Hinh 43 

Di lm M3 la trung d i lm eua doan U2U4, hay M3 = 
J<2 -f- M4 

Ta cung ed k i t qua tuong tu dd'i vdi M2 va M4. • 

Day Id mdt tfnh ehdt dae trung cua cdp sd cdng ma ta se xet dudi day. 

I l l - T I N H CHAT C A C SO H A N G C U A CAP SO C O N G 

DINH LI 2 

Trong mdt cdp so cdng, mdi so hang (trfl sd hang ddu va 

cud'i) d i u la trung binh cdng eua hai sd hang dflng k l vdi 

nd, nghia la 

" ^ - l + % + l y ^ ^ > 2 , 
" 2 

(3) 

Chiing minh. Gia sfl (M„) la cdp sd cdng vdi cdng sai d. Sfl dung cdng thflc (1) 

vdi ^ > 2, ta cd u;^-I - uj^ - d ; M^+J = U^. + d. 

Suy ra M^ _ I -I- M^+I = 2M^ hay M^ = '^^^^—?^thl _ • 
1 I 
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IV - TONG n SO HANG DAU CUA MOT CAP SO CONG 

»Cd'p sd cdng ̂ dm tdm sd hang -1 , 3,7,11, 15,19,23,27 dUOc viet vdo bang sau 

-1 • 3 7 11 15 19 '23 27 

a) Hay chep lai bang tren vd viet cac sd hang cfla c ip sd do vdo ddng thfl hai 
theo thfl tfl ngflge lai. Neu nh$n xet ve tdng cfla cac sd hang d moi cdt. 

b) Tfnh tdng cdc So hang cfla d p sd cdng. 

Ta cdng nhan dinh If sau ddy. 
DINH LI 3 

Cho cdp sd cdng {u„). Dat S„ = MJ -I- M2 -I- M3 -I- ... -1- u„ 

Khi dd 

n{ui + u„) 
Sn = (4) 

CHU Y 

Y\u„ = ui + {n-l)d ndn cdng thflc (4) ed thi vilt 

rt(n-l) 
5„ = nui -\ d. (4') 

Vi du 3. Cho day sd (M„) vdi M„ = 3rt - 1. 

a) Chflng minh day (M„) la cdp sd cdng. Tim uivkd. 

h) Tfnh tdng eua 50 sd hang ddu. 

c) Bid't S„ = 260, tim n. 

Gidi 

a) Vi M„ = 3rt - 1 ndn MJ = 2. \ : 

Vdi rt > 1, xet hidu u„+i -u„ = 3{n +I)-I - (3n - 1) = 3, suy ra 

u„+i = u„ + 3. vay (M„) Id cdp sd cdng vdi cdng sai d = 3. 
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b) Vi Ml = 2, rf = 3, rt = 50 ndn theo cdng thflc (4') ta ed 

50 49 
550 = 50.2 + ^ y ^ . 3 = 3775. 

e) Vi Ml = 2, J = 3, S„ = 260 ndn theo cdng thflc (4') ta ed 

S„ = «.2 + "^"~^\3 = 260 hay 3rt̂  + « - 520 = 0. 

Giai phuong trinh bdc hai trdn vdi rt G N , ta tim dugc rt = 13. • 

Bai tqp 

1. Trong cac ddy sd (M„) sau day, day sd ndo Id cdp sd cdng ? Tfnh sd hang 
ddu va cdng sai eua nd. 

a) M„ = 5 - 2rt ; 

C)M„ = 3 ; 

b ) " « = - - i ; 

d) M„ = 
7-3rt 

2. Tim sd hang ddu va cdng sai eua eae cdp sd cdng sau, bid't: 

^. |"1 - "3 + "5 = 10 ^. |"7 - " 3 = 8 
[MI -t- Mg = 17 ; ["2-"7 - '^^• 

3. Trong cdc bdi todn vl cdp sd cdng, ta thfldng gap nam dai Iflgng MI, d, n, 

u„, S„. 
a) Hay vilt cdc hd thflc lidn he gifla cae dai Iflgng dd. Cdn phai bilt ft nhd't 
mdy dai Iflgng dl ed thi tim dflge cdc dai Iflgng cdn lai ? 
b) Ldp bang theo mdu sau va diln sd thich hgp vao d trdng : 

M, 

-2 

3 

2 

d 

-A 

A 
27 

-5 

"» 
55 

7 

17 

rt 

20 

15 

12 

s„ 
• 

120 

72 

-205 
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4. Mat san tdng mdt eua mdt ngdi nha cao hon mat san 0,5 m. Cdu thang di tfl 
tdng mdt ldn tdng hai gdm 21 bae, mdi bae cao 18 em. 

a) Viet cdng thflc dl tim dd cao cua mdt bae tuy y so vdi mat san. 

b) Tfnh dd cao eua sdn tdng hai so vdi mat san. 

5. Tfl 0 gid din 12 gid trua, ddng hd ddnh bao nhidu tiing, nd'u nd ehi ddnh 
chudng bdo gid va sd tid'ng chudng bdng sd gid ? 

CXP S 6 NHAN 

I - DINH NGHIA 

^ 1 
Tuc truyen rang nhd Vua An Do cho phep ngfldi 
phdt minh ra bdn cd Vua dugc lua chgn mdt phin 
thudng tuy theo sd thfch. NgUdi dd chi xin nhd vua 
thudng chd sd thdc bang sd thdc duge ddt len 64 
d efla bdn cd nhu sau : Ddt len d thfl nhat efla bdn 
cd mdt hat thdc, tiep den d thfl hai hai hat, ... cfl 
nhu vay, so hat thdc d d sau gap ddi so hat thdc d 
d lien trude cho den d cud'i eung. 
Hay cho bic. ^o hat thde d cac d tfl thfl nhat ddn 
thfl sau cfla bdn cd. 

DINH NGHIA 

g 

7 

6 

5 

4 

3 

2 

1 

f g • h 

Cap sd nhdn la mdt day sd (hflu ban hoac vd ban), trong dd 
kl tfl sd hang thfl hai, mdi sd hang diu la tich eua sd hang 
dflng ngay trflde nd vdi mdt sd khdng ddi q. 

Sd q dflge ggi la cong boi eua cdp sd nhan. 

Nd'u (M„) la cdp sd nhan vdi cdng bgi q, ta ed cdng thflc truy hdi: 

"n+l = " „ . ^ v d i « G N (1) 

98 7.B^ISd&GlAlTlCHiTfl 



Dae bidt: 

• Khi ^ = 0, cdp sd nhan cd dang MI, 0, 0,..., 0,... 

• Khi q=l, cdp sd nhdn ed dang MI, MI, MJ, ..., MI, ... 

• Khi Ml = 0 thi vdi mgi q, cdp sd nhan ed dang 0, 0, 0,..., 0,... 

Vi du 1. Chflng minh day sd hihi ban sau Id mdt cdp so nhdn : 

_4 1 -1±-J-
' ' 4 ' 1 6 ' 64' 

Gidi,Yi I = {-A). 

16 

4 

l_ 
A 

1 
4 

. 4> 

= 1, 

1 
64 16 

ndn day sd 

_4 1 - 1 J- - J -
' ' 4 ' 16' 64 

1 
la mdt cdp sd nhdn vdi cdng bdi ^ = . 

4 

II - SO HANG TONG QUAT 

i^2 

Hdy dgc hoat dgng ^ 1 vd cho bie't 6 thfl 11 cd bao nhieu hat thde ? 

Bdng phflong phap quy nap, ta ed thi chflng minh dugc dinh If sau day. 

DjNH Li 1 
j ^ ~ ~ ~ — ' ^ - • " " 

Nd'u cdp sd nhan ed sd hang ddu MI va cdng bdi q thi sd hang 

tdng quat M„ duge xde dinh bdi cdng thflc 

,n- l uy.q" ' vdi rt > 2 . (2) 
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Vidu 2. Cho cdp sd nhan (M„) vdiMi = 3 ,^= — 

a) Tfnh M7. 

3 . 
h) Hdi Id sd hang thfl may ? 

256 
Gidi 
a) Ap dung cdng thflc (2), ta cd 

uj = ui.q = 3.[--\ = — 
3_ 

64 

b) Theo cdng thflc (2), ta cd 

u„= 3. 
n-l 

256 

xn-l 

O - -
256 

V 

2 

Suy ra rt - 1 = 8 hay rt = 9. 
3 

vay sd la sd hang thfl chfn. • 
256 

Vi du 3. Tl bao E. Coli trong dilu kidn nudi cdy thfch hgp cfl 20 phut lai 
phan ddi mdt Idn. 

a) Hdi mdt t l bdo sau mudi ldn phdn chia se thdnh bao nhidu td bdo ? 

b) Nd'u cd 10^ t l bdo thi sau hai gid se phdn chia thdnh bao nhidu t l bao ? 

Gidi 

a) Vi ban ddu cd mdt t l bdo va mdi ldn mdt t l bao phdn chia thdnh hai tl 
bao ndn ta cd cdp sd nhdn vdi Mi = 1, <? = 2 va MH la sd td' bdo nhdn dugc 
sau mudi ldn phdn chia. Vay sau 10 ldn phdn chia, sd t l bao nhdn duoc la 

MH = 1 . 2""^ = 2^° = 1024. 

b) Vi ban ddu cd 10 t l bao va mdi ldn mdt t l bdo phdn chia thanh hai tl 

bdo ndn ta cd cdp sd nhdn vdi MI = 10^, q- = 2. Vi cfl 20 phut lai phan ddi 

mdt ldn ndn sau hai gid se ed 6 ldn phdn chia t l bao va u-j la sd td bdo nhdn 
dugc sau hai gid. Vdy sd t l bdo nhan duge sau hai gid phan chia la 

M7 = 10^2'' ^ = 10^2^ •• 6 400 000. • 
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Ill - TINH C H X T C A C SO HANG CUA CAP SO NHAN 

Cho cdp sd nhdn («„) vdi MI = - 2 vd <? = - - . 

a) Vidt ndm sd hang dau cfla nd. 

b) So sdnh i^ vdi tfch H I . M3 vd M| vdi tfch M2 . M4. 

Ndu nhdn xet tdng qudt tfl kit quli tren. 

DINH U 2 

Trong mdt cdp sd nhdn, binh phflOng cua mdi sd hang (trfl 
sd hang ddu vd cudi) diu la tieh cua hai sd hang dflng kl 
vdi no, nghla la 

"k ~ ";fc-l-"it+l ^ ^ k>2 (3) 

(haylM;tl=A-i-"ifc+i)-

ChUng minh. Sfl dung cdng thflc (2) vdi k > 2, ta ed 

k-2 

k 
"ifc-l-l = " l - 9 • 

e 2 2k-2 , k-\.2 2 _ 
SuyraMjt- i .M^+l = Ml q ={uiq ) =u,^.m 

IV - TONG n SO HANG DAU CUA MOT CAP SO NHAN 

Tfnh tdng sd cac hat thdc d 11 6 diu cfla bdn cd ndu d hoat d6ng-« 1. 

Cdp sd nhdn (H„) cd cdng bdi q ed thi vid't dfldi dang 

Ml, uiq, uiq , ..., uiq" , ... 

Khidd 

•̂ n = "1 + "2 + - + "n = "1 + Uiq + Uiq^ + ..'. + M j / \ (4) 
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Nhdn hai v l eua (4) vdi q, ta dugc 

2 3 n 
q.S„ = uiq + Uiq + Uiq +... + Uiq. 

Trfl tiing v l tuong flng cua cae dang thflc (4) vd (5), ta duge 

(1 -<7)5„ = Mi (1 - / ) . 

Ta ed dinh If sau day. 

DINH Li 3 

(5) 

Cho cdp sd nhan (M„) vdi cdng bdi q *l. Dat 

^ S„ =Mi +M2 + . . .+ M„. 

Khidd 

5„ = 
_ M l ( l - g " ) 

l-q 
(6) 

CHUY 

Nlu (7= 1 thi cdp sdnhdn la Ml, Ml, MI, ..., MI, ... Khidd 5„ = rt.Mi. 

Vi du 4. Cho cdp sd nhdn (M„), bid't MI = 2, M3 = 18. Tfnh tdng eua mudi 
sd hang ddu tidn. 

Gidi. Theo gia thid't, MI = 2, M3 = 18. Ta ed 

"3 

Vdy ed hai trudng hgp 

2 2 
U2 = Ui.q =>2.q = 1 8 = > ^ = -3. 

2C1 - 3^^^ 
• 9 = 3, tacd Sio=-^ £ - ^ = 5 9 0 4 8 ; 

iF i _ (-3)10] 
• 9 = - 3 , ta cd 5io = ^ ^ ^ -* = -29 524 , 

1 - ( - 3 ) 

Tfnh.tdng 5 = 1 + - + —--I-... + — "̂. 
3 32 3" 
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BAN CO Bifi'T ? 

^ 

NHA VUA AN DO KHONG oO THOC DE 
THUdNG CHO NGUdl DA PHAT'MINH RA 
BAN C(!J VUA ! 

Hdy dgc Jai J \ d §4, chung ta se thiy sd hat thdc de Idm phin thfldng chfnh Id 

tdng 64 sd hang diu cfla d p sd nhdn vdi MJ = 1 vd (? = 2. Vay 

c 1 o A o63 1(1-2^"^) .64 , 5fi4= 1-1-2+4 + . . .+ 2 =-^^ =1 - 1 . 
^ 1-2 

Cfl cho rang 1000 hat thdc ndng 20 gam (cho du ft hdn thflc te), thi khdi Ifldng 
thdc Id 

20(2^-1) 
1000 

gam « 369 ti t in . 

Neu dem rl i deu sd thdc nay len be mdt cfla Trdj Dat thi se dflge mgt ldp thdc 
ddy 9 mm I Thfl hoi, nhd vua Idm sao cd dflge mdt Iflgng thdc khdng Id nhfl vdy ? 

Bai tqp 

Chflng minh cdc day sd 
(3 

1,5 r 

\ 

\2\ 

^f 0«^ 

V ^J 

la eae cdp sd nhdn. 

2. Cho cdp sd nhdn (M„) vdi cdng bdi q. 

a) Bilt Ml = 2, Mg = 486. Tim q. 

2 8 ^ 
b) Bid't (7 = —, M4 = — . l i m u\. 

^ 3 * 21 V ^ 

c) Bilt Ml = 3, 9 = -2. Hdi sd 192 la sd hang thfl mdy ? 

3. Tim cac sd hang eua cdp sd nhdn (M„) ed nam sd hang, bid't: 

. a) M3 = 3 vd M5 = 27 ; b) M4 - M2 = 25 va M3 - MI = 50. 
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4. Tim cdp sd nhan ed sau sd hang, bilt rang tdng eua nam sd hang ddu la 31 
va tdng eua nam sd hang sau la 62. 

5. Ti Id tang dan so eua tinh X la 1,4%. Bid't rang sd dan cua tinh hidn nay la 
1,8 tridu ngudi. Hdi vdi mfle tang nhu vay thi sau 5 nam, 10 nam sd dan eua 
tinh dd Id bao nhidu ? 

6. Cho hinh vudng Ci ed canh bdng 4. Ngudi ta 

chia mdi canh eua hinh vudng thanh bd'n phdn 

bang nhau vd nd'i edc dilm chia mdt each thfch 

hgp dl ed hinh vudng C2 (h.44). Tfl hinh vudng 

C2 lai lam tilp nhu trdn dl duge hinh vudng C3,... . 

Tid'p tue qud trinh trdn, ta nhdn dugc day cdc 

hinh vudng Ci, C2, C3,. . . , C„, ^̂ -̂ ^̂  44 

Ggi a„ la dd dai canh eua hinh vudng C„. Chflng minh day sd (a„) la mdt 

cdp sd nhan. 

B A I D O C THfiM 

^ 

DAY S6 TRONG HINH B 6 N G TUYET VON K 6 C 

(HlNH HOC FRACTAL) 

Thuat ngfl "Fractal" dflge Bo-noa Man-den-bo-rd (Benoit Mandelbrot) sfl dung 
vdo ndm 1975. N6 cd gd'c La-tinh "Fraetus", nghTa Id mdt be mdt khdng ddu 
gidng nhfl mdt khdi dd ndt gay. Theo B. Man-den-bd-rd thi : "Hinh hgc Fractal cd 
hai vai tro, nd diin ta hinh hgc cfla sU hon ddn vd nd eung cd thd dien ta Ve hinh 
hgc cfla nui, mdy vd cdc dai ngdn hd". 

Cdc Fractal c6 hinh thu md ta ed thd nhin thay trong tu nhien, dd Id cdy, Id, khdi 
dd, nhflng bdng tuyet ... . Song, rut ra dugc mdt cdng thflc hinh hgc cfla chflng 
nhfl the ndo ? Ldm the ndo de djnh hinh dUgc hinh dang cfla nhflng bgt kem 
trong li cd-phe ? Hinh hgc Fractal, If thuyet ve sfl hon ddn vd*nhflng phep toan 
phdc tap lieu cd the tra Idi dflge cae cdu hdi ndy hay khdng ? Khoa hgc dang 
khdm phd ra mgt trat tU khdng the ngd ding sau nhflng hien tugng ki la c6 ve hdt 
sflc Idn xdn efla van vdt. 
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H.von Koch 
(1879-1924) 

Cd the ndi Fractal Id cau true hinh hgc dugc chi tidt hod 
bang cdch md rdng d mgi ti le. Moi phin nhd efla Fractal 
Id sfl md phdng cfla todn bd Fractal. Mdi Fractal dfldc tao 
ra bdi qua trinh ldp di, ldp lai, trong dd sfl ket thuc cfla qud 
trinh trUdc lai Id sU bat diu cfla qua trinh tiep theo. Di 
minh hoa, ta hay xet bdng tuyet vdn Kdc do nhd todn hgc" 
Thuy Dien vdn Kdc (von Koch) dUa ra vdo ndm 1904 (h.45). 

K-, 

Hinh 45 

Bdng tuyet d iu tien Ki Id mgt tam gidc deu cd canh bang 1. Tilp dd, chia moi 
canh-efla tam gidc thdnh ba doan bang nhau vd thay moi doan d gifla bdi hai 
doan bang nd sao cho chung tao vdi doan bd di mdt tam giac deu ve phia ngoai, 
ta dflge bdng tuyet /sTj- Cfl tidp tuc nhfl vdy theo nguyen tac : Tfl bdng tuydt K„ d l 

c6 bdng tuyet K^^^, ta chia mdi canh cfla ^ „ thdnh ba doan bang nhau vd thay 

mdi doan d gifla bdi hai doan bang nd, sao cho chung tao vdi mdi doan bd di mdt 
tam gidc deu vd phfa ngodi. 

Qud trinh tren ldp di, ldp lai cho ta mdt day cdc bdng tuyet Ki, K^, K^,..., K„,... 

Kf hieu C„, a„, p„ va S„ lan Iugt Id sd canh, do ddi canh, ehu vi vd dien tfch cfla 

bdng tuydt i f „ , td c6,cdc ddy sd (C„), (a„), (p„), (5„). 
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1. Day sd (C„) dugc cho bdi cdng thflc truy hdi 

Ci=3 

K+i=4.C„v6in>L 

Day sd {€„) Id mgt cd'p sd nhdn vdi Cj = 3, ̂  = 4 vd C„ = 3 . 4 n-l 

2. Ddy sd {a„) Id mdt cap sd nhdn vdi ̂ i = 1, q- = - vd a„ = —— 
•̂  3 

3. Ddy sd (p„) cd p„ = C„.a„ = 3 
x « - l 

nen (p„) la mdt cap sd nhdn vdi pi = 3,q = 

. 4- 4 
Vi p„ > 0 vd - ^ ^ = — 4 ^ = - > 1 nen p^^^ > p„. Vdy (p„) Id ddy sd tdng va 

Pn . (4^ 

p„ cd the Idn bao nhieu tu r̂ "jf (dieu ndy se thIy ro hdn d chUOng sau). 

4. Ddy sd (5„) cd 

n-l J_.>/3 
o2n 4 

Tfl ddy cd thd suy ra 

5 „ + l - 5 „ + C „ . a 2 ^ , . ^ = 5„+3.4" 

_ _%^ 3>^ 
" 16 16 

1 + 1 + 
9 

M^2 
- -I-...+ 

/4A«-l 

v y y 

^2/3 3 ^ ^ 
~ 16^^ 16 ' 

1 - iS 

Day sd (5„) bj chdn tren. 

Dieu thu vj cfla day vdn Kde Id d cho chu vi p„ cd the Idn tuy ̂  vdi n dfl I6n, trong 

khi dien tfch S„ lai bj chdn (!) 

Cac nhd toan hgc dd cd gang md t^ hinh dang ̂ fla cdc Fractal tfl hon mgt trdm 
ndm qua. Vdi kha ndng cfla cdc mdy tfnh hien dai. Fractal dd trd thdnh mdt de tdi 
dugc quan tdm ddc biet, bdi chflng cd the dugc dien t l bang kT thudt sd vd dugc 
khdm pha qua mgi ve dep hap d in cfla chung. Fractal dang dugc sfl dung nhfl 
mdt phflong tien ho trg cho Todn hgc vd nd cung the hidn dflge nhflng net dep 
van hod trong vd ngodi hdnh tinh thdng qua ndn cdng nghidp dien Inh. 
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On tap chuong III 

1. Khi nao thi cdp sd cdng Id day sd tang, day sd giam ? 

2. Cho cdp sd nhan cd MI < 0 va cdng bdi q. Hdi cae sd hang khae se mang 
ddu gi trong edc trudng hgp sau : 

a)q>01 h)q<01 

3. Cho hai cdp sd cdng ed cdng sd cdc sd hang. Tdng cdc sd hang tuong flng 
cua chung ed lap thanh cdp sd cdng khdng ? Vi sao ? Cho mdt vf du 
minh hoa. 

4. Cho hai cdp sd nhan cd eung sd' cac sd hang. Tfch cdc sd hang tuong flng eua 
chung cd ldp thanh cdp sd nhdn khdng ? Vi sao ? Cho mdt vf du minh hoa.. 

5. Chflng minh^rang vdi mgi rt G N , ta ed : 

a) 13" - 1 chia hd't cho 6 ; b) 3rt̂  + 15rt chia hd't cho 9. 

6. Cho day sd (M„), bilt MI = 2, M̂ +i = 2M„ - 1 (vdi n > 1). 

a) Vilt nam sd hang ddu cua day. 

b) Chflng minh M„ = 2" +1 bdng phflong phdp quy nap. 

7. Xet tfnh tang, giam va hi chan eua cdc day sd (M„), bid't: 
1 '*"' ' 1 

a) u„ = n +— ; b) M„ = (-1)"" sin— ; 
n rt 

e) M„ = -Jn + l - yfn . 

8. Tim sd hang ddu Mi vd cdng sai d ciia cdc cd'p sd cdng (M„), bilt: 

f5Mi -I- IOM5 = 0 f"7 + "15 = 60 

K = 1 4 ; |M4+Mf2 =1170. 

9. Tim sd hang ddu MI va cdng bdi q cua cac cd'p sd nhdn (M„), bilt: 

[M7 = 384 ; [M5 - M3 = 144 ; 

fM2 -̂  M5 - M4 = 10 
e) < 

[M3 + M6 - "5 = 20. 
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10. Tfl giac ABCD cd sd do (dd) eua cdc gdc lap thanh mdt cdp sd.cdng theo thfl 
tu A, B, C, D. Bid't rdng gde C gdp nam ldn gdc A. Tinh edc gdc cua tfl giac. 

11. Bid't rang ba sd x, y, z ldp thdnh mdt cdp sd nhan vd ba sd x, 2y, 3z lap 
thdnh mdt cdp sd cdng. Tim cdng bdi cua cdp sd nhdn. 

12. Ngudi ta thid't k l mdt cdi thdp gdm 11 tdng. Didn tfch bl mat trdn cua 
mdi tdng bang nfla didn tfch mat trdn eua tdng ngay bdn dudi va didn tfch 
bl mat trdn cua tdng 1 bang nfla didn tfch dd thdp. Bilt didn tfch mat dl 
thdp la 12 288 m^. Tfnh didn tfch mat trdn eung. 

2 2 2 
13. Chflng minh rang nlu cac sd a ,b ,c lap thanh mdt cdp sd cdng {abc ̂  0) 

thi cac sd , , eung ldp thdnh mdt cdp sd cdng. 
b + c c + a a + b 

Bai tqp trac nghidm 

14. Cho day sd' (M„), bid't M„ = 3". Hay chgn phuong dn dung : 

a) Sd hang M„+I bdng : 

(A) 3" + 1 ; (B) 3" -H 3 ; (C) 3".3 ; (D) 3(rt + 1). 

b) Sd hang M2„ bdng : 

(A) 2.3" ; 

c) Sd hang M„_I bang : 

(A) 2.3"; (B)9"; (C) 3"-H 3 ; (D) 6rt. 

( A ) 3 " - l ; ( B ) - . 3 " ; ( C ) 3 " - 3 ; ( D ) 3 « - l . 

d) Sd hang M2„_I bang : 

(A) 3^.3" - 1 ; (B) 3".3""^; (C) 3^" - 1 ; (D) 3^^""^^ 

15. Hay cho bid't day sd (M„) nao dudi ddy la day sd tang, nlu bilt cdng thflc sd 

hang tdng qudt M„ cua nd la : 

(A) (-!)"+!. s i n - ; (B) (-1)^"(5"-h 1); 
rt 

(C) - r ^ ; (D) " 
Vrt-I-1 -1- rt ' n^ -I-1 
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16. Cho cdp sd cdng -2 , x, 6, y. Hay ehgn kit qua dung trong cdc kit qua sau : 

(A)jc = -6,3^ = - 2 ; {B)x=l,y = l; 

{C)x = 2,y = %; {D)x = 2,y=lQ. 

17. Cho cdp sd nhan -4, x, -9. Hay chgn kdt qua dung trong cac ke't qua sau : 

(A)A: = 3 6 ; (B)A: = - 6 , 5 ; 

(C) ;c = 6 ; (D)x = -36. 

18. Cho cdp sd cdng (M„). Hay chgn he thflc dung trong cdc he thflc sau : 

/A\ "10 "̂  "20 _ „ , „ . {A.) — "5 -t- "10 . (B) UgQ + M210 = 2MI5O ; 

(C) Mio .M30 - "20; (D) ^ = "20. 

19. Trong cac day sd cho bdi cac cdng thflc truy hdi sau, hay chgn' day sd la 
cdp sd nhan : 

(A) 

(C) 

f"l ~ 2 
2 ' 

I "n+l - "n 

I "1 = -3 

l"n+l = "n + 1 

(B) I "1 = -1 

["n+l = 3M„ 

(D) 7, 77, 777,..., 777...7 
n chfi s6' 7 
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Gldl fifin 

6 

Chirong nay cung cap nhimg kien thiic mo dau ve Giai tich. Npi dung cua chuong xoay 
quanh hai khai ni§m co ban la gicn h^n va lien tuc. 
Chfnh nhung khai niem va cac phep toan v§ gioi han va lien tuc la co so cho viec nghien 
cuu cac noi dung khae cua Giai tich (Dao ham, Tich phan,...). Dac bi§t, chung se cho 
phep giai quy^t nhieu bai toan cua khoa hoc va thuc tien, ma ta khong the giai quy^t 
dupe neu chi dung cac kien thiic cua Dai sd. Do chinh la nhung bai todn lien quan toi 
suvohan. 



NGHICH Lf C O A Z E - N 6 N G (Z^NON) 

A-sin (Achille) - mdt Iflc sT trong thin thoai Hy Lap, ngudi duge mdnh danh Id 
"cd ddi chdn chay nhanh nhu gid" dudi theo mgt con rua tren mdt dudng thing. 

Ndu luc xuat phdt, rua d diem A^ cdch A-sin mdt khoang bang a khae 0, thi mdc 
du chay nhanh hon, A-sin eung khdng bao gid edjhe dudi kjp rua. 

That vdy, de dudi kjp rua, trflde het A-sin cin di den diem xud't phdt Aj cfla rua. 

Nhung trong khoang thdi gian dd, rua dd di den mdt diem A2 khdc. Oe dudi tidp 

A-sin lai phai den duge diem A2 nay. Khi A-sin di den diem A^ thi rua lai tie'n len 

diem A-^,... Cfl nhfl thd, A-sin khdng bao gid dudi kjp rua. 

Cdu chuydn tren Id nghjch If ndi tieng cfla Ze-ndng (Zenon d'Elee 496 - 429 
trudc CN) - mdt triet gia Hy Lap d thdnh phd Elee, phfa nam nUdc V bdy gid. 
Nghjch If cfla dng gdp phin thuc day su xuat hien khai niem gidi han. Nhd khdi 
nidm gidi han, con ngudi cd the nghien cflu cdc v in de lien quan tdi sfl vd han.-
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Gl6l HAN CUA DAY s 6 

I - GI6I HAN HUtJ HAN CUA D A Y SO 

1. Dinh nghTa 

^ 1 

Cho day sd (M„) vdi u^ = —. 

Bieu dien {u„) dfldi dang khai trien : 1, 

Bieu dien {u„) tren true sd (h.46): 

i i 1 i _J_ 
2 ' 3 ' 4 ' 5 " " 100" 

V "6 « 4 

"lOO 

"2 

Hinh 46 

a) Nhan xet xem khodng cdch tfl «;, tdi 0 thay ddi the nao khi n trd nen rdt Idn. 

b) Bat diu tfl sd hang u„ nao cfla day sd thi khoang cdch tfl M„ den 0 nhd hdn 0,01 ? 
0,001 ? 

(Ta eung chflng minh dfldc rang |M„| = - cd th i phd hdn mdt sd dfldng be tuy y, ke 
n 

tfl mdt sd hang ndo dd trd di, nghTa Id |M |̂ cd the nhd bao nhieu cung dugc mien Id 

chgn n dfl Idn. Khi dd, ta ndi day sd (M„) vdi M„ = - cd gidi han Id 0 khi n din tdi 
n 

dfldng vd cflc). 

DINH NGHiA 1 

Ta ndi day sd (M„) cd gidi han /a Q khi rt ddn tdi duong vd cue, 

nd'u |M„| C6 thi nhd hon mdt sd duong be tuy y, kl tfl mdt sd hang 
nao dd trd di. 

Kf hidu : lim M„ = 0 hay M„ -» 0 khi « ^ -l-oo. 
n—>+oo 

••'• J 
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Nhu vay, (M„) ed gidi ban la 0 khi n -> -i-Qo nlu M„ cd thi gdn 0 bao nhidu 

eung duge, miln la n du ldn. 

(-1)" Vidu 1. Cho day sd (M„) vdi M„ = — — . 

n 

Bilu didn (M„) tren true sd (h.47) : 

M3 M5 0 «4 

i JL \ X 
"9 25 1 16 

- I — * • 

' " 1 0 - 100 

Hinh 47 

Ngudi ta chflng minh duge rdng lim M„ = 0, nghia la |M„|cd thi nho han 
n—>+oo 

mot so duang bd't ki, kl tfl mdt sd hang ndo dd trd di. 

Chang ban : 

l««l = 
(-1)" -L<0,01hayK| = - l < ^ 

vdi mgi n thoa man n > 100 hay n > 10. 

Ndi each khae, |M„ | < 0,01 kl tfl sd hang thfl 11 trd di. 

TflOng tfl, 

k l = ^ < 0,000 01 hay IM Î = — < 
„2 100000 

vdi mgi n thoa man n^ > 100 000 hay n > yjlOO 000 « 316,2. 

vay \uJ < 0,000 01 kl tfl sd hang thfl 317 trd di. 

D!NH NGHiA 2 

Ta ndi day sd (v„) ed gidi ban la sd a (hay v„ ddn tdi a) khi rt —>• -l-oo, 
nlu hm (v„ - a) = 0. 

n-^+00 

Kl hidu : lim v„ = a hay v„-> a khi rt -> + 00. 
n->+oo 
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O 1 

Vi du 2. Cho day sd (v„) vdi v„ =— . Chflng minh rang lim v„ = 2 . 
rt n-»+oo 

Gidi. Ta ed lim (v„ - 2) = lim 
n—>+oo n^-+oo 

,• 2rt + l ^ 
Vay lim v„ = lim = 2. 

n—>+oo n—>+oo rt 

'2rt + l 

V. n 
= lim - = 0. 

n—>+oort 

2. Mot vai gidi han dac biet 

Tfl dinh nghia suy ra eae kit qua sau 

a) lim — = 0 ; lim -r- = 0 vdi k nguydn duong ; 
n->+oort n->+oo/j* 

b) lim ^" = 0 nd'u \q\<l ; 
n—>+oo 

c) Nd'u u„ = c {c la hdng sd') thi lim M„ = lun c = c 

n-¥+oo n—>+ao 

CHUY 

Tfl nay vl sau thay cho lim M„ = a, ta vilt tdt Id UmM„ = a. 
n->+QO 

II - DINH LI VE G l 6 l HAN HUtJ HAN 

Vide tim gidi han bdng dinh nghia khd phdc tap ndn ngfldi ta thfldng dp dung 
eae cdng thflc gidi ban dae biet neu tren va dinh If sau ddy ma ta thfla. nhdn. 
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DINH LI 1 

a) Nlu lim M„ = a va lim v„ = 6 thi 

• lim(M„ +v„ ] = a + 6 • lim(M„ - v^) = a,- b 

•'lim(M„.v„) = a.b • l im-^ = — (ne'u b ^ 0). 
v„ b 

b) Nlu Ufi>0 vdi mgi n vk lim u^^ = a thi 

a > 0 va lim ^/M„ = v a . 
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Vidu 3. Tim lim 
. 3rt^ - n 

1-l-n' 

3n^ -n ^~~ 
Gidi. Chia tfl sd va mdu sd cho n , ta dugc ^ 

l + rt^ 1 1 
« n 

+ 1 

Vi liml 3 - -
nj 

vk liml —.— + 1 
rt rt 

= l i m 3 - l i m - = 3 - 0 = 3 
« 

1 .. 1 
= l i m - . l i m - + liml = 0.0 + 1 = 1 

rt rt 

nen lim 
. 3rt - rt 

= lim 
1 + rt^ 

3-i 
rt . 

i . i + 1 
rt rt 

lim 

lim 

r3-ii 
V " 7 

i i + i 
rt « 

= 1 = 3. 
1 

Vidu 4. Tim lim 
Vl + 4rt^ 

l - 2 « 

_.,. ^ . ,. Vl + 4rt̂  ,. t W^"^. 
Giai. Ta eo hm = lim 

l - 2 r t l - 2 r t 

« J^=r + 4 , Hr + 4 

rt f i-2' i-2 -2 

III - TONG CUA CAP SO NHAN LUI VO HAN 

• Cdp sd nhan vd han (M„) ed cdng bdi q, vdi \q\ < I duge ggi la cdp sd 

nhdn ldi v6 hqn. 

Chang ban, hai day sd sau la nhflng cdp sd nhdn lui vd ban : 

- Day sd 2 ' 4 ' 8 ' - " V ' - ^"^ ^^^^ bdi ,7 = - ; 

115 



Day so 1, — , - , , —,.. . , 
3 9 ' 2 7 81 V j y 

,... vdi cdng bdi q = -—• 

Cho cdp sd nhan lui vd ban (M„) ed cdng bdi q. Khi dd, 

" 1 ( 1 - g " ) _ "1 
S„ = Ui + U2 + M3 +...+ M„ =-

l-q l-q v l - ? y 

Vi 1̂1 < 1 ndn lim^" = 0. Tfl dd ta ed 

lim5„ = lim 
Ul 

l-q v l - ^ y 

"1 
l-q 

Gidi ban nay duge ggi la tdng cua cd'p sd nhdn ldi vo hqn {u„) vk dugc kf 

hidu la S = Mj + M2 -̂ M3 +...+ M^-I-... 

Nhu vay 

5 ^ - i i - (M<i). 
l-q 

ViduS 

a) Tinh tong eua cdp sd nhan lui vd ban (M„), vdi u„ 
3" 

b) Tfnh tdng 1 + ---+....+ 
f \\^-^ 

2 4 8 +... 
V ^J 

Gidi 

a) Vi M„ = — ndn MI = —,d' = —.Dodd 
3" 3 3 

1 1 1 1 M, 3 1 
+ - + + ... + + ... = *— = -* , = — . 3 9 27 3« l-q 1 -

1 2 

b) Cdc sd hang eua tdng lap thanh cdp sd nhan lui vd ban vdi MJ = 1, 

1 
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vay 5 = i _ l + l _ l + 
2 4 8 

_ Mj _ 1 

1 -

+ 
1 

N n - l 

2) 

• 

IV ^ GICII HAN VO c u e 

1. Djnh ngtiTa 

Co nhieu td giay gid'ng nhau, mdi td ed be ddy Id 
0,1mm, Ta xep chong lien tie'p td ndy len td 
khdc (h.48). Gil sfl cd the thuc hien viec xep 
gid'y nhU vay mdt cdch vd han. 

Ggi «! Id be ddy efla mdt td giay, M2 '^ be day 

efla mdt xep gia'y gom hai td, M3 Id be ddy cfla 

mdt xd'p gid'y gom ba td, ..., M„ Id be day efla 

mdt chdng gid'y gom n td. Tiep tijc nhU vdy, ta 

c6 dugc ddy sd vd han (M„). 

Bang sau ddy cho bie't be ddy (tfnh theo mm) 
cfla mdt sd chdng gid'y. 

( = ) 

384 000 km 

Hinh 48 

«1 

0,1 

"1000 

100 

"1000000 

100 000 

"1000000000 

100 000 000 

"n 

n 
To 

a) Quan sdt bang tren va nhdn xet ve gid trj cfla M„ khi n tdng len vd han. 

b) Vdi n nhu thd ndo thi ta dat dugc nhflng chdng gia'y c6 be ddy Idn hon khoang 
cdch tfl Trdi Dd't tdi Mdt Trdng ? (Cho bie't khoang cdch nay d mdt thdi diem xdc 
djnh Id 384 000 km hay 384.10^ mm). 

(Ta cung chflng minh dugc rang «„ = — cd the Idn hon mdt sd dUOng bat ki, ke tfl 

mdt sd hang ndo do trd di. Khi do, day sd (M„) ndi tren dugc ggi Id dan tdi di/ang vo 
cue, khi n -> +00). 
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DINH NGHiA 

• Ta ndi day sd (M„) CO gidi hqn +00 khi rt -> +00, nd'u M„ cd thi 
ldn hon mdt sd duong bdt ki, kl tfl mdt sd hang nao dd trd di. 

Kf hidu : limM„ = +00 hay M„ -^ +00 khi rt -> +00. 

• Day sd (M„) duge ggi la co gidi hqn -00 khi n -> -t-°o nd'u 
lim(-M„) = -l-t». 

Kf hidu : limM„ = -00 hay M„ —> -00 khi n -> +co. 

NHAN XET 

limM„ = +00 <=> lim(-M„) = - 0 0 . 

2 
Vi du 6. Cho day sd (M„) vdi M„ = rt 
Hinh 49 cho mdt bilu diln cdc sd hang eua (M„) trdn true sd. 

"1 "2 "3 
-H-

«4 
- I — 
16 01 n2 

Hinh 49 

Bilu diln hinh hgc ndy cho thd'y, khi n tdng ldn vd hah thi u„ trd ndn 
rdt ldn. Hon nfla, ngudi ta chflng minh duge rdng limM„ = -1-00, nghla Id u„ 

cd thi ldn han mgt sd duang bd't ki, kl tfl mdt sd hang nao dd trd di. 

Chang han, M„ > 10 000, hay rt^ > 10 000 khi rt > 100. 

vay u„ > 10 000 ki tfl sd hang thfl 101 trd di. 

Tflong tfl, u„ > 10^° hay n^ > 10^° khi rt > 10^^ 

vay u„ > 10^" kl tfl sd hang thfl lo '" + 1. 

2. Mot vai gidi han dac biet 

Ta thfla nhan cdc kit qua sau : 

a) limrt = +00 vdik nguydn duong ; 

b) lim*?" = -1-00 nd'u q> I. 
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3. Dinh If 

Ta thfla nhan dinh If dfldi day. 

DINH LI 2 

a) Nlu limM„ = a va limv„ = +cx) thi l im-^ = 0. 

b) Nd'u limM„ = a> 0, limv„ = 0 va v„ > 0 vdi mgi n thi 

l i m - ^ = -1-00. 

V e) Nlu limM„ = -l-oo va limv„ = a > 0 thi limM^v^ = +oo. 

Vidu 7. Tim lim . 
rt.3" 

Gidi. Chia tfl va mdu cho n, ta duge 
2rt + 5 

2 + 

rt.3« 3" 

Vl lim 2 + - 2 vk lim 3''=-1-00 ndn 

lim = lim 
rt.3'' 

2 . 1 
^ = 0. 

3" 

Vidu 8. Tim lim(rt^ - 2rt - 1). 

Gidi. Ta ed rt^ - 2rt - 1 =rt^f 1 

Vi limn = -t-oo va lim = 1 > 0 ndn 

limn 

vay lim (rt^ -,2rt - 1) = +oo. 

^ 2 O 

V « rt^y 
= -l-oo. 
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B A I D O C THfiM 

B ^ B J QUAY VE NGHjCH Ll ZE-NONG 

Sau khi da hgc ve gidi han cfla day so, ta c6 the giai thfch nhfl the' ndo ve nghjch 
If "A-sin khdng dudi kjp rua" ? 

De ddn giln, d ddy ta chi xet mdt trudng hgp cu the (trudng hgp tdng qudt dugc 
gii i quylt tuong tU). 

Gil sfl tdc do chay cfla A-sin Id 100 km/h, cdn tdc do chay cfla rua Id 1 km/h. Luc 

xud't phdt, rua d diem Aj cdch A-sin 100 km (h.50). 

4. 
O ^°"'™ Al A2 

Hinh 50 

Ta tfnh thdi gian A-sin dudi rua, bang cdch tfnh tong thdi gian A-sin chay het cdc 

quang dudng OAj, A1A2, A2A3, ..., A„_jA„, ... Ne'u tdng ndy vd han thi A-sin 
khdng the dull kjp duge rua, con ne'u nd hflu han thi dd chfnh Id thdi gian md A-sin 
dudi kjp rua. 

De chay hdt quang dudng OA, = lOO(km), A-sin phai mit thdi gian fj = — = 1(h). 

Vdi thdi gian fj ndy, rua da chay dugc qudng dfldng AjA2 = l(km). 

Oe chay het qudng dudng A1A2 = l(km), A-sin phii mat thdi gian r2 = —(h ) . Vdi thdi 

gian ^ rua da chay them duoc qudng dudng A^A^, = — (km). 
^ 1 0 0 

Tid'p tuc nhu vdy, de chay hd't qudng dudng A„-,A„ = —?-— (km), A-sin phii mdt 
100""^ 

thdi gian t„ = —!—- (h). 
100"-' 

Vdy tdng thdi gian A-sin chay hdt cdc qudng dudng 0A^,A^A2, A2A3,..., A^_^A^,... id 

7 = 1 + — + - ! - + - ^ + . . . + - ^ + . . . (h) 
100 ioo2 ioo3 100" 
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Do la tdng cfla mdt cd'p sd nhan lui vd han vdi MJ = 1, cdng bdi ^ = — , nen ta cd 

1 100 , 1 ,. , 
T = = — = 1—(h). 

J 1_ 99 99 
100 

Nhu vdy, A-sin dudi kjp rua sau 1— gid. 

Ket qua tren (dat dugc nhd dp dung khai niem gidi han) cho phep giai thi'ch 
nghjch If cfla Ze-ndng. 

Bai tqp 

1. Co 1 kg ehdt phdng xa ddc hai. Bid't rdng, cfl sau mdt khoang thdi gian 
r = 24 000 nam thi mdt nfla sd ehd't phdng xa ndy bi phan ra thanh ehdt 
khae khdng ddc hai dd'i vdi sflc khoe eua eon ngudi (J duge ggi la chu ki 
bdn rd). 

Ggi M„ la khdi lugng ehd't phdng xa edn lai sau ehu ki thfl n. 

a) Tim sd hang tdng quat M„ eua day sd (M„). 

b) Chflng niinh rdng (M„) ed gidi han la 0. 

c) Tfl kit qua cau b), chflng to rang sau mdt sd nam ndo dd khdi lugng ehdt 
phdng xa da cho ban ddu khdng cdn ddc hai dd'i vdi eon ngudi, cho bid't 
ehdt phdng xa nay se khdng ddc hai nfla nd'u khdi lugng ehd't phdng xa cdn 

lai be hon 10 g. 

2. Bilt day sd (M„) thoa man |M„ - ll < —T- vdi mgi n. Chflng minh rang 
n' 

limM„ = 1. 

Tim eae gidi ban sau : 

N 1- 6 r t - l . 2n^ +n^5 
a) h m - ; b) lim-3n + 2 9«2 2 n ^ + l 

3" + 5.4^ . . V9rt2-rt + l 
^^ ^^^~T, T ' d) hm-!̂  

4" + 2" 4rt - 2 
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4. D l trang hoang cho can hd eua minh, ehu chudt Mickey quylt dinh td mdu 
mdt mieng bia hinh vudng canh bdng 1. Nd td mau xam cdc hinh vudng 
nho dugc ddnh sd ldn Iugt la 1, 2, 3 , . . . , n, ..., trong dd canh eua hinh vudng 
ke tid'p bang mdt nfla canh hinh vudng trude dd (h.51). 

'•y 

1 

1 
h 

1 

1 

1 

1 ' i 

' 2 

+
 

1 

i. 
1 

1
 

1 1 

1 1 1 

1 1 1 
1 1 ( 

t t. ,* / ' , ' . 

™4JHiJW|iB 
i , ^ H | 

Hinh 51 

Gia sfl quy trinh td mdu cua Mickey cd thi tid'n ra vd han. 

a) Ggi u„ la didn tfch eua hinh vudng mau xdm thfl n. Tinh MJ , M2 , M3 va M„. 

b) Tfnh lim5„ vdi S„- Ui + U2 + M3 +...-I- M„. 

1 1 (-1)" 
5. Tfnh tdng S =-I + :r + ... + ̂ - ^ + ... 

10 102 10«-1 
6. Cho sd thap phan vd ban tudn hoan a = 1,020 202... (chu ki la 02). Hay vid't 

a dudi dang mdt phan so. 

7. Tfnh cae gidi ban sau : 

a) lim(rt^ +2n^ - r t + 1) ; 

:) lim Vrt - n - rt 

b) lim (-rt̂ ^ -f 5n - 2) ; 

d) lim(\rt - rt + rt). 

8. Cho hai day sd (M„ ) va (v„). Bilt lim M„ = 3 , lim v„ = +00. 

Tfnh eae gidi ban : 

3M„ - 1 -
a) lim 

" n + l 
b ) l i m ^ ^ 2 

v , ? - l 

122 



Gl6l HAN CUA H A M S 6 

I - GICII HAN HUU HAN CUA HAM SO TAI MOT DIEM 

1. Djnh nghTa 

^ 1 

Xet hdm so f{x) = lx_-lx_ 

x-l 

1. Cho bien x nhflng gid trj khdc 1 lap thdnh day sd {x„), x„ -> 1 nhu trong bang sau : 

X 

f{x) 

Xi = l 

f{xi) 

3 
x-j = — 

2 2 

f{x2) 

4 

3 3 

f{x3) 

5 

"^ = 4 

Ax4) 

n + l 

A^n) 

^ 1 

> 7 

Khi dd, cac gid trj tuong flng efla hdm sd 

f{x^),f{x2),...,f{x^),. 

cung lap thdnh mdt ddy sd md ta kf hieu Id (/(x )). 

a) Chflng minh rang f{x^) = Ix^ - ln + 1 

b) Tim gidi han cfla day sd {f{x^). 

2. Chflng minh rang vdi day sd bit ki (x^), x^^l vd A:„ -> 1, ta ludn co /(J^„) -> 2. 

(Vdi tfnh chat the hien trong cdu 2, ta ndi hdm sd f{x) = 

khi X din tdi 1). 

Ix^ -Ix 

x-l 
c6 gidi han Id 2 
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Dudi day, thay cho eae khoang {a ; b), (-00 ; b), {a ; +00) hoae (-<» ; +^), 
ta vid't chung la khoang K. 

DINH NGHiA 1 

Cho khoang K chfla dilm XQ vk ham so y = /(JC) xae dinh trdn 

K hoae trdn ^ \ {XQ }. 

Ta ndi ham so y -fix) ed gidi ban la sd L khi x ddn tdi XQ nd'u vdi 

day sd {x„)hkt\d,x„e K\{XQ} vk x„ -> XQ, ta ed fix„) -^ L. 

Ki hieu : lim f{x) = L hay/(A:) ^ L khi JC -> XQ. 

Vi du 1. Cho ham sd f{x) = 
x^-A 

Chflng minh rang lim f{x) = - 4 . 
x + 2 x->-2 

Gidi. Ham sd da cho xde dinh tren R \ {-2}. 

Gia sfl (jc„) la mdt day sd bdt ki, thoa man x„ ^ -2 vk x„ -> - 2 khi n —> -l-oo. 

Ta ed 

- Ur^i-± - , : „ U n + 2 ) ( x , - 2 ) _ ,̂ ^ 
l im/(x„) = lim 

x„+2 
lim^-^! '-^-^ = lim(x„ - 2) = ^ . 

(jc„ + 2) 

Do dd lim f{x) = -4 . • 
A-->-2 

(Lflu y rdng, mac du fix) khdng xde dinh tai x = - 2 , nhflng ham sd lai cd 

gidi ban la - 4 khi x -^ -2). 

NHAN XET 

lim X = XQ ; lim c = c, vdi c la hang sd. 

2. Djnh If ve gidi han hiiru han 

Ta thfla nhan dinh If sau day. 
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DINH LI 1 

Gia sfl lim f{x) = L vk lim g{x) = M. Khi dd 
X^XQ X^XQ 

lim [f{x) + g{x)\ = L + M; 

lim [f{x)-g{x)\ = L-M; 
X-^Xf) 

lim [f{x).g{x)] = L.M ; 
X-^Xn 

lim 
f{x) 

(nd'u M^H). 
X^XQ g{x) M 

b) Nlu/(x) > 0 va lim '"/(x) = L, thi 
X^Xn 

L>Ova lim y[J{x) = yfl. 
X-^Xn 

(Ddu eua fix) dugc xet trdn khoang dang tim gidi ban, vdi 
X ^ XQ). 

Vi du 2. Cho ham sd/(x) = 

Gidi. Theo Dinh If 1 ta ed 

x^ +1 
J— . Tim lim f{x). 

2vx x->3 

2 , 1 lim(x^+l) 
lim f{x) = lim ^ ^ ^ = ^^^2 
x^3 J:->3 2vx lim 2vx 

x-^3 
2 

lim X + lim 1 lim x. lim x + hm 1 ., - , , 
_ x^3 x^3 _ x-^3 x-^3 x^3 _ •̂  •-̂  + ^ _ -̂  

lim 2. lim Vx 
X—>3 JC—>3 J 

lim 2. / lim x 
;!:-̂ 3 yix^3 

2V3 > ^ ' 

Virf«3. Tfnh lim ^ ^ ^ ^, 
x->l x - 1 

Giai. Vl (x - 1) -> 0 khi X -> 1, ndn ta chua thi dp dung Dinh If 1 ndu trdn. 

^ ^ 1 to .A ^ ^ ^ ^ - 2 (x - l)(;c + 2) Nhflng voi X 9t 1 ta CO = -Î  il i = ^ H- 2 . 
x - 1 x - 1 
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Do dd. 

lim 
x^>l 

i l ± i ^ = ita <£::iXi±2) = ita (. + 2) = 3. 
X - l x->l x - 1 X->1 

3. Gidi han mot ben 

Trong Dinh nghia 1 vl gidi ban hihi ban eua ham sd khi x —> XQ, ta xet day 

sd (x„) bd't ki, x„ e ^ ( X Q } vd X„ -^ XQ. Gia tri x„ ed thi ldn hon hay nhd 

hon XQ. 

Nd'u ta ehi xet edc day (x„) ma x^ ludn ldn hon XQ (hay ludn nho hon x^), 
thi ta ed dinh nghia gidi ban mdt bdn nhu dudi ddy. 

DINH NGHiA 2 

• Cho ham sd y =fix) xde dinh trdn khoang {XQ ; b). 
t 

Sd L duge ggi la gidi hqn ben phdi eua ham sd y = fix) khi 

X ^ XQ nd'u vdi day sd (x„) bd't ki, XQ < x„ < & va x„ —> XQ, ta 

c6/(x„) -^ L. 

Kf hidu : lim /(x) = L. 

• Cho hdm sd y =fix) xae dinh trdn khoang {a ; XQ). 

Sd L duge ggi la gidi hqn ben trdi ciia ham sd' y - fix) khi 

X ^ XQ nd'u vdi day sd (x„) bdt ki, a < x„ < XQ va x„ ^ XQ, ta 

cd/(x„) -^ L. 

Kf hidu : lim f{x) = L. 

Ta thfla nhan dinh If sau ddy. 

DINH LI 2 

r 

s 

lim /(x) = L khi va ehi khi lim f{x) = lim f{x) = L. 
X—^X(j X—>XQ X-^XQ 

\ 

/ 
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Vi du 4. Cho ham sd 
(Sx -I- 2 nd'uX > 1 

f{x) = \ 2 
X - 3 ndux < 1. 

(1) 

(2) 

Tim lim f{x), lim f{x) vk l im / (x ) (ne'u ed). 
A:—>r x-^r x-^l 

Gidi. Ta ed, lim f{x) = lim (x^ - 3) = r - 3 = - 2 ; 
j c - > r jT -^ r 

lim / (x ) = lim (5x + 2) = 5.1 -I- 2 = 7. 
x^l+ x^l+ 

Nhu vay, khi x ddn tdi 1 ham sd y =fix) cd gidi ban bdn trdi la - 2 va gidi han 

bdn i*ai la 7. Theo djnh K 2, l im / (x ) khdng tdn tai vi lim / (x ) 5̂  lim / ( x ) . • 

Trong bilu thflc (1) xdc djnh hdm sd y =/(x) d Vf du 4, cin thay sd 2 bang sd ndo 
de hdm sd cd gidi han khi x ^ 1 ? 

II - GICII HAN HUU HAN CUA HAM SO TAI VO CUC 

3 

Cho hdm sd f{x) = cd do thi nhfl d Hinh 52 
x - 2 

Hinh 52 
Quan sdt dd thj vd cho biet: 

- Khi bien x dan tdi dUdng vd cue, thi/(x) din tdi gid trj ndo. 

- Khi bien x din tdi dm vd cue, thi/(x) din tdi gid trj ndo. 

127 



DINH NGHiA 3 

a) Cho ham sd y =fix) xdc dinh trdn khoang {a ; -f-oo). 

Ta ndi ham sd y =/(x) ed gidi ban la sd L khi x ^ -foo nlu vdi 

day sd (x„) bdt ki, x„ > a vd x„ —> +co, ta ed fix„) -^ L. 

Kl hieu : lim f{x) = L hay/(x) ^ L khi x ^ +00. 
X^>+co 

b) Cho ham sd y. =fix) xde dinh tren khoang (-00 ; a). 

Ta ndi ham sd y -fix) ed gidi ban la sd L khi x -^ -00 nlu vdi 

day sd (x„) bdt ki, x„ < a vd x„ -> -00, ta ed fix„) -> L. 

Kf hieu : lim f{x) = L hay/(x) ^ L khi x ̂  -co. 

yirf«5. Chohamsd'/(x)= ^^^^^ Tim lim f{x)vk lim f{x). 
x - l .X—>-oo X—>+oo 

Gidi. Ham sd da cho xde dinh tren (-00 ; 1) vd tren (1; +00). 

• Gia sfl (x„) la mdt day sd bdt ki, thoa man x„ < 1 va x„ ^ -00. 

2 + A 
Ta cd lim/(x„) = lim ^ f « ± l ^ Hm ^ = 2. 

^n - 1 1 _ i _ 

2xV3 
vay lim /(x) = lim = 2. 

A:->-OO X—>-OO X — 1 

• Gia sfl (x„) la mdt day sd bdt ki, thoa man x„ > 1 va x„ ^ +00. 

3 
2x + 3 

Ta ed lim/(x„) = lim ———- = lim 
2 + 

x „ - l 1 - ^ 
^ = 2. 

vay lim / (x )= lim ^ ^ ^ = 2. 
X—>+oo x->+<» X — 1 
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CHUY 

a) Vdi c, k la cac hdng sd va k nguydn duong, ta ludn cd : 

c c 
lun c = c ; lim c = c ; Iim — = 0 ; lim - ^ = 0. 

X->+oo X-*-ao x-»+QO X X^ -oo X 

b) Dinh If 1 vl gidi han hihi ban cua ham sd khi x ^ XQ vdn edn 
dung khi X -> +00 hoac x -> -oo. 

Vi du 6. Tim lim 
3x^ - 2x 

jc^+oo x^ + 1 
2 

Gidi. Chia ca tfl va mdu cho x , ta cd 

2 3 - ^ 
,. 3x^ - 2x r X 
lun —r = hm 

lim 
X->+00 

3 - -
X 

X->+00| J[_ /̂  
lim 

X->-HX3 
1 + 

lim 3 - lim — 
x->+oo X-»-HX)-

lim 1 + lim 
x->+oo X->+QOx 

3 - 0 
1-1-0 

= 3. 

Ill - Gld l HAN V6 c u e CCiA HAM s 6 

1. Gidi han vo circ 

Cdc dinh nghia vl gidi han -i-oo (hoac -oo) cua hdm sd' dugc phat bilu tuong 
tfl cdc^inh nghla 1, 2 hay 3 b trdn. 

Chdng ban, gidi ban -oo cua hdm sd 3̂  = fix) khi x ddn tdi dflong vd cue 
dugc dinh nghia nhfl dudi ddy. 

DINH NGHiA 4 

Cho ham sd y =fix) xdc dinh trdn khoang {a ; -l-oo). 

Ta ndi hdm sd y =fix) cd gidi ban la -00 khi x -> -1-00 nlu vdi 

day sd (x„) bdt ki, x„ > a va x„ ^ -1-00, ta cd fix„) -> -00. 

Kf hieu : lim f{x) = - 00 hay/(x) -^ -00 khi x -^ -f-oo. 
X->+00 
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NHAN XET 

lim f{x) = + 00 <z> lim (-/(x)) = - oo. 
X->+00 X->+00 

2. l\/ldt vai gidi han dac biet 

a) lim X = -1-00 vdi k nguydn duong. 
X->+00 

b) lim X = - 00 nlu k la sd le. 
X—>-Q0 

e) lim X = -I- 00 nd'u k Id sd chdn, 
X->-oo 

3. Mot vai quy tac ve gidi han vo cue 

Dinh If vl gidi ban eua tfch vd thuong hai ham sd ehi dp dung duge khi tdt 
ea eae ham sd duge xet ed gidi ban hihi ban. 

Sau day Id mdt vdi quy tdc tfnh gidi ban eua tfch vd thuong hai ham sd khi 
mdt trong hai ham sd dd cd gidi ban vd cflc. 

a) Quy tac tim gidi han cua iich fix).g{x) 

Nlu lim f{x) = L ?t 0 va lim g{x) = -I-QO (hoac -oo) thi lim f{x)g{x) 
X—^XQ X—^Xn X—^XQ 

duoc tinh theo quy tdc cho trong bang sau : 

lim f{x) 
X->Xo 

L > 0 

L < 0 

lim g{x) 

-1-00 

- 0 0 

-1-00 

—00 

lun f{x)g{x) 
X—>Xo 

-1-00 

—00 

—00 

+ 0 0 
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b) Quy tac tim gidi han cua thuong 
f{x) 
g{x) 

lim f{x) 
X—»Xo 

L 

L>0 

L<0 

lim g{x) 
X'->XQ 

+00 

0 

Da'u eua g{x) 

Tuyy 

V + 

-

+ 
-

lin, f<'^ 
X^XQ g{x) 

0 

+00 

- 0 0 

—00 

+00 

Cac quy tdc trdn vdn dung cho cdc trudng hgp x —> XQ , x ^> XQ, 
X —> +00 vd X —> - 0 0 . 

(Ddu eua ^(x) xet trdn khoang dang tfnh gidi ban, vdi x ?̂  XQ). 

Vi du 7. Tim lim (x - 2x), 
X ^ - O O 

Gidi. Ta ed (x^ - 2x) = x^ 1 - - y 
V x^y 

r 
Vl lim X = - 00 va lim 

X—>-«) X—>-oo 

A 

3 3 

Vdy lim (x - 2x) = lim x 

1 ; 
V x^y 

= 1 > 0 ndn lim x~ 
X ^ - c o 

= —00 , 

V X J 

X ^ - 0 0 
1 - -

V x^y 
= — 0 0 . 

Vi du 8. Tinh eae gidi ban sau 

, ,. 2 x - 3 
a) lim ; 

x ^ r x-l 

Gidi 

b) lim ^ ^ ^ 
x^.l+ ^ - 1 

a) Ta ed lim ( x - l ) = 0 , x - l < 0 vdi mgi x < 1 vd 
x->r 

lim_(2x-3) = 2 .1-3 = - l < 0 . 
X->1 
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2 x - 3 
Do dd, lim = +00. 

x->r ^ - 1 

b) Ta cd lim (x - 1) = 0, X - 1 > 0 vdi moi x > 1 vd 
X->1+ 

Iim (2x - 3) = 2.1 - 3 = -1 < 0. 
x-^l+ 

^ ^, ,. 2 x - 3 
Do do, Iim = -00. • 

x-^l+ ^ - 1 

Bai tdp 

1. Dung dinh nghia, tim cac gidi han sau : 

x + 1 2 - 5x^ 
a) lim ; b) lim — 

x->4 3x - 2 x->-H» x + 3 
2. Cho hdm sd 

., . I Vx + 1 ndu X > 0 
fix) = 

[2x nlu X < 0 

vd cdc day sd (M„) vdi M„ = —, (v„) vdi v„ = — . 
n n 

Tfnh limM„,limv„,lim/(M„) vd Iim/(v„). 

Tfl dd cd kit ludn gi vl gidi ban cua ham sd da cho khi x ^ 0 ? 

3. Tfnh cdc gidi ban sau : 

. ,. Vx + 3 - 3 
c) lim 

4. 

x 2 - l ' 
a) lim ; 

x^-3 x + 1 
,, r 2x - 6 
d) hm ; 

X->+oo 4 - X 

Tim cac gidi ban sau : 

- ,. 3x - 5 a) hm ! 

4 - x ^ 
b) lun 

x^-2 X + 2 

e) hm — 
x->+<» x^ + 1 

ĥ  hm 2 ^ - ^ : 

x->6 x - 6 

f) lim 
-2x^ + X - 1 

x->+<» 3 + x 

, ,. 2 x - 7 

x->2(x-2)?- ^- x->r x-l x-*l* x-l 
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5. Cho hdm sd f{x) = x + 2 

x^-9 
cd dd thi nhfl trdn Hinh 53. 

HirUi 53 

a) Quan sdt dd thi vd ndu nhdn xet vl gid tri ham sd da cho khi x ^ -oo, 

X -> 3" vd X -> -3"^ 

b) Kilm tra cac nhdn xet trdn bdng each tfnh cac gidi ban sau : 
• Iim /(x) vdi fix) dugc xet trdn khoang (-oo ; -3), 

x->-<» 

• lim f{x) vdi fix) duac xet trdn khoang (-3 ; 3), 
X - ^ 3 " • ,,,•;,_, • , . , , 

• lim f{x) vdi fix) duoc xlt trdn khoang (-3 ; 3). ''•'' 
x^-3* 

6. Tfnh: 

a) Iim (x'̂  - Jĉ  + X - 1) ; b) lim (-2x^ + 3x^ - 5) ; 
X-»+oo X - > - 0 0 

c) lim 
x->-<» 

Vx^ - 2x + 5 ; 
.. ,. V x ^ + l + x 
d) hm 

x->+<» 5 - 2x 
7. Mdt thdu kfnh hdi tu cd tidu cu la/. Ggi dvkd ldn Iugt Id khoang each tfl 

mdt vdt that AB vk tilt anh A'B' cua nd tdi quang tdm O cua thdu kinh 

(h.54). Cdng thflc thdu kfnh la 1 + — = 1 . 
d d' f 
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Hinh 54 

a) Tim bilu thflc xdc dinh ham sd d' = gj{d). 

b) Tim lim ^{d), lim <p{d) vk Um (p{d). Giai thfch y nghla cua cac 

kit qua tim duge. 

BAN CO BIET ? 

Nha bae hgc Anh Niu%ri^Newton, 1642 - 1727) Id ngfldi d iu tien de xuat thudt 
ngfl "gidi han", djch tfl chfl La-tinh "Limes" ed nghTa Id "bd"„ "mep" hay "bien gidi". 
Tuy nhien, chfnh Giu-rin (Jurin, 1684 - 1750), sau dd Rd-bin (Robins, 1697 - 1751), 
Cd-si (Cauchy, 1789 - 1857) ... mdi dfla ra cdc djnh nghia ve khdi nidm ndy. 

Nhd todn hgc Dflc Vai-o-xtrat (Weierstrass) dd trinh bdy 
mgt djnh nghTa hien dai v l khdi niem gidi han, gan gidng 
vdi djnh nghTa sau day ma ngdy nay van thfldng dflge dung 
trong todn hgc. 

"So b dugc ggi Id gidi han cfla hdm sd y =fix) khi x-^a, neu 
vdi mdi f > 0, ton tai ^ > 0 sao cho v(i\x*ava\x-a\<S 
thi bd't ding thflc \f{x) -b\< s dugc thuc hien." (Tfl dien 
todn hgc NXB KH&KT 1993). 

Kf hieu "lim" md ta dung ngdy nay Id do nhd todn hgc Thuy ST 
Luy-ld (L'Huiller, 1750 - 1840) dfla ra vao ndm 1786. 

Nhfl vay, khdi niem Gidi han chi mdi ra ddi d the'ki XVII. 
Tuy nhien, tfl tudng "gidi han". da xud't hien rat sdm d Weierstrass 
nhieu nhd bdc hoc thdi cd dai. s, (1815-1897) 
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H A M S 6 LifiN TUC 

cdu Dvor-so-vUi dXanh Pe-tec-bua (Nga) dang md ra cho tau qua lai. 

I - HAM SO LIEN TUC TAI MOT DIEM 

1 

2. .> 
Cho hai hdm so fix) = x vd ^(x) = • 

- x ^ + 2 n d ' u x < - l 

2 ngii - 1 < X < 1 ed do thj nhu Hinh 55. 

-x^ + 2 ne'u X > 1 

D6mhAms6y=f(x) Od\h\h^ms6y = g(x) 

Hinh 55 
a) Tfnh gid trj cfla mdi hdm sd tai x = 1 vd so sdnh vdi gidi han (neu cd) cfla hdm 
sd dd khi x -> 1 ; 
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b) Neu nhdn xet ve dd thj cfla mdi hdm sd tai dilm cd hodnh dd x = 1. 
(Hdm sd y =fix) dugc ggi Id li&n tuc tai x = 1 vd ham s6y = g{x) khdng lidn tuc tai 
diem ndy). 

DjNH NGHiA 1 

Cho ham sd y =fix) xdc dinh trdri khoang KvkxQ& K. 

Ham s6y =fix) dugc ggi Id lien tec tai XQ nlu lim /(x) = /(XQ) . 
X^XQ 

Ham sd y =fix) khdng lidn tuc tai XQ dugc ggi la gidn doqn tai dilm dd. 

Vi du 1. Xlt tfnh lidn tuc cua ham sd/(x) = tai XQ = 3. 
X- 2 

Gidi. Hdm sd y =fix) xdc dinh trdn R \ {2}, do dd xae dinh trdn khoang 
(2 ;-l-oo) ehflaxo = 3. 

X 
lim /(x) = lun 
x^3 x^3 x - 2 

Vdy hdm sdy =fix) lidn tuc tai XQ = 3. • 

= 3 =fi3). 

II - HAM S6 LIEN TUC TREN MOT K H O A N G 

DjNH NGHiA 2 

Ham s6 y = fix) dugc ggi Id lien tuc tren mdt khodng nlu nd 
lidn tuc tai mgi dilm cua khoang dd. 

Ham sd y = fix) duac ggi la lien tuc trip, doqn [a ; b\ nlu nd 
lidn tue tren khoang {a ; b) vk 

Iim f{x) = f{a), Iim f{x) = f{b). 
x^a* x—>b 

Khdi niem ham sd lien tue trdn nfla khoang, nhu (a ; b], [a ; +oo), ... dugc 
dinh nghla mdt each tuong tfl. 

NHAN XET 

D6 thi cua hdm sd lidn 
tuc tren mdt khoang la 
mdt "dudng liln" trdn 
khoang dd (h.56). 
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Hinh 57 cho vf du vl dd thi 
cua mdt ham sd khdng lien 
tuc trdn khoang {a;b). 

Hinh 57 

III - M O T SO DINH Lf CO B A N 

Ta thfla nhdn cdc dinh If sau day. 

DINH U 1 

a) Ham sd da thflc lidn tuc trdn todn bd t$p sd thflc R. 
b) Ham sd phdn thflc hihi ti (thuong cua hai da thflc) va cac 
ham sd lugng gidc lidn tuc tren tflng khoang cua tdp xdc 
dinh cua chdng. 

v_ ! 

DINH LI 2 

Gia sity= fix) vky = g{x) la hai ham sd lien tuc tai dilm 
XQ . Khi dd : 

a) Cac ham sd y =fix) + g{x), y =fix) - g{x) vk y =fix).g{x) 
lidn tuc tai XQ ; 

f{x) 
b) Hdm s6 y = "^-^^-^ lidn tuc tai XQ nlu g{xQ) ^ 0. 

g{x) 

Vidu 2. Cho ham sd h{x) = 
2x^ - 2x 

nd'u X ^l 
x-l 

5 nlu X = 1. 

Xlt tfnh lidn tuc cua hdm sd trdn tdp xae dinh cua nd. 

. Gidi. Tdp xdc dinh cua hdm sd Id R. 

•Ne 'ux#l , th i h{x) = 
2x^ - 2x 

x - 1 

Day Id hdm phdn thflc hflu ti cd tap xdc dinh la (-oo ; 1) u (1 ; +oo). 

vay nd lidn tuc trdn mdi khodng (-oo ; 1) va (1 ; +oo). 
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•Ne'ux= l , taed/i(l) = 5vd 

r uf ^ r 2x^ - 2x ,. 2x(x - 1 ) ,. ^ ^ 
lim n(x) = lim = hm —̂^ = hm 2x = 2. 
x->l x-»i x - 1 x->l x - 1 x->l 
Vl lim h{x) ^ h{l), ntn ham sd da cho khdng lien tuc tai x = 1. 

x ^ l k 

Kit ludn : Ham sd da cho lidn tue trdn edc khoang (-oo ; 1) , (1 ; +oo) vd 
gidn doan tai x = L • 

Trong bilu thflc xdc djnh h{x) cho d Vf du 2, c in thay sd 5 bdi sd nao de dflge mdt 
hdm sd mdi lien tuc tren tap sd thflc K ? 

^ 3 
Gil sfl hdm soy = fix) lien tuc tren doan [a ; b] vd\fia) vafib) trdi d iu nhau. Hoi 
do thj cfla ham sd ed cat true hodnh tai diem thugc khoang {a ; b) khdng ? 
• Ban Hung t r i Idi rang : "Dd thj cfla 
hdm sd 'y = fix) phai cat true hodnh Ox 
tai mot diem duy nhat nam trong 
kholng(a;6)" 
• Ban Lan khing dinh : "Do thj cfla hdm 
sd y =fix) phii cat tnjc hodnh Ox ft nhaft 
tai mot diem nam trong khoang {a; b)" 
• Ban Tuan thi cho rang : "Do thj cfla 
hdm s6 y = fix) cd thd khong cat true 
hodnh trong khoang {a ; b), ching han 
nhu dudng parabol d hinh (h.58"). 
Cdu tra Idi cfla ban ndo dflng, vi sao ? Hinh 58 

DINH Li 3 

Nlu ham sd >' =fix) Udn me trdn doan [a; b] vkfia)fib) < 0, thi 
tdn tai ft nhdt mdt dilm c e {a ; b) sao cho/(c) = 0. 

Minh boa bang dd thi (h.59). 

Hinh 59 

y 

f(b) 

a\/ 

i 

O \ 

m 

c y 
h X 
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Dinh ll 3 thudng dugc dp dung dl chflng minh sfl tdn tai nghidm cua 
phuong trinh trdn mdt khoang. 

Cd thi phdt bilu Dinh If 3 dudi mdt dang khdc nhu sau : 

Nd'u hdm s6y=fix) lidn me trdn doan [a ; b] vkfia)fib) < 0, thi 
phuong trinh fix) = 0 ed ft nhdt mdt nghidm ndm trong 
khoang {a; b). 

Vi du 3. Chflng minh rang phflong tnnh x + 2x-- 5 = 0 ed ft nhdt mdt nghidm. 

Gidi. Xet hdm sd'/(x) = x + 2x - 5. 

Ta ed/(0) =-5 vd/(2) = 7. Do dd,/(0)/(2) < 0. 

y =fix) la ham sd da thflc ndn lidn tuc trdn R. Do dd, nd lidn tue trdn doan 
[0; 2]. Tfl dd suy ra phuong tnnh fix) = 0 ed ft nhdt mdt nghidm XQ e (0; 2). • 

CHUY 

Nlu nhdn xet thdm Tangfil)fi2) = -14 < 0 thi ta ed thi kit ludn 
phuong trinh ed ft nhdt mdt nghidm trong khoang (1 ; 2) c (0 ; 2). 

4 
Hay tim hai sd avab thoa man I <a<b<l, sao cho phflOng trinh trong Vf du 3 d 
tren ed ft nhit mdt nghiem thugc khoang {a ; b). 

B A I D O C THfiM 

^ 

TINH GAN O O N G NGHIEM COA PH JONG TRINH. 
PHaONG PHAP CHIA 001 

• Trong Vf du 3 d phin III, §3, ta da chflng minh dfldc rang phfldng trinh 

X + 2x - 5 = 0 cd nghiem XQ thude khoang (0 ; 2). Gi l sfl rang dd Id nghidm duy 
nhit cfla phflong trinh treh khoing ndy. 

Bang each dp dung lien tiep Djnh If 3, ta cd the tim dflge cdc gid trj g in dung cfla 

nghiem XQ. Ta Idm nhu sau : 

0 + 2 
- BUdc 1 : Lly sd 1 = ——. Ta cd, / ( I ) = -2 . So sdnh dd'u efla / ( I ) vd diu efla 

gid trj hdm sd tai hai d iu mut \afiO) vafil), ta thd'y :/(l)./(2) = -2.7 < 0. Do dd, 

phUdng trinh/(x) = 0 cd nghiem'thugd (1 ; 2).'Nhfl vdy, XQ e (1 ; 2). 
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- BUdc 2 : Lly s(d 1,5 = — Ta c6,fil,5) = 1,375 vifil).fil,5) = -2.1,375 < 0. 

Do dd.fix) = 0 cd nghidm thudc.j[l; 1,5). Nhu vay, XQ e ( 1 ; 1,5). 

- BUdc 3 : Lly sd 1,25 = 1 : ^ . Ta cd./(l,25) = -0,546 875 v^fil,15).fil,5) < 0. 

Do dd,/(x) = 0 cd nghidm thugc (1,25 ; 1,5). Nhu vdy, XQ € (1,25 ; 1,5). 

Bing sau ddy trinh bdy k i t qua tfnh l in lugt cfla cac bfldc 4, 5, 6, 7. 

a 

1,25 

155 

U125 

1,3125 

b 

1,5 

U75 

U75 

134375 

a + b 

2 

1,375 

1,3125 

1,34375 

1,328125 

m 

-0.546875 

-0,546 875 

-0,114013671875 

-0,114013671875 

fib) 

1,375 

0349609375 

0,349609375 

0,113861083984375 

fa + b^ 4—J 
0349609375 

-0,114013671875 

0,113861083984375 

-0,001049041748046875 

Nghiem XQ 

1,25 <xj)< 1375 

13125 <Aj)< 1375 

13125 <it ,< 134375 

1328125 <;tj)< 1,34375 

Ndu dflng d budc 4, ta cd 1,25 < XQ < 1,375. Nhfl vay, cd thi cd dugc cdc gid tri 
1 25+ 1 375 

g in ddng cfla nghiem XQ. ChSng han '•— la mdt gid trj gan dung cfla XQ 

vdi sai sd tuyet ddi A < 11,375 - 1,251 = 0,125. 

Khi dflng d budc 7, ta cd 1,328125 < XQ < 1,343 75. Cd the lay XQ « 1,335 937 5 vdi sai 
sd tuydt ddi A < 11,343 75 - 1,328 1251 = 0;015 625. 

Neu tiep tuc quy trinh trdn, ta tim dugc nhflng gid trj g in dung cfla Xg vdi sai sd 
cdng ngdy cdng be. 

Chii y. Trong qua trinh tfnh todn, ndu cd sd ndo dd md f\ _ | = 0 , thi kit 

ludn nghiem XQ = 
a + b 

• Viec tim gia trj g in dung cfla nghiem nhfl treri se dk ddng hdn n lu sfl dung may 
tfnh bo tfli. Ddc bidt, mdy tfnh bd tui cd chflc ndng'ldp trinh hay mdy vl tfnh cd th i 
cho phdp tfnh mdt cdch tfl ddng vd nhanh chdng gid trj g in dung cfla nghidm vdi 
sai sd A r i t bd. 

Bai tqp 

1. Dung dinh nghia xet tfnh lidn tuc eua ham sd/(x) = x + 2 x - l t a i J t o = 3. 
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2. a) Xlt tfnh lidn tuc cua hdm s6y = g{x) tai XQ = 2, bilt 

, 

8{x) = • 
- ' • 

x ^ - 8 
x - 2 

5 

nlu X ^2 

nlu X = 2. 

b) Trong bilu thflc xdc dinh g(x) b trdn, cdn thay sd 5 bdi sd nao dl hdm sd 
lidn tuc tai XQ = 2. 

f3x + 2 nlu X < -1 
3. Cho ham sd f{x) = 

x^ - 1 n l u x > - l . 

a) Ve dd thi cua hdm sd y =fix). Tfl dd ndu nhdn xet vl tfnh lidn tuc ciia 
ham sd tren tdp xdc dinh cua nd. 
b) Khang dinh nhdn xet trdn bdng mdt chflng minh. 

4. Cho cac ham sd/(x) = x + 1 
vd g{x) = tanx + sin x. 

x^ + X - 6 
Vdi mdi hdm sd,- hay xdc dinh cdc khoang trdn dd hdm sd lidn tuc. 

5. ^ kidn sau dung hay sai ? 

"Niit hdm sd'y =fix) liin tuc tqi diem XQ cdn hdm sd'y = g{x) khdng lien 

tuc tqi XQ, thiy = fix) + g{x) Id mdt hdm sd'khdng liin tuc tqi XQ." 

6. Chflng minh rdng phuong trinh : 

a) 2x^ - 6x + 1 = 0 cd ft nhdt hai nghidm ; 

,. h) cosx = X cd nghidm. 

On tdp chuong IV 

1. Hay lap bdng lidt kd cdc gidi ban ddc bidt ciia day sd vd cdc gidi han ddc 
bidt ciia hdm sd. 

2. Cho hai day sd («„) vd (v„). Bilt \u„ - 2| < v„ vdi mgi n vk limv„ = 0. Cd 

kit ludn gi vl gidi ban cua day sd («„) ? 

3. Tdn cua mdt hgc sinh dugc ma hod bdi sd 1530. Bilt rdng mdi chfl sd trong 
sd ndy Id gid tri cua mdt trong cdc bilu thflc A,H,N,Ovdi: 

A= lim 
3/1-1 . 
n + 2 ..'. •. 

H= lim (4^' + 2n - n 
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N= lim 
V« - 2 

0= lim 
3" - 5.4" 

3« + 7 1-4" 

Hay cho bid't tdn eua bgc sinh ndy, bdng each thay eae ehfl sd trdn bdi edc 
chfl kf hidu bilu thflc tflOng flng. 

4. a) Cd nhan xet gi vl cdng bdi cua cdc cdp sd nhan lui vd ban ? 

b) Cho vf du vl mdt cdp sd nhan lui vd ban ed cdng bdi la sd dm vd mdt cdp sd 
nhan lui vd ban ed cdng bdi la sd duong vd tfnh tdng eua mdi cdp sd nhan dd. 

5. Tim edc gidi ban sau : 

x^ + 5x + 6 
a) lim 

x + 3 

x->2 X + X + 4 

2 x - 5 
e) lim 

x^4- X-A 

. .. x + 3 
e) lun ; 

X^-oo 3x - 1 

6. Cho hai hdm sd f{x) = 

b) Um 
x^-3 x^ + 3x 

d) lun (-x^ + x^ - 2x + 1) ; 
X^+oo 

f) lim 
X ^ - o o 

V x^ - 2x + 4 - X 
3 x - l 

1-x^ 
vd g{x) = 

x^ + x^ + 1 

a) Tfnh lim f{x) ; lim g{x); lim f{x) vk lim g{x). 
X->0 X->0 X^+QO X->+00 

b) Hai dudng cong sau ddy (h. 60) la dd thi cua hai ham sd da cho. Tfl kit 
qua cdu a), hay xae dinh xem dudng eong nao la dd thi eua mdi ham sd dd. 

a) b) 

Hinh 60 
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7. Xet tfnh lidn tue trdn R cua hdm sd 

' ĉ  - X - 2 

g{x) = x-2 
5 - x 

nd'u X > 2 

nlu X < 2. 

5 4 
8. Chflng minh rdng phflong tnnh x - 3x + 5x - 2 = 0 ed ft nhdt ba nghidm 

nam trong khoang (-2 ; 5). 

Bdi tqp trac ngtiiem 

9. Mdnh dl nao sau day Id mdnh d l dung ? 

(A) Mdt ddy sd cd gidi ban thi ludn ludn tang hoac ludn ludn giam. 

(B) Nlu (u„) la day sd tang thi limM„ = +oo. 

(C) Nd'u limM„ = -H» vd limv„ = -i-oo thi lim(M„ - v„) = 0. 

(D) Nd'u M„ = a" va - 1 < a < 0 thi limM„ = 0. 

,« ^ ,- ^. . .. 1 + 2 + 3 + ...+ « 
10. Cho day sd (M„) VOI U„ = . 

n + 1 

Mdnh dl ndo sau ddy la mdnh d l dung ? 
(A) limM„ = 0 ; (B) limM„ = — ; (C) limM„ = 1 ; 

(D) Day (M„) khdng cd gidi ban khi n -^ +oo. 

11. Cho day sd (M„) vdi M„ = >/2 + (V2)^ + ... + (V2)". 

Chgn mdnh dl dung trong cdc mdnh dl sau : 

^2 
(A) limM„ = >/2 + (V2)^ + ... + (>/2)" + 

I-V2 ' 

(B) limM„ = -00 ; 

(C) limM„ = -H» ; 

(D) Ddy sd (M„) khdng ed gidi ban khi n -^ +00. 
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Chgn phuang dn ddng 

- 3 x - l 
12. lun 

x-+r x-l 
( A ) - l ; 

bdng : 

(B)-«); ( C ) - 3 ( D ) +00. 

13. Cho ham sd f{x) = 

lim f{x) bdng : 
X->-oo 

(A) +<» ; (B) 1 ; 

14. Cho ham sd 

1-x^ 

f{x) = 

(C)-oo 

3 - x 

(D)- l . 

nlu x=^3 
Vx + 1 - 2 

m nd'u X = 3. 

Hdm sd da cho lidn tuc tai x = 3 khi m bdng ;. 

(A)4; ( B ) - l ; (C) 1; ( D ) - 4 . 

15. Cho phuong trinh 

-4X-' + 4x - 1 = 0. 

Mdnh dl sai Id 

(A) Hdm sd f{x) = -4x^ + 4x - 1 lidn mc trdn R ; 

(B) Phuong hinh (1) khdng cd nghidm frdn khodng (-oo ; 1); 

(C) Phflong hinh (1) cd nghidm tedn khoang (-2; 0); 

(D) Phflong hinh (1) cd ft nhdt hai nghidm trdn khoang - 3 ; -

(1) 
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BflO Hflm 

Trirac day, Dao ham va Tich philn duoc hoc tron ven trong Giai ti'ch 12. Ngay nay, phan 
Li thuyet dao ham dupe hoc trong chuong trinh Dai so va Giai tfch 11 de phuc vu kip thoi 
cho viec hoc cac mon khoa hoc khae nhu Vat If, Hoa hoc,... 
6 day, hoc sinh dupe hoc diy du va he thdng v^ dao ham cap mot tu cac bai toan dua 
den su xuat hien khai niem dao ham, (Jnh nghla, quy t ic tfnh va cac cong thiic dao ham 
CO ban va quan trong nhSt. 
Dao ham cap ha; dugc dua ra nham giup cho viec hieu ban chat va each tfnh toan mot 
khai niem quan trong cua Vat If la gia toe. 
Oinh nghia Vi phan duoc dua ra nham chuan bj cho viec hoe Tich phan a Giai tfch 12. 
Vi khong c6 thoi gian hoe 6 ldp 11, phin IJng dung dao ham chuyen sang chuong dau 
tien eua Giai tfch 12. 

10. BAI Sd& GIAI TiCH 11-A 



DINH NGHIA VA Y NGHIA 

CUA DAO H A M 

I - DAO HAM TAI MOT DIEM 

1. Cac bai toan din den khai niem dao ham 

1 

Mdt doan tau chuyen ddng thing khdi hdnh tfl mdt nhd ga. Qudng dudng s (met) di 

dugc cfla dodn tdu Id mot hdm sd cfla thdi gian t (phut). 6 nhflng phut diu tien, 

hdm sddd \as = t 

Hay tfnh van tdc trung binh cfla chuyen ddng trong khoang [t; IQ] vdi tQ = 3vat = 2; 
t = l,5\t = l,9;t = 2,99. 

Neu nhdn xet ve nhflng ke't qua thu dugc khi f cdng gin IQ = 3. 

a) Bai toan tim van tdc turc thdi 

Mdt chat dilm M ehuyin ddng trdn true s'Os (h. 61). 

O sOo) s(t) 

Hinh 61 
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Quang dudng s ciia ehuyin ddng Id mdt hdm sd eua thdi gian t 

s = s{t). 

Hay tim mdt dai lugng dae trung cho mflc dd nhanh chdm eua ehuyin ddng 

tai thdi dilm tQ. 

Gidi. Trong khoang thdi gian tfl tQ ddn t, chdt dilm di dflge quang dfldng Id 

S-SQ = S{t) - s{tQ). 

Nlu chdt dilm ehuyin ddng diu thi ti sd 

S-SQ ^ s{t) - SQQ) 

t-tQ t-tQ 

Id mdt hang sd vdi mgi t. 

Dd ehfnh la van td'c cua chuyin ddng tai mgi thdi dilm. 

Nlu ehdt dilm ehuyin ddng khdng diu thi ti sd trdn Id van tdc trung binh 

eua ehuyin ddng trong khoang thdi gian |̂  - ^o| • 

Khi t cdng gdn tQ, tflc Id \t - tQ\ cang nhd thi van tdc trung binh cdng thi 

hidn dugc ehfnh xae hon mflc dd nhanh chdm eua ehuyin ddng tai thdi 

dilm tQ. 

Tfl nhan xet trdn, ngfldi ta dfla ra dinh nghla sau day. 

Gidi ban hiJu ban (nd'u cd) 

Mm'Mz^^ 
t-^tQ t - tQ 

dugc ggi la vdn tdc tdc thdi cua chuyin ddng tai thdi dilm tQ. 

Dd Id dai lugng dae trung cho mflc dd nhanh chdm cua chuyin ddng tai thdi 

dilm tQ. 

b) Bai toan tim cudng do tdc thdi 

Didn lugng Q truyin trong day ddn la mdt hdm sd cua thdi gian t: 

Q = Q{t). 
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Cudng do trung binh eua ddng didn trong khoang thdi gian |? - ?o| ^̂  

, _ Q{t) - Q{tQ) 

t-tn 

Nlu \t - tQ\ cang nhd thi ti sd nay cang bilu thi chfnh xae hon eudng dd 

ddng didn tai thdi dilm IQ. Ngudi ta dfla ra dinh nghia sau day. 

Gidi ban him ban (nd'u ed) 

Q{t) - Q{tQ) 
lim 

0̂ t^t. fo 

dugc ggi la cudng do tiec thdi eua ddng didn tai thdi diem tQ. 

NHAN XET 

Nhilu bdi todn trong Vdt If, Hod bgc, ... dua dl'n vide tim gidi 

f{x)-f{XQ) 
•. trong dd y = fix) la mdt ham so ban dang lim 

X—>Xo -"̂  ~ -^0 

da cho. Gidi han trdn ddn tdi mdt khdi nidm quan trgng trong 
Toan hgc, dd la khai nidm dqo hdm. 

«' 2. Djnh nghTa dao ham tai mot diem 

DINH NGHIA 

Cho hdm sd j =/(x) xae dinh trdn khoang {a ; b) vk XQ e (a ; b). 

Nd'u tdn tai gidi ban (him ban) 

f{x)-f{xQ) 
lim 

X^>XQ X — XQ 

thi gidi ban dd duge ggi la dao ham eua ham so y - fix) tai 

dilm XQ va kf hidu la/'(xQ) (hoae y'{xQ)), tflc la 

X ^ X Q X — XQ 
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CHUY 

Dai Iflgng Ax = x - XQ dflge ggi la sd gia cua dd'i sd tai XQ. 

Dai lugng Ay =/(x) - / ( X Q ) =fixQ + Ax) - / ( X Q ) duge ggi la sd 
gia tuong flng eua hdm sd. Nhu vay 

y'{xQ)= lim ^ . 
A.Y^O Ax 

3. Cach tinh dao ham bSng djnh nghTa 

Cho hdm s6y = x Hay tfnh yXxg) bang djnh nghTa. 

Di tfnh dao ham eua ham sd y =fix) tai dilm XQ bang dinh nghia, ta ed quy 
tdc sau day. 

QUY TAC 

Budc 1. Gia sfl Ax Id sd gia eua dd'i sd tai XQ, tinh 

^y =fixo + Ax) -fixQ). 

Av 
Budc 2. Lapt i sd - ^ 

Ax 
Ay 

Budc S.Tim lim -^. 
Ar^oAx 

Vi du 1. Tinh dao ham eua ham sd / (x) = — tai dilm XQ = 2. 

Gidi. Gid sfl Ax la sd gia eua dd'i sd tai XQ = 2. Ta cd 

1 1 Ax 
Ay = / (2 + Ax) - f{2) = 

1 

2 +Ax 2 

Ay 

Ax 2(2 + Ax) 

Ay 
lim = lim 

-1 

Ar-^O Ax Av^O 2(2 + Ax) 

V a y / ' ( 2 ) = - ; ^ • 

2(2 + Ax) 
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Quan he giura sir ton tai cua dao ham va tinh lien tuc cua ham so 
Ta thfla nhan dinh If sau day. 

DINH LI 1 

Nd'u ham sd y = f{x) ed dao hdm tai XQ thi nd lidn tue tai 
dilm dd. 

CHUY 
a) Dinh If trdn tflong dflong vdi khang dinh : 
•Nd'u hdm sd' y = f{x) gidn doan tai XQ thi nd khdng ed dao 
ham tai dilm dd. 
b) Mdnh dl dao cua Dinh If 1 khdng dung. 
Mdt ham sd lidn tue tai mdt dilm ed thi khdng cd dao hdm tai 
dilm dd. 

Chang ban, hdm sd f{x) = \ ~ y 
[x nlu X < 0 

lidn tue tai x = 0 nhung khdng ed dao ham tai dd. 
Ta nhdn xet rdng dd thi cua ham sd 
nay la mdt dudng liln, nhung bi o_ 
"gay" tai dilm 0(0 ; 0) (h. 62). 

5. Y nghTa hinh hoc cua dao ham 

a) Ve dd thj cfla ham sd /(x) = — 

0'=x \y=-x^ 

b 
b) Tfnh/'(1). 
c) Ve dfldng thing di qua diem M(l 

vd cd he sd gdc bing / '(1). Neu nhdn 
xet ve vj trf tfldng ddi cfla dfldng thing 
ndy vd dd thj ham sd da cho. 
a) Tilp tuyen cua dudng cong phang 
Trdn mat phang toa dd Oxy cho dfldng 
eong (C). Gia sfl (C) la dd thi eua ham 
sdy =fix) vk MQ{XQ ; /{XQ)) G (C). Kf 
hidu M{x ; fix)) la mdt dilm di ehuyin 
bdn (Q. Dudng thang MQM la mdt cdt 
mylneua(C)(h.63). 

Hinh 62 

Hinh 63 
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Nhan xet rdng khi x ^ XQ thi M{x ; fix)) di ehuyin trdn (C) tdi dilm 

^0(^0 ; /{XQ)) vk ngugc lai. Gia sfl cdt myd'n MQM cd vi tri gidi ban, kf hidu 

la MQT thi MQT duge ggi la tie'p tuye'n cua (C) tai MQ . Dilm MQ duge 

ggi la tie'p diem. 

Sau day, ta khdng xet trudng hgp tid'p tuyd'n song song hoac trung vdi Oy. 

b) Y nghla hinh hgc cua dao ham 

Cho bam sd y = fix) xde dinh trdn khoang {a ; b) vk ed dao ham tai 

XQ e {a ; b). Ggi (C) la dd thi eua bdm sd dd. 

DINH LI 2 , 

Dao hdm cua ham sd y =/(x) tai dilm XQ Id hd sd gde cua 

tid'p tuyd'n MQT ciia (C) tai dilm MQ {XQ ; /(xg)). 

Chiing minh. Gia sfl M{XQ + Ax ; /(XQ + Ax)) la dilm di ehuyin trdn (C). Ta 
ed (h.64) 

MQH = AX,HM = Ay. 

Hd sd gde eua cat tuyd'n MQM la tan^, trong dd ^ la gdc tao bdi true Ox vk 

vecto MQM nhu trdn Hinh 64a hoac 64b. Ta cd 

a) 

tan^ = 
HM Ay 

MQH Ax 

y 

f(xo + iSx) 

f(XQ) 

0 

m 

y'^ 

M o ^ 

<^\ 
XQ 

,(Q 

ATo + Ax: ^ 

y 

/(xo + Ax; 

f(x^ 

. 0 

AC) 

xo +Ax 

^ i j A ^ 

1 ^ ^ ^ 
1 \ 

^0 

^9^;^?--^ 
^ s X 

b) 
Hinh 64 
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Khi M ddn tdi MQ (M -^ MQ) thi Ax -^ 0 vd nguge lai. 

Theo gia thid't,/(x) ed dao ham tai XQ nen tdn tai gidi ban 

Ay 
/ ' (XQ) = lim - ^ = lim tan^. 

Ax->oAx M->Mo 

Vdy khi M -> MQ thi edt tuyin MQM ddn tdi vi trf gidi ban Id dudng thang 

MnT, CO he sd gde bang lim tan^ = / ' (xo). 

Dudng thang MQI la tilp tuyin tai MQ cua (C). 

v a y / '(XQ) la he sd gdc cua tilp tuyin tai MQ ciia dd thi (C). • 

c) Phuong trinh tiep tuyd'n 

Viet phfldng trinh dfldng thing di qua MQ{XQ ; yp) vd cd he sd gdc k. 

Tfl y nghia hinh hgc cua dao ham ta ed dinh If sau ddy. 

DINH LI 3 

Phflong trinh tilp tuyin cua d6 thi (C) cua hdm sd y = fix) 

tai dilm MQ{XQ ; /(XQ)) la 

y-yo ^ fXxQ){x - XQ), 

trong dd yo =/(xo). 

0.5 
Cho hdm sd y = -x^ + 3x-2. Tfnh y'(2) bang djnh nghTa. 

Vi du 2. Cho parabol y = -x + 3x - 2. 

Vilt phuong trinh tilp tuyin cua parabol tai dilm ed hodnh dd XQ =2 . 

Gidi. Bang dinh nghia ta tfnh duge y'(2) = - 1 . Do dd, he sd gde cua tilp 
tuyin Id-L Ngoai ra ta cd y(2) = 0. 

vay phuong trinh tilp tuydn cua parabol tai dilm MQ{2 ; 0) Id 

y - 0 = (-l).(x - 2) hay y =-X + 2. • 
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6. Y nghTa vat li cua dao ham 

a) Van tdc tdc thdi 

Xet ehuyin ddng thang xde dinh bdi phuong trinh s - s{t), vdi s = s{t) Ik 
mdt hdm sd ed dao hdm. Nhu da thd'y trong bdi toan md ddu, van tdc tflc thdi 

cua chuyin ddng tai thdi dilm tQ la dao ham eua hdm s6 s = s{t) tai tQ : 

V{tQ) = S'{tQ). 

b) Cudng dd tdc thdi 

Nlu didn lugng Q truyin trong day ddn la mdt hdm sd eua thdi gian : Q = Q{t) 
{Q = Q{t) Id mdt hdm sd cd dao hdm) thi eudng dd tflc thdi cua ddng didn 
tai thdi dilm tQ Ik dao hdm cua ham sd Q = Q{t) tai tQ : 

I{tQ)-Q'{tQ). 

II - DAO HAM TREN MOT K H O A N G 

Si 6 
Bing djnh nghTa, hdy tfnh dao ham cfla cdc ham sd 

9 1 

a)/(x) = X tai diem x bd't ki; b) g(x) = - tai dilm bit ki x 5̂  0. 
X 

DINH NGHIA 

Hdm sd y = fix) dugc ggi Id cd dao hdm trdn khoang {a ; b) 
nd'u no cd dao hdm tai mgi dilm x trdn khoang dd. 

Khi dd, ta ggi ham s d / ' : (fl ; 6) ^ R 

. x^f'{x) 

la dao ham cua ham sd y =/(x) trdn khoang {a ; b), kf hidu Id 
y'hay/'(x). 

2 
Vi du 3. Hdm sd y = x cd dao ham y' = 2x trdn khoang (-oo ; +oo). 

Hdm sd y = - cd dao ham y' = - —_ trdn cdc khoang (-oo ; 0) vd (0 ; +oo). 
X ^i 
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B A I B O C T H E M 

DAO HAM MOT BEN 

Cho hdm sd y = f{x) xdc dinh tren khoang {a;b) vd XQe{a;b). Cd the khdng 

ton tai gidi han (hflu han) 
,. /(x)-/(xo) 
hm -^^ 

X—^Xr^ X Xr\ 

nhung tdn tai cdc gidi han mdt ben 
,. /(x)-/(Xo) ,. /(x)-/(xo) 
hm ^ . hm ^^. 

X - > X Q X - XQ X^Xg 

Khi dd, ta ndi hdm sd cd dao hdm mot ben. 

X Xr\ 

DINH NGHiA 1 

Neu tdn tai gidi han (hflu han) ben phai 

,. /(x)-/(Xo) 
hm ^^, 

x^x„ x - x , 0 

ta se goi gidi han dd Id dao ham ben phai cfla hdm sd y = / (x ) tai 

X = XQ vd kf hieu Id / ' (XQ ). 

Tuong tu, gidi han (hflu han) ben trdi (neu ton tai) 

, . / ( X ) - / ( X Q ) 
hm ^ 

X^XQ X - X Q 

dugc goi la dao hdm ben trai ciia hdm so y = f{x) tai x = XQ vd kf hieu 

la / ' ( X Q ) . 

Cdc dao hdm ben phai vd ben trdi dugc ggi chung la dao ham mdt bin. 

Tfl edc tfnh ehd't cfla gidi han mdt ben suy ra ngay djnh If sau ddy. 

DjNH LI * 

Ham sd y = / (x ) cd dao hdm tai XQ khi vd ch? khi / ' ( X Q ) , 

/ ' (XQ ) ton tai vd bang nhau. Khi dd, ta cd 

/ • • (X^ ) = / ' ( X O ) = / ' ( X Q ) . 
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/(x) = 

Vidu 1. Chflng minh rang hdm sd 

x^ nd'u X > 0 

-X ne'u X < 0 

cd cdc dao hdm mdt bdn, nhung khdng ed dao hdm tai XQ =0. 

Giai. Ta ed: 

/XO-)= lim mzm^ ,^ xi 
x->0'' x - 0 x->0+ X 

= 0 ; 

/•(0-)= lim Mzm^ ,^ - . _ ! . 
x^O" X - 0 x^0~ X 

Vdy tai XQ =0, hdm sd ndy cd dao hdm ben phai bang 0, dao hdm ben trdi bang - 1 . 

VI cdc dao hdm ben phai vd ben trdi khdc nhau nen hdm sd khdng cd dao hdm 
tai XQ = 0. • 

Vidu 2. Xet sutdn tai dao ham vd cdc dao hdm mdt ben cfla hdm sd 

/ (x ) = -Vx"̂  nd'u x > 0 

2x nd'u X < 0 

tai diem x = 0. 

Giai. Vi 

I i m ^ ^ - > - ^ ( » ) = l i m - ^ - " = - l i m - L 
x^Q+ X-0 x-yO" x - 0 x^O+</x 

ndn hdm sd khdng cd dao hdm ben phii tai x = 0. 

Vl 

lim 
x->0' 

/ (x ) - / (0 ) 
x - 0 

2x -
hm — = 2 

x^O' X 

ndn hdm so cd dao ham ben trdi tai x = 0 va / '(0~) = 2. 

Tfl djnh If suy ra rang hdm sd dd cho khdng cd dao hdm tai x = 0. • 

DINH NGHIA 2 

Ham sd y = / (x) duOc gpi Id cd dSpo ham tren doan [a; b]. ne'u thoa man 
cdc dieu kjen sau : 

Cd dao hdm tai moi x e (a; 6) ; 

Cd dao hdm ben phai tai x = a ; 

Cd dao hdm ben trdi tai x = b. 
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3. 

Bai tqp 

9 ' 3 -

Tim sd gia eua ham sd/(x) = x , bid't rang : 

a) XQ = 1 ; Ax = 1 ; 

b)xo= 1 ; Ax = - 0 , 1 . 

Ay 
Tfnh Av va -^- eua cac ham sd sau theo x va Ax : 

Ax 

a) y = 2x - 5 ; 

c)y = 2x ; 

b) y = X - 1 ; 

d ) y = -^. 

Tfnh (bang dinh nghia) dao ham eua mdi ham sd sau tai eae dilm da ehi ra : 

a) y = X + X tai XQ = 1 ; 

b) y = — tai XQ = 2 ; 
X 

x + 1 
e) y = tai XQ = 0. 

x - 1 
Chflng minh rdng ham sd 

f{x) = 
(x - ly nlu X > 0 

ndu X < 0 - X 

khdng cd dao hdm tai diem x = 0 nhung ed dao ham tai dilm x = 2. 

5. Vilt phuong trinh tilp tuyin eua dudng eong y = x : 

a) Tai dilm (-1 ; - 1 ) ; 

b) Tai dilm ed hoanh do bdng 2 ; 

e) Bilt he sd gdc cua tilp tuyin bdng 3. 

6.' Viet phuong trinh tilp tuyin cua dudng hypebol y = — : 
X 

1 
a) Tai diem — ; 2 ; 

v2 I 
b) Tai diem cd hoanh do bdng -1 ; 

e) Bilt rdng he sd gdc eua tilp tuyin bdng 
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1 2 2 
7. Mdt vat roi tu do theo phflong trinh s = -gt , trong dd g ^ 9,8 m/s la gia 

tdc trgng trudng. 

a) Tim van toe trung binh eua chuyin ddng trong khoang thdi gian tfl t 
{t = 5s) de'n t + At, trong eae trudng hgp Ar = 0,1 s ; Ar = 0,05 s ; Ar = 0,001 s. 

b) Tim van tdc tfle thdi eua chuyen ddng tai thdi dilm r = 5 s. 

QUY TAC TINH DAO HAM 

1 - DAO HAM CUA MOT SO HAM SO THUANG GAP 

1 

Dung djnh nghTa tfnh dao ham cfla ham sd y = x tai diem x tuy y. 

Dfl dodn dao hdm cua hdm sdy = x tai diem x. 

Vide tinh dao ham cua hdm sd bdng dinh nghia ndi chung phfle tap. Ddi 
vdi mdt sd ham sd thudng gap, ta cd nhiJng cdng thflc cho phep tfnh mgt 
each nhanh ehdng dao ham eua chung tai mdt diem. 

D{NH Lf 1 

Ham s6y = x"{ne N , « > 1) cd dao ham tai mgi x e R va 

{.x")' = nx"-^ 

Chiing minh. Gia sfl Ax la sd gia cua x, ta ed : 

Ay = (x + Ax) - X 

= (x + Ax - x) [(x + Ax)" "'• + (x + Ax)"~^ X + ... + (x + Ax)x""^ + x"~^] 

= Ax[{x + Ax)"~^ + (X + Ax)""2 X + ... + (X + Ax)x""^ + x""^] ; 
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A J / , A \"~1 , / , A \"~2 , , / , A \ "~2 n-l — = (x + Ax) + (x + Ax) X + ... + (x + Ax)x + x ; 
Ax 

lim ^ = x«-l + x"-^ + ... + x"-l = «x"-l. 
Ax->OAx n so hang 

vay (x")' = nx"~\ m 

NHAN XET 

a) Dao ham eua ham hang bdng 0 : (c)' = 0. 

b) Dao ham cua hdm sd y = x bdng 1 : (x)' = 1. 

2 
Chflng minh cdc khing djnh trong nhdn xet tren. 

DINH LI 2 

Ham sd y = v x ed dao hdm tai mgi x dflong vd 

2Vx 

Chdng minh. Gia sfl Ax Id sd gia eua x duong sao cho x + Ax > 0. Ta ed 

Ay = V X + Ax - V X ; 

Ay Vx + Ax - v x (Vx + Ax - Vx)(Vx + Ax + Vx) 

Ax Ax 

X + Ax - X 

Ax(Vx + Ax + Vx) 

1 

Ax(Vx + Ax + Vx) Vx + Ax + Vx 

Ax->0 Ax Ax->0 Vx + Ax + Vx 2Vx 

Vdy dao ham eua ham sd y = Vx Id y' = —T=. 
2Vx 

C6 the tra Idi ngay dflge khdng, ne'u yeu ciu tfnh dao hdm cfla hdm so f{x) = Vx 

taix = -3 ;x = 4 ? 
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II - DAO H A M C U A T O N G , HIEU, TICH, THUONG 

1. Djnh li 

DINH LI 3 

Gia sfl M = M(X), V = v(x) la edc ham sd ed dao ham tai dilm 
X thude khoang xde dinh. Ta ed : 

(M + V)' = M' + V' (1) 

(M - v)' = u' -v' (2) 

(MV)' = u'v + uv' (3) 

'u 
Vv 

M V - MV 
(V = v(x) ^ 0). (4) 

Chumg minh. Ta chflng minh cae cdng thflc (1) vd (2). 

Xet hdm y = u + v. Gia sfl Ax la sd gia eua x. Ta ed sd gia tuong flng eua u 
Id AM, eua v Id Av vd eua y = M + v id 

Ay = [(M + AM) + (v + Av)] - (M + v) = AM + Av. 

Aŷ  AM + AV 
Tudo -

Ax "Ax 

Ay -y ,- AM ,. Av 
lim -^- = hm h lim — = M + v 

Ax-»0 Ax Ax-̂ O Ax Ax^O Ax 

vay (M + v)' = M' + v' 

Chflng minh tuong tfl, ta ed (M - v)' - u' - V. • 
Bang quy nap todn bgc, ta chflng minh dugc 

(MJ + M2 ± ... + M„)' = M'J± M ' 2 ± ... + M'„, 

Cdc cdng thflc khdc dflge chflng minh tflOng tu. 

4 

Ap dung cdc cdng thflc trong Djnh If 3, hay tfnh dao hdm cua cdc hdni sd 

y = 5x^ - 2x^ ; y = -x^Vx. 
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Vi du 1. Tim dao hdm eua ham sd y = x - x + Vx . 

Gidi. (x^ - x"̂  + Vx)' = 2x - 4x^ + - ^ . • 
2V^ 

Vi du 2. Tim dao ham eua hdm sd y = x (Vx - x ). 

Gidi. Ta ed 

[x^(Vx - x^)]' = (x^)'(Vx - x^) + x^Vx - x^)' 

= 3x^(Vx-x^) + x^ ^ -5x4 
2Vx 

= 3x^Vx + x^ ^ - 8 x ^ 1 . • 
.2 VI 

2. He qua 

HE QUA 1 

HE QUA 2 

Nlu k la mdt hdng sd thi {ku)' = ku'. 

Hay chflng minh cdc he qua tren vd lay vf du minh hoa. 

1 - 2x 
Vi du 3. Tim dao hdm cua hdm so y = . 

' • • x + 3 

Gidi. Ta cd 

1 - 2xY ^ (1 - 2x)'(x + 3) - (1 - 2x)(x + 3)' 

x + 3) (x + 3)^ 

-2(x + 3) - (1 - 2x) - 7 

(x + 3)̂  (x + 3)̂  
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Ill - DAO H A M C U A H A M HOP 

1. Ham hop 

y =f(u) 

« = g(x) 

y = f(g(x)). 

Hinh 65 

Gia sfl M = ̂ x) la ham sd cua x, xdc dinh trdn khoang {a ; b) vk Idy gid tri trdn 
khoang {c ;d);y =fiu) la ham sd eua u, xdc dinh trdn {c ;d)vk ldy gid tri trdn 
R. Khi dd, ta ldp mdt ham sd xde dinh trdn {a ; b) vk ldy gid tri trdn R theo 
quy tdc sau (h.65): 

X ̂  fi8{x)). 

Ta ggi ham y =fig{x)) la hdm hgp cua hdm y =fih) vdi M = g{x). 

3 10 » 10 3 
Vidu4.Hkms6y = {l-X ) Id ham hgp eua hdm sd y = M vdiM = l - x . 

Vi du 5. Ham sd y = sin(<ar + y) Id ham hgp cua hdm sd y = sinM vdi 

u = (ot + •/\ CO, ylk nhihig hang sd. 

Ham s6 y = vx^ + x +1 Id hdm hgp cfla cdc ham sd ndo ? 

2. Dao ham cua ham hdp 

Ta thfla nhdn dinh If sau ddy. 

DINH U 4 

Nlu ham sd u = g{x) ed dao ham tai x Id M ';,. vd ham sd y =fiu) 

cd dao ham tai M id y'ĵ  thi ham hgp y =fi^{x)) ed dao ham tai 

xld 

y'x = y'u-'^'x-
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Vi du 6. Tim dao ham eua hdm sd y = (1 - 2x) . 

3 2 
Gidi. Dat M = 1 - Zx thi y = M , y'„ = 3M , u'x = 
Theo cdng thflc tfnh dao ham cua ham hgp, ta cd 

y'x=y'u-u'x=3u^.{-^2) = -6u^. 

vay y'x =-6{l-2xy 

Vi du 7. Tim dao ham cua ham sd y = 
3 x - 4 

Gidi. Dat M = 3x - 4 thi y = —. 
u 

Theo cdng thflc tfnh dao ham cua ham hgp, ta ed 

• 

y u-
M̂  (3x - 4)^ 

Bang tdm tat 

{u + v -w)' -u' + v' - w' 

{ku) 

{uv) 

i^] UJ 
fil 
\vj 

y'x 

= ku' {k la hdng sd) 

= u'v + uv' 

u'v - uv' 

v2 

' = 1' 
v^ 

= y « - « ' x 

Bai tqp 

1. Bdng dinh nghia, tim dao hdm eua edc bam sd sau 
2 

a) y = 7 + X - X tai XQ = 1 ; 

b) y = X - 2x + 1 tai XQ = 2. 
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2. Tim dao ham eua cdc hdm sd sau 

a) y = x^ - 4x^ + 2x - 3 ; 

x^ 2x^ 4x^ , 
e) y = + 1; 

2 3 5 

N / 7 - 2.3 
a) y = (x - 5x ) ; 

3. Tim dao ham cua cdc ham sd sau 
7 _ . 

2x 

b) y = X+x - 0,5x ; 
4 3 

d) y = 3x ^(8 - 3x^). 

b) y = (x^ +. 1) (5 - 3x^); 

c) y = d)y = 
3 - 5 x 

^ - x + 1 

e) y = m + 
n {m, n la eae hdng sd'). 

V X / 

4. Tim dao ham cua cac hdm sd sau 

i) y = X - xVx + 1 ; 
„3 

i2 

c) y = 
4J^ 

{a Id hang sd); d) y = 

b) y = V2 - 5x - x^ ; 

1 + X 

V l - x ' 

5. Cho y = X - 3x +2. Tim x d l : 

a) y' > 0 ; b )y '<3 . 

DAO H A M C U A H A M sd 
Ll/ONG GIAC 

1. Gidi han cua sinji: 

&• 1 

sinO,01 sinO.OOl , , , ., ^ ^ , . „ 
Tfnh , bang may tmh bo tui. 

0,01 0,001 
Ta thfla nhdn dinh If sau ddy. 
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DINH LI 1 

,. sinx 
lun = 1 
x->0 X 

VirfMi. Tfnh lim tanx 

x^O X 

Gidi. Ta ed 

tanx 
hm = lim 
x-^0 X x^O 

smx 1 ^ sinx ,. 1 
= hm hm 1. • 

V X cosxy x-^0 X x->0 cosx 

Vi du 2. Tinh lim 
x^O X 

- , . , . ,. sin2x ,. . r s i n 2 x 
Giai. lim = lim 2 

x^O X x^O 2x 
= 21im ^ ^ ^ = 2.1 = 2. 

x->0 2x 

2. Dao ham cua ham sd'y = sin x 

DINH LI 2 

Ham sd'y = sinx cd dao ham tai mgi x G R va (sinx)' = cosx. 

Chdng minh. Gia sfl Ax la sd gia eua x. Ta cd : 

Ax 
Ay = sin(x + Ax) - sinx = 2sin—.cos X +-

Ax 
Ay 

Ax 
2cos x + 

Ax^l sm-

Ax 
= cos 

Ax 
x + — 

V 2 ; 

Ax 

T 
. Ax 

s in— 

Ax 

T 
Ax 

lim —=̂  = lim cos 
Ar->0 Ax Ax-^0 

Ax 
x + — 

V 2 ) 

sili-
lim — - ^ 

Ax-̂ O Ax 
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Vi lim cos 
Ax-»0 

sm-

f Ax 
X H I = cosx (do tfnh lidn tue eua ham sd y = cosx) 

Ax 

vd lim — — ^ = I ntn lim — = 1. cosx = eosx. 
Ax^O Ax Ax->0 Ax 

vay y = (sinx)' = eosx. • 

CHUY 

Nd'u y = sin M va M = u{x) thi 

(sinM)' = M'.COSM. 

V( du 3. Tim dao ham eua ham sd y - sin 
I 5J 

n Gidi. Dat M = 3x H — thi M' = 3 va y = sin u. 
5 

Ta ed y' = M'COS M = 3 cos 
5) 

3. Dao ham cua ham sd'y = cos x 

Tim dao hdm cfla hdm sd y = sin — x . 

DINH LI 3 

Ham sd'y = eosx ed dao hdm tai mgi x e R va (eosx)' = - sin x. 

Tfl nhdn xet cos x = sin X 
2 

suy ra ngay dilu phai chflng minh. 

CHUY. 

Nd'u y = cos M vd M = M(X) thi 

(COSM)' = -M.siuM. 
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Vi du 4. Tim dao ham eua hdm sd y = eos(x - 1). 
n ty 

Gidi. Dat M = x - 1 thi M' = 3x vd y = cos u. 

Ta ed 

2 3 
y' = -M'sin M = -3x sin(x - 1). 

4. Dao ham cua ham sd'y = tan x 

^ 3 

Tim dao hdm cfla ham sd / (x ) = sinx 
cosx 

X^ — + kll,kBli \. 
1 

DINH LI 4 

Ti 
Hdm so y = tanx cd dao ham tai moi x^ —h kn, ^ e Z va 

. . . 2 

(tanx)' = 
1 

cos X 

Ap dung quy tdc tfnh dao ham cua mdt thuong ddi vdi ham sd tanx = 

suy ra dilu phai chflng minh. 

CHUY 

smx 

cosx 

Nd'u y = tan M va M = u{x) thi ta ed 

(tanM)' = 
cos M 

Vi du 5. Tim dao hdm cua ham sd' y = tan(3x + 5). 

Gidi. Dat M = 3x + 5 thi M' = 6x va y = tan u. 

Tacd 

_ M _ 6x 
2 2 2 • ' 

COS M COS (3x + 5) 
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5. Dao ham cua ham so y = co tx 

^ 4 
Tim dao hdm cfla hdm sd 

y = tan| x 
n vdi X ^ kn, k e Z. 

DINH Lf 5 

Ham sd y = cotx ed dao hdm tai mgi x^kit, k e 

I 

va 

(cotx)' = -
sin X 

CHUY 

Nd'u y = cot M va M = M(X), ta cd 

(cotM)' = -
sin M 

Vi du 6. Tim dao hdm cua hdm sd 

y = cot ( 3 x - 1). 

Gidi. Dat u = eot(3x - 1) thi y = M^ 

Theo cdng thflc dao hdm cua hdm hgp, ta ed 

3''x = y« - "x = 3 M ^ M ' ^ 

= 3eot^(3x - l)[eot(3x - 1 ) ] ' 

-i a^T. n - ( 3 ^ - 1 ) ' = 3eot (3x - 1). 

3eot^(3x -1) , 

sin^(3x - 1 ) 

- 3 

sin^(3x - 1 ) 

9cos^(3x - 1 ) 

sin'^(3x-l) ' 
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BANG DAO HAM 

/ "M n-l 
{x ) = nx 

fM '__J_ 
vx; x^ 

< ^ ' ' - 2 ^ 

(sinx)' = Cosx 

(eosx)'=-sinx 

ftnn . . . _ 1 
{ldn A J — 

COS X 

(f^r^t V)' - ^ ^^ • 2 sm X 

, «,, « - l , 
(M ) = nM .M 

flY-_iil 
U ; M̂  

{^uy = "^ 
2VM 

(sin «)' = M'.COS M 

(cos M)' = -M'.sin M 

(,ian U) — -
COS M 

1,COIM; — 

sin u 

Bai tap 

1. Tim dao ham eua cdc ham sd sau 

x - 1 
a) y = 

e) y = 

5 x - 2 

x^ + 2x + 3 

3 - 4x 

2. Giai cdc bd't phuong trinh sau : 

a) y' < 0 vdi y = 

b)y'>Ovdi y = 

e) y' > 0 vdi y = 

X + X + 2 

x - 1 

x ^ + 3 
x + 1 

2 x - l 

b) y = 

d)y = 

2x + 3 . 
7-3x ' 

x^ + 7x + 3 

X - 3 x 

X + X + 4 
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3. Tim dao hdm cua cac hdm sd sau 

a)y = 5sinx- 3cosx; 

c)y = xcotx; 

e) y = Vl + 2tanx ; 

4. Tim dao hdm cija cdc ham sd sau : 

a)y = (9 -2x) (2x^-9x^+l ) ; 

c) y = (X - 2)>/x2 + 1; 

smx + cosx 
b) y = -

sinx - cosx 
sinx X 

d) y = + -— 
X smx 

f) y = sin Vl + X . 

b )y = 6VI-^l(7x-3) ; 
x^ J 

2 2 
d)y = tan x -eo tx ; 

e) y = cos 
1 + x 

f'd^ 0 nx 
5. Tfnh J-^, bilt rdng/(x) = x^ va (p{x) = Ax + sin—. 

^'(1) ^•' ^ 2 

6. Chiing minh rdng eae ham sd sau cd dao hdm khdng phu thude x : 
. . 6 6 - . 2 2 

a) y = sin X + cos x + 3sin x.eos x ; 

b) y = cos n 
X 

3 

> 2fn "l 2^271 
+ cos I — + X I + COS - X + 

V 

2^27: ^ ^ . 2 
+COS — + X - 2sin X. 

7. Giai phuong trinh/ '(x) = 0, bilt rang 

a)/(x) = 3cosx + 4sinx + 5x ; 

r27t+x^ 
b)/(x) = 1 - sin(7r + x) + 2 cos 

8. Giai bdt phuong trinh / '(x) > g'{x), bid't rdng : 

a) f{x) = x^ + X - V2, g{x) = 3x^ + X + ^ ; 

2 
b) /(x) = 2x^ - x^ + V3, g{x) = x^ + ^ - V3. 
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VI PHAN 

1. Djnh nghTa 

Cho hdm sd /(x) = Vx , XQ = 4 vd Ax = 0,0L Tfnh/Xxg) Ax. 

Cho ham sd y =/(x) xde dinh trdn khoang {a ; b) vk ed dao ham tai x e (a ; b). 
Gia sfl Ax la sd gia eua x. 

Ta ggi tfch/ '(x)Ax la vi phdn eua ham sd y =/(x) tai x flng vdi 
sd gia Ax, kf hidu la d/(x) hoae dy, tfle la 

dy = d/(x) = /'(x)Ax. 

CHUY 

Ap dung dinh nghia trdn vdo bam sd y = x, ta cd 

dx = d(x) = (x)'Ax = 1. Ax = Ax. 

Do dd, vdi ham sd y = /(x) ta ed 

dy = d/(x) = /'(x)dx. 

Vi du 1. Tim vi phan cua cae ham sd sau : 
3 

a) y = X - 5x + 1 ; 
b) y = sin x. 

Gidi 
3 2 

a) y = X - 5x + 1, y' = 3x - 5. 
vay dy = d(x^ - 5x + 1) = y'dx = (3x^ - 5)dx. 

3 2 
b) y = sin x, y' = 3sin x eosx. 

3 2 

vay dy = d(sin x) = y'dx = 3sin x eosxdx. • 
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2. ung dung vi phan vao phep tfnh gSn dung 

Theo dinh nghia eua dao ham, ta ed 

/'(Xo) = lim ^ . 
Ax^oAx 

Do dd vdi |AX| du nhd thi 

Ay — « / ' (XQ) hay Ay « /'(xo)Ax. 
Ax 

Tfl dd, ta ed /(XQ + Ax) - /{XQ) a f'{xQ)Ax 

hay f{xQ + Ax) « /(XQ) + f'{xQ)Ax. 

Dd la cdng thflc tfnh gdn dung don gian nhdt. 

Vi du 2. Tinh gid tri gdn dung cua \J3,99. 

Gidi. Dat f{x) = Vx , ta ed / '(x) = —7=. 
2Vx 

Theo cdng thflc tfnh gdn dung, vdi XQ = 4, Ax = -0,01 ta cd 

/(3,99) = / (4 - 0,01) a /(4) + / ' ( 4 ) ( - 0 , 0 1 ) , 

tfle la 4 ^ = V4 - 0,01 « V4 + ^ . ( - 0 , 0 1 ) = 1,9975. • 
2V4 

Bdi tqp 

1. Tim vi phdn eua cae ham sd sau 

Vx 
a) y = {a, b la edc hdng sd) ; 

a + b 

b) y = (x^ + 4x + l)(x^ - Vx). 
2. Tim dy, biet: 

2 
a)y = tan x ; 

eosx 
b )y = 2-

l - x ^ 
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DAO HAM CAP HAI 

I - DINH NGHIA 

Tfnh y' vd dao hdm cfla y', b i l t : 
3 2-

a) y = X - 5x + 4x ; 
b) y = sin3x. 

Gia sfl ham sd y = fix) cd dao ham tai mdi dilm x G (a ; b). 
Khi dd, he thflc y' =/'(x) xdc dinh mdt ham sd mdi trdn khoang 
{a ; b). Nlu ham sdy' =/'(x) lai ed dao hdm tai x thi ta ggi dao 
ham eua y' la dao ham cdp hai cua ham sd y = fix) tai x vd ki 
hidu lay" hoac/"(x). 

CHUY 

• Dao ham cdp 3 ctia ham sd y = /(x) duge dinh nghia tuong tfl 

vd kf hidu la y'" hoac / '"(x) hoac /^^^ (x). 

• Cho ham sd y =fix) cd dao ham cdp n - 1, kf hidu la/^"" ^(x) 

(n' e D ,n>A). Nlu fi'^' '{x) cd dao hdm thi dao ham eua nd 

dugc ggi la dao ham cdp n cha fix), kf hidu Id y hoac p"\x). 

f{n)^^^ = (/"-^>(X))'. 

Wrfu. Vdiy = x thi 

y = 5x'^, y" = 20x^ y'" = 60x^, 

/"^^ = 120x, ŷ ^̂  = 120 vd y^"^ = 0 vdi n > 5. 
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II - -̂  NGHIA CO HOC C O A DAO HAM CAP HAI 

Mdt vdt roi tfl do theo phfldng thing dflng cd phfldng trinh s-—gt^ (trong dd 

g « 9,8 m/s ). Hay tfnh van tdc tflc thdi v(0 tai edc thdi diem /Q = 4 s ; f, = 4,1 s. 

Tfnh ti sd — trong khoang Ar = r, - tQ. 

Xet chuyin ddng xdc dinh bdi phflong trinh s =fit), trong dd s =fit) la mdt 
hdm sd ed dao ham din cdp hai. Vdn tdc tfle thdi tai / cua chuyin ddng Id 
v{t)=f'{t). 

Ldy sd gia At tai t thi v{t) ed sd gia tuong flng Id Av. 

Tl sd — dtfoe goi Id gia tdc trung binh cua chuyin ddng trong khoang 
At ' ' 

thdi gian At. Nd'u tdn tai 

v'{t)= lim -^ = y{t), 
Af->0 At 

ta ggi v'{t) = y{t) la gia tdc tdc thdi ciia ehuyin ddng tai thdi dilm t. 

Vi v{t) =f'{t) ndn 

m = f"{t). 

1. Y nghTa cd hoc 

Dao hdm cdp ha i / "(0 Id gia tdc tflc thdi eua chuyin ddng s =fit) tai thdi 
dilm t. 

^ 3 
1 , 

Tfnh gia tdc tflc thdi cfla sfl r«Ji tfl do s = -gf". 

2. Vidu 

Xet ehuyin ddng ed phuong trinh 
s{t) = Asin{cot + (p) {A, a, (p Id nhflng hdng sd). 

Tim gia tdc tflc thdi tai thdi dilm t cua chuyin ddng. 
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Gidi. Ggi v{t) la vdn tdc tflc thdi eua ehuyin ddng tai thdi dilm t, ta ed 

v(r) = s'{t) = [Asin{ojt + <p)]' = A(ocos{(ot + (p). 

Vdy gia toe tfle thdi eua ehuyin ddng tai thdi dilm t Id 

2 . 
y{t) = s"{t) = v'{t) = -A(osin{(ot + (p). • 

Bdi tqp 

1. a) Cho/(x) = (X + 10)°. Tfnh/ "(2). 

^ n^ 
b) Cbo/(x) = sin3x. Tfnh / " - - , /"(O), / " 

^ 7 1 ^ 

V ^J 

2. Tim dao ham cdp hai cua edc ham sd sau 

1 
a) y = . 

1 - x 

e)y = tanx; 

b ) y = 

Vl8y 

V l - x ' 

d) y = cos X. 

B A N C O B I E T 

L A I - B O - N I T (LEIBNIZ) 

Dong thdi vd ddc lap vdi Niu-tdn, nhd bdc hoc ngfldi 
Ode Lai-bd-nft Id ngfldi phdt minh ra phep tfnh vi phdn 

vd tfch phdn. Nhieu kf hieu nhfl — , [/(x)dx, ... vd 

thudt ngfl nhfl "vi phdn", "tfch phdn" ... do Lai-bd-nft 
dfla ra van cdn dflge sfl dung den ngay nay. 

Cdng thflc tfnh dao hdm cap n cfla tfch hai hdm u.v {u vd 
V cd dao hdm den cap «) sau ddy Id cfla Lai-bd-nft 

Leibniz 
(1646-1716) 

(Mv)(") = M(" V + 0'/''-%'+ C2M("-2)V "+... 

+ C^H("-^^V(^) +... + Cr*«'v^"-^) + Mv(«>. (*) 
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Cd the chflng minh cdng thflc tren bang phflong phdp quy nap. 

Lai-bd-nft sinh ngdy 1-7-1646 tat Lai-xfeh (Leipzig). Cha dng Id Gido sfl ludn If da 
mat khi dng mdi 6 tuoi nhflng dng da kjp thfla hfldng d ngfldi cha long ham me 
mdn Ljeh sfl. Ngodi nhflng budi hoc d trfldng, Lai-bo-nft tfl trang bj kien thflc nhd 
thfldng xuyen dgc sdch trong thfl vien cfla cha. Ong hgc tie'ng La-tinh lue 8 tudi, 
den 10 tudi, dng da Idm tho bang tie'ng La-tinh. Sau dd, dng hoc tidng Hy Lap vd 
r i t gidi thfl tie'ng nay nhd sg cd gang rat Idn. Ndm 15 tudi, Lai-bo-nft Id sinh vien 
ludt efla Trfldng Dai hoc Tdng hgp Lai-xfch. Trong hai nam dau, ngodi vide theo 
hoc Ludt, dng dgc rat nhieu sdch ve Triet hoc, nam 17 tudi (1663), nhd ban ludn 
vdn xuat sac ve mdt trong nhflng hgc thuyet Idn ve Triet hgc, Lai-Bo-nit dflge 
nhdn Bang Cfl nhdn. 

Mua he 1663, Lai-bd-nft chuyen sang hoc cdc gido trinh toan cfla Erhard Weigel 
d Trfldng Dai hgc Tdng hgp l-e-na (Jena). 

Ndm 20 tuoi (1666), dng trd lai hoc Luat d Lai-xfch vd chuan bj thi lay Bang Tie'n 
sT. Vl ghen tj, ngfldi ta tfl ehdi cap Bang Tien sT cho Lai-bd-nft. Ho neu If do Id dng 
edn qua tre. Song that ra vi dng hieu bie't ve ludt nhieu hon td't ca cdc gido sfl d 
Lai-xfch cdng lai. 

Chan ngiy thdi do hep hoi bao trum Trudng Dai hoc Lai-xfch, dng rdi thdnh phd 
que hfldng de'n Nuy-rdm-be (Nuremberg). 6 ddy, dng dfldc phong hoc vj Tien sT 
vdo ngdy 4-11-1666 nhd cdng trinh ve phfldng phdp giang day mdi ve ludt. 
Hdn nfla, ngfldi ta con mdi dng gifl chdc vu Gido sfl ludt, nhflng dng tfl ehdi. 
Lai-bo-nft dd soan cdng trinh ve giang day Ludt vd de xuat ke hoach cai tien cfla 
minh tren dfldng di tfl Lai-xfch dd'n Nuy-rdm-be. Mdt trong nhflng ddc trimg efla 
cudc ddi Lai-bo-nft Id dng cd the Idm viec trong bat ki dieu kien ndo, d bit ki ddu, 
vd trong mgi thdi diem. Ong dgc, vie't, nghien ngdm khdng ngflng. Ong da viet 
phin Idn cdc cdng trinh todn hgc cfla minh (khdng ke nhflng cdng trinh dac sic 
ve rat nhieu ITnh vfle khdc nhau) trong cdc chuyen xe ngua tren nhflng con dfldng 
nho d chau Au hdi the ki XVII khi dng phai di ddy, di dd theo yeu c iu efla khdch 
hdng. Hoat ddng khdng met mdi ndy cfla dng da de lai cho chung ta mdt khdi 
Iflgng giay viet dfl loai, dfl ed vd phai Idn nhfl mdt ddng co khd, chua kjp phdn 
loai, vd mdi ch? dflge cdng bd mdt phin. Ngdy nay, phin Idn sd gily ndy con 
dang dflge ddng gdi trong mdt gde cfla thfl vien Hoang gia d Ha-nd-vd (Hanover). 

That khd tin dflge rang eh? mdt cdi d iu lai cd the san sinh ra dugc todn bd tfl 
tfldng (dd hodc chfla in ra) md Lai-bd-nft dd de lai tren nhflng trang giay kia. Dieu 
Idm cdc nhd giai phlu ngae nhien Id sau khi do vd quan sdt hop sg efla Lai-bo-nft 
ngfldi ta nhdn thay rang nd nhd hon nhieu so vdi hop so efla mdt ngudi binh 
thudng (Khdng hieu Idi ddn ay cd that hay khdng !). 

Ong Id nhd bdc hgc Idn trong rd't nhieu ITnh vUc (Ludt, Tdn gido, Chfnh tri, Ljeh 
sfl, Vdn hoc. Logic, Triet hoc, Todn hgc, Sieu hinh). Ch! c in cd mot trong nhflng 
cdng hien tren ddy cfla dng cung dfl lflu danh hdu the. Ngfldi ta bao Lai-bo-nft Id 
mgt vf du chflng to cdu phflong ngdn "Bie't nhieu nghe, ching gioi nghe ndo" 
khdng dung. 

Ong Id ngfldi sdng lap Vien Hdn Idm Khoa hgc Dflc md dng la vj Chfl tjch diu 
tien. Ong mat vao ngdy 14-11-1716 d Ha-nd-vd trong ed ddn. 
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On tap chuong V 

1. Tim dao ham cua cac ham sd sau : 

x̂  x^ , _ 2 4 5 6 
a)y = - — + X - 5 ; b)y = T + ̂ " -

3 2 '^ - "~ X x^'x^ 7^4' 

2. 

3. 

4. 

5. 

3x^ - 6x,+ 7 

I + ̂ /x 

Tim dao hdm cua cdc hdm sd sau : 

. ^ r • cosx 
a) y = 2vxsmx ; 

X 
t^ + 2cosr 

c) y = ; 
smr 

tanx 
e) y = . ^ ; 

smx+ 2 

Cho hdm sd /(x) = Vl + x. TvDhfi3) 

Cho hai hdm s6fix) = tanx vd g(jc) = 

Giai phuong trinh/'(x) = 0, bidt rdng 

d )y 

f)y = 

b )y 

d )y 

r)y = 

+ {x-

1 
1 -x 

<!^H(^ 
-x^ + 7x + 5 

X - 3 x 

3 cosx 
~ 2JC + 1 ' 

_ 2cos^ - s in^ 
3sin^ + cos^ 

cotx 

" 2VI - 1" 

-3y'(3). 

Tfnh ^ ' ( « \ 
^'(0) 

^, , . 60 64 -
/(x) = 3x + r + 5. 

Ĵ  x^ 

6. Cho fi{x) = ̂ ^ ,/2(x) = xsinx. Tinh ^ f ^ 
X / 2 (1) 

7. Vilt phflong trinh tilp tuydn : 

x + 1 
a) Cua hypebol y = tai dilm A(2 ; 3); 

x - 1 

b) Ciia dudng cong y = x + 4x - 1 tai dilm cd hodnh dd XQ = -1 ; 

e) Cua parabol y = x - 4x + 4 tai dilm cd tung dd yo = 1. 
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3 2 
8. Cho ehuyin ddng thdng xde dinh bdi phuong trinh S = t - 3t - 9t, trong 

dd t duge tfnh bdng giay vd S duac tfnh bdng met. 

a) Tfnh van tdc eua chuyin ddng khi t = 2s. 

b) Tfnh gia tdc eua ehuyin ddng khi t = 3%. 

c) Tfnh gia tdc tai thdi dilm van tdc tridt tidu. 
d) Tfnh van tdc tai thdi dilm gia tdc tridt tidu. 

9. Cho hai hdm sd 

1 , x" 

Vilt phuong trinh tid'p tuyd'n vdi dd thi cua mdi ham sd da cho tai giao 
dilm eua ehdng. Tfnh gde gifla hai tid'p tuyen kl trdn. 

Bai tqp trac nghiem 

Chgn phuang dn diing : 

10. Vdi g{x) = "̂  ~'^\'^^ ; g'{2) bdng : 
x - 1 

( A ) l ; (B) -3 ; (C)-5 ; (D) 0. 

11. Nd'u/(x) = sin X + X thi / " bang : 

(A) 0 ; (B) 1 ; (C) -2 ; (D) 5. 

12. Gia sfl/i(x) = 5(x + 1)̂  + 4(x + 1). 

Tap nghidm cua phuong trtnh h"{x) = 0 la : 

( A ) [ - l ; 2 ] ; , (B)(-<x);0]; (C){-1}; (D) 0 . 

3 2 
13. Cho /(x) = — + — + x. 

3 2 

Tap nghidm eua bdt phuong trinh/'(x) < 0 Id : 

( A ) 0 ; (B)(0 ;+(»); (C) [-2 ; 2] ; (D) (-a,;+oo). 
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On tap cuoi nam 

1 - CAU HOI 

1. Neu dinh nghia cac ham sd lugng giac. Chi rd tap xae dinh vd tdp gid tri 
eua tflng ham sd dd. 

2. Cho bid't chu ki cua mdi ham sd y = sinx, y = cosx, y = tanx, y = cotx. 
3. Neu each giai cdc phuong trinh lugng giac co ban, each giai phflong trinh 

dang asinx + bcosx = c. 
4. Vilt cdng thflc tfnh sd hoan vi eua tap gdm n phdn tfl {n> 1). Ndu vf du. 
5. Vid't cdng thflc tfnh so chinh hgp chap k ciia n phdn tfl, cdng thflc tfnh sd td 

hgp chap/: eua « phdn tfl. Cho vf du. 
6. Vid't cdng thflc nhi thflc Niu-ton. 
7. Phat bilu dinh nghia xdc sud't (ed diln) eua bid'n cd. 
8. Ndu rd cae bude chflng minh bdng phuong phdp quy nap todn hgc va cho 

vf du. 
9. Phat bieu dinh nghia cap sd cdng vd cdng thflc tfnh tdng n sd hang ddu tidn 

cua mdt cap so cdng. 
10. Phdt bilu dinh nghia cd'p sd nhan vd cdng thflc tfnh tdng n sd hang ddu tidn 

eua mdt cdp sd nhan. 
11. Day sd (M̂ )̂ thoa man dilu kien gi thi dugc ggi la co gidi hqn 0 khi n ddn 

tdi duong vd cue ? 
12. Vid't cdng thflc tfnh tdng eua mdt cdp so nhan lui vd ban. 

13. Dinh nghia hdm sd ed gidi ban +°° khi x —> - c . 
14. Ndu eae gidi han dac bidt eua day sd vd eua ham sd. 
15. Ndu dinh nghia ham sd lidn tue tai mdt dilm, trdn mdt khoang. Ndu nhan 

xet vl dd thi cua mdt ham sd lidn tue trdn mdt khoang. 

16. Phat bilu dinh nghla dao ham cua ham sd y =/(x) tai x = XQ. 
17. Vilt tdt ea cac quy tdc tfnh dao ham da hgc. 

18. Gia sfl y = fix) la ham sd ed dao ham tai XQ. Hay vid't phflong trinh tid'p 

tuyd'n cua dd thi ham sd dd tai dilm MQ{XQ ;/(XO)). 

11 - BAI TAP 

1. Cho hdm sd y = eos2x. 

a) Chflng minh rdng eos2(x + kn) = eos2!r vdi mgi sd nguydn k. Tfl dd ve 
dd thi (C) eua ham sd y = eos2x. 
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b) Vid't phuong trinh tid'p tuyd'n eua dd thi (C) tai dilm cd hoanh do x = 

e) Tim tdp xde dinh eua ham sd z = 

Cho ham sd y = 

a) Tfnh A = 

1 - eos2x 

1 + cos 2x 

6 + 7sin2x 
5 - , bilt rdng tana = 0,2. 

6 + 7sin2a 
b) Tfnh dao hdm eua ham so da cho. 
c) Xdc dinh cdc khoang tren dd y' khdng duong. 
Giai cdc phuong trinh : 

X 9 X 9 9 9 

a) 2sin—cos x - 2sin—sin x = cos x - sin x ; 
2 2 

b) 3eosx + 4sinx = 5 ; 

e) sinx + cosx = 1 + cosx sinx ; 
d) Vl - eosx = sinx (x e [TI ; 37t]) ; 

e) cos 3sinx 
' 4 

smx + 
\ 

1 + sin 3cosx 
4 

cosx = 0. 

Trong mdt bdnh vidn cd 40 bdc sT ngoai khoa. Hdi cd bao nhidu each phan 
cdng ea md, nd'u mdi ca gdm : 
a) Mdt bdc sT md vd mdt bae si phu ? 
b) Mdt bdc SI md vd bd'n bae si phu ? 
Tim sd hang khdng chfla a trong khai triln cua nhi thflc 

-^ + a^ . 
\a J 

Chgn ngdu nhidn ba bgc sinh tfl mdt td gdm ed sdu nam vd bd'n nfl. 
Tfnh xde sudt sao cho : 
a) Ca ba hgc sinh diu Id nam ; b) Cd ft nhdt mdt nam. 
Mdt tilu ddi ed 10 ngudi dugc xd'p ngdu nhidn thdnh hdng dgc, trong dd ed 
anh A va anh B. Tfnh xde sudt sao cho : 
a) A vd B dflng liln nhau ; 

b) Trong hai ngudi do ed mdt ngudi dflng b vi trf sd' 1 vd ngfldi kia dflng 0 
vi trf eudi cung. 
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8. Tim cdp sd cdng tdng, bilt rdng tdng ba sd hang ddu cua nd bdng 27 vd 
tdng cae binh phuong eua ehdng bdng 275. 

9. Cho bid't trong mdt cdp sd nhan, hidu eua sd hang thfl ba vd sd hang thfl hai 
bdng 12 va nlu thdm 10 vdo sd hang thfl nhdt, thdm 8 vdo sd hang thfl hai 
edn gifl nguydn sd hang thfl ba thi ba sd mdi lap thanh mdt cdp sd cdng. 
Hay tfnh tdng eua nam sd hang ddu eua cdp sd nhan da cho. 

10. Tfnh cae gidi ban sau : 

2̂ 
a) lim 

b) lim 

e) Um 

{n + 1)(3 - 2ny 

rt^+1 

Vn^ + 1 n^ +1 n^ +1 
+... + 

n-l 

n^ + 1. 

V4n'̂  +1 + n 

2n + l 

d) lim^/n{\ln - I - yfn). 

11. Cho hai day sd (M„), (V„) vdi M„ = 
rtCOS-

n 

n^ + 1 
va v„ = - 2 

n ^ + 1 

a) Tfnh limM„. 

b) Chflng minh rang lim v„ = 0. 

12. Chflng minh rdng ham sd y = cosx khdng cd gidi ban khi x -^ +oo. 

13. Tfnh cdc gidi ban sau : 

. . ,. X - V3x - 2 
b) lim r-— ; 

x ^ 2 .r2 _ 4 
a) 

c) 

p^ 

lim 
x^ -2 

lim 
x->2+ 

lim 

6 - 3x 

V2x^ +1 

x 2 -

X 

2 x -

3x + 
- 2 

• 1 

, 
J 

I 
d) lim X + X + ... + x" 

x^rv 1-x; 
v o i n e . 

f) lim -
X—>-00 

+ V4x^ - 1 

2 -3x 

g) lim (-2x^ + x^ - 3x + 1): 
X—>-00 
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14. Chflng minh rang phuong trtnh sau cd ft nhdt mdt nghidm : 

sinx = X - 1. 

15. Phuong trinh sau ed nghidm hay khdng trong khoang (-1 ; 3) 

x"̂  - 3x^ + X - 1 = 0 ? 

16. Giai edc phuong trinh : 
3 

a)/'(x) = g{x) vdi fix) = sin 2x vd g{x) = 4eos 2x - 5sin4x ; 

b)/'(x) = 0 vdi/(x) = 20cos3x + 12eos5x - 15eos4x. 

17. Tfnh dao ham eua edc hdm sd sau : 

1 ,^ cosVx +1 
a) y = — ^ — ; b) y = 2 ' .> y r^ 

cos 3x Vx + 1 
, - 2 . ^ . J. S i n x - X C O S X 

e) y = (2 - X ) eosx + 2x sinx ; d) y = 
eosx + xsinx 

18. Tfnh dao hdm cdp hai eua eae hdm sd sau : 

a) y =• ; b) y = 
x + 1 x(l - x) 

2 e) y = sin ax {a la bang sd); d) y = sin x. 

19. Cho hdm sd 

fix) = x^ + bx^ + cx + d. (C) 

Hay xdc dinh eat sd b, c, d, bilt rdng dd tbi (C) eua ham sd y =/(x) di qua 

edc dilm (-1 ; -3), (1 ; -1) vd / ' I -

20. Cho edc ham sd 

/(x) = x^ + bx^ +cx + d, (C) 
2 

g{x) = X - 3 x + 1. 

Vdi cdc sd b, c, d tim duge b bdi 19, hay : 
a) Vilt phuong trtnh tilp tuyd'n eua dd thi (C) tai dilm ed hodnh dd x = -1 ; 
b) Giai phuong trinh/'(sinx) = 0 ; 

. ^ ,. /"(sin5x) + 1 
c) Tim hm ^^—^ . 

x->0 5'(sin3x) + 3 
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DAP S6 - HUdNG D A N 

CHUGNG1 

Si-

1. a) tanx = 0 tai .v e (-Jt, 0,7t} ; 

b) tan v = I tai .v E 

c) tan.v> 0 khi 

3JI n 5n 

4 ' 4 ' 4 

3n 
.V e ! - T t ; — u 0;— lui n; 

K 2J [ 2).{ 2 

d) tanx<Okhix e — ; 0 u —;TC 

2. a ) D = E \{lcn,l; e Z | ; 

b ) D = K \{/t2n, Are Z | ; 

c ) D = R \ i — + ^71, Jt 

d ) D = K \ —+A-7I, A-G; 

3. La'y doi xiing qua true Ox cac phfin 66 th 
ham so v = sinx trfen cac doan [n + k2n 
2n + k2n], giu nguyen cac phfin 66 thi 
con lai (k e Z ). 

4. V = sin 2x la ham s6' tuan hoan v6i chu ki 
Jl va la ham so le. Tit do suy ra do thj cua 
ham s6' n^y. 

5. Cat do thj ham so y = cosx boi du5ng thang 

V = —, xae djnh hoanh d6 giao di^m. 

6. X € {k2n ; Ji + k2K), k e Z . 

7. X 6 - + ^2 j i ; -^ + A;27t L/t e Z . 

l 2 2 J 
8. a ) 0 < c o s x < l , y<3,y„,,, = 3 

<=>X = k2n, ke Z . 

b) 3 - 2 s i n x < 5 , 3'„^ = 5 

« > x = - - + ;t27C, k e Z. 
2 

§2. 

1. a) X = arcsin 2 + k2n, 
3 

X = Jt - arcsin 2 + ^2ji, ^ e Z ; 
3 

b ) x = - + A-—,A:e Z ; 
6 3 

7t , 37C , _ 
c)x=- + k—,ke Z ; 

2 2 

d)x = - 4 0 ° + itl80°, 

x=llO° + kl80°,ke Z . 
2. X = /t7l, x = - + i t - , i t G Z . 

4 2 

3. a) X = 1 + arceos — + k2n, k e Z ; 

3 

b)x = ±4° + k.l20°,kG Z ; 

ll7t , 471 571 , 47t , „ 
c) x = + k—,x = - + k—,A:eZ ; 

18 3 18 3 
7t 71 

d ) x = ±—+ ^71, x = ±— + kn,k e Z. 
6 3 

7t 
4. x = — + kK,ke Z . 

4 
5. a)x = 45° + A180° A e Z ; 

• ^ 1 57t , 71 , _ 
b ) x = - + — + k—,k e Z ; 

3 18 3 
. 7t , 7t , , r» 

c ) x = —+ A:—, X = kn, K e Z . 
4 2 

d) X = k—, X = — + ^7t, k ^ 3m ; it, m e Z. 
3 2 

6. x = — + k—,k^3m- l;k,me Z . 
12 3 

7. a ) x = I-A:—,x= +/fc7t, /t e Z . 
16 4 4 
Jt . It . n. 

b) x = — + k—,k e Z . 
8 4 
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§3. 
7t 

1. X = kn, X = — + k2K, k e z 
2 

2. a) X = A-27t, X = + - + kin. k 
.3 

b)x = k-,x: 
2 

3n 
+ kn, k € 

3. a) X = Mjt, ke Z ; b) x = - + k2n, 
6 

X = — + A:27t, X = arcsin — + A:27t, 
6 { 4j 

X = 71 - arcsin — + k2n. A- e Z ; 
I 4) 

c) hkn , X = arctan - — | + kn, k e 

6. a) x = — + k-.k e Z . 
10 5 

b) X = Ajt, X = arctan 3 + kn. k e Z. 

On tap chuong I 

1. a) CO : b) khdng. 

2. a ) x e | - ^ , — ; b ) x e (-jt ;0)u(jt .27t). 

3. a) l + cosx<2 => v<3 , y^^^ = 3 
<=> X = A-2jt, A e Z : 

b) V^l . .Vn.ax=l 

271 
<=>x= —^ + A2jt, A e 

3 

4. a) X = - 1 +arcsin —+ A2jt, ke 
3 

Jt 
d) x = —+ A7t 

4 

X = arctan(-2) + Ajt, A e 

4. a) X = — + Ajt, 
4 

X = arctan — + kn, A e 

b) X = — + A7t, X = arctan3 + AJI, A e Z ; 
4 

c) X = — + Ajt, X = arctan(-5) + Ait, A e Z ; 
4 
7t Jt 

d) X = — + Ajt, X = — + All, A e Z . 
2 6 

5. a )x= - — +A2jt,x= - — +A27t.Ae Z : 
12 12 

û  a n 2n 
b) x = —+ —+ A — , A e Z 

3 6 3 
3 . 4 ^ 

(voi cosa = — ; s i n a = —). 
5 5 

c ) x = — +A27t,x= - — +A27c,Ae Z ; 
12 12 

d) x = - - - + A7i, Ae Z ; 
4 . 2 

5 1 2 , 
(voi s ina = — ; cosa = — ) . 

13 13 

.v = Jt-1-arcsin —+ A2JI, A e Z 
3 

b) X = ±—+ AJI, X = ± — + ATI , A e 

c) x = + — + A27t,A e Z ; 
3 

d) x = — + A—, Ae Z 
144 12 

5. a) X = A27t, X = ± - + A27t. A e Z ; 
3 

JI 8 
b) X = — + Ajt, X = arctan h Ajt, A e Z 

2 15 
c ) x = A27t, A e Z ;x = 7t-2a+A27i, A e 

2 . 1 , 
(voi cos a = —^ ; sin a = —j=). 

s s 
d) DiSu kien s inx^O, x = ± hA27t. 

3 
CHUONG II 

§1-
1. a ) 4 ; b ) 4 ^ = 1 6 ; c ) 4 . 3 = 12 ; 
2 .42. 3. a) 24 ; b) 576. 4 .12 . 

§2. 
1. a) 6! ; b ) 3 x 5 ! ; c )414 . 

2 . 1 0 ! ; 3.210. 4 ,360. 

5. a) 60 ; b) 10. 6. 20. 7. 60. 
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§3. 
2. 12. 3. n = 5 4. 28. 5 . - 1 . 

6. a), b) Gffi y. Khai tri^n l l ' ° = (10 + 1)'", 

10l'°' ' = (100+l) '«°. 

§4. 
1. a) n = [SSS, SSN, NSS, SNS, NNS, NSN, 

SNN, NNN). 
b) A= {SSS, SSN, SNS. SNN] ; 

B= [SNN, NSN, NNS] ; 
C= [SSN,NSS,SNSNNSNSN,SNN,NNN]. 

2.a)Q=| ( ; ,7 ) ; ! < ; , ; < 6). 
3 . a ) 0 = ( { l , 2 ) , {1,3}, (1,41, {2,3}, |2,4), 

{3,4}}. 
b) A={{1,3),{2,4}}; 

S= {{1,22̂ , {1,4}, {2,3}, {2,4}, {3,4}}. 
4. a) A = A m A2 ; B = Aj n /ij ; 

C = (A, nA2)u(AinA2) ;Z) = A,uA2. 

b) HD. D la bi^n c6 "Ca hai ngitod diu ban 
truot" 
5. a ) Q = {1,2,..., 10} ; 

b) A = {1,2, 3,4, 5} ;B= {7,8,9, 10} ; 
C= (2,4, 6, 8, 10}. 

6. a) n = {5, NS, NNS, NNNS, NNNN} ; 
b) A = [S, NS, NNS]; B = [NNNS, NNNN] 

7. a) Q g6m cac chinh hop chap 2 cua 5 chO 
$ 6 1 , 2 , 3 , 4 , 5 ; 
b) A ={(1,2), (1,3), (1,4), (1,5), (2, 3), 
(2, 4), (2, 5), (3, 4), (3, 5), (4, 5)) ; 
B={(2, 1),(4,2)};C = 0 . 

§5. 

l.c)P(A) = A,p(B) = I l . 
io 36 

2.b)A={l,3,4};B={{l,2,3},{2,3,4)}; 

c) P(A) = 1,P(B) = 1 . 

3. - . 4. a) - , b ) - , c ) - . 
7 3 3 6 

5. a) « 0,000 003 7 ; b ) « 0,28123; 
c) s 0,000 133. 

6. a) | , b) k 
3 3 

7. a) D6c lap ; b) — ; c) — . 
• •'̂  25 25 

6n t$p chirong II 
4. a) 1176 ; b) 420. 5. a) = 0,1 ; b) 0,2. 

6. a) - ^ , b) — . 7. « 0,4213. 
105 210 

2 3 1 1 1 
8. a) - ; b ) - ; c ) - . 9. a) - ;b) - . 

5 5 5 ' 4 4 

CHirONG III 

§1. 
1 2 3 

4. a) 5, = - , S , = - , S , = - . 

§2. 

3. b) u„ = Vn + 8 vdi w e N 

4. a) T&y s6giam; b) Day sd tang ; 
c) Day s6 khdng tang cung khdng giam ; 
d) Day sd giam. 

5. a) Day sd hi chan dudi vl M„ > 1 ; 

b) Day sd bi chan vi 0 < «„ <—; 

c)0<M„<l; d)S<u^<^. 

§3. 

1. a)Mi = 3,d = - 2 ; b)ui=--,d=-; 

c) Day sd khdng phai la cSp sd cdng ; 

d)ui=2,d=--. 
2 

2. a)«i = 16, d = -3 ; 

b)Ui = 3,d = 2;ui = -ll,d=2. 
3. Dap sd dugc di trong ngoac don ciaa bang. 

«1 

-2 

(36) 
J 

(-5) 
2 

d 

(3)„ 
-4 '•': 

4/27 

(2) 
-5 

«n 

55 

(-20) 
7 
17 

(-43) 

n 

20 

15 
(28) 
12 

(10) 

Sn 
(530) 

120 
(140) 

72 

-205 
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4. a)/!„ = 0 ,5+0,18w;b)«2i=4 ,28(m) . 
5.78. 

§4. 
9 

2. a) (7 = 3 ; b) M, = - ; c) « = 7. 
7 

3. a ) . ,7 = 3 : 1 , 1 , 3 , 9 , 2 7 ; 

'q = -3: - , - 1 , 3 , - 9 , 2 7 ; 
3 

200 100 

3 ' 3 ' 

_ 5 0 _25 _25 
' 3 ' 3 " 6 " 

4 . 1 , 2 , 4 , 8 , 1 6 , 3 2 . 

5. Sau 5 nam : «1,9 trifeu nguM ; Sau 10 nam : 
« 2,1 trieu ngudi. 

6. Bi^u di6n a„^, = a . vdi n > 1. 
n+i n A 

Do do day sd (a„) la cStp sd nhan vdi cdng 

bOi?=——. 
4 

On t$p chuong III 
1. CUp sd cdng la day sd tang n^u d > 0 v^ 

giam ndu d<0. 

2. a) M„ < 0 vdi moi n; 

b) Cdc sd hang dan da'u. 
5. D^ng phuong phdp quy nap todn hoc. 
6. a) 2, 3, 5, 9, 17. 
7. a) Day sd tang, bi chan dudi. 

b) Day sd bi chan, khdng tang cung khdng 
giam 

c) Day sd giam vd bi chan vi 

1 0<t t < 
"~V2+r 

8. a)«i = 8,£/=-3; 

21 
b) Ml = 0, d = 3 ; Ml = -12 , d = — . 

9. a) Ml =6 , ^ = 2 ; b) Ml = 12, <7 = 2 ; 

C) Ml = 1, ^ = 2. 

10. A = 22°30', B = 67°30', C = 112°30, 

£)= 157°30'. 11. qi = 1 hodc q2=-.n.6 m^. 

CHl/ONG IV 

§1. 

1. a) M„ = —- (kg); 
2" 

c)Chuy : 10"^g =10"^. lO"^ kg = ^ kg. 
10^ 

3. a ) 2 ; b ) | ; c ) 5 ; d ) ^ . 
2 4 

4. a) M„ = — ; b) - . 5. S = . 
'̂  " 4" 3 11 

^ 101 „ , UN ^ 1 J ^ 
6 . 7. a) +00; b) -00 ; c) — ; d) +oo. 

99 2 8. a)2; 

§2. 

l.a)i; 

b)0. 

i b) - 5 . 

2. Ham sd y =j{x) khdng co gidi han khi X ^ 0. 

3. a) - 4 ; b) 4. ; c ) - . d) - 2. e) 0 ; f)-«>. 
6 

4. a) +00 ; b) +00 ; c) -00 . 

5. b) lim / (x ) = 0, lim / (x ) = -oo, 

lim / (x ) = +00. 

6. a) +00 ; b) +00 ; c) +oo ; d) - 1 . 
7. a) rf" = ^ d ) ^ 

d~f 
h) lim ^(d) = +00 , lim (p{d) = -oo, 

lim g)id) = f. 

§3. 
1. y =f{x) lien tuc tai XQ = 3. 
2. a) y = g(x) khdng lien tuc tai XQ = 2 ; b) 12. 

3. ai) y = / ( x ) lidn tuc trdn (-oo ; -1 ) va 

( - 1 ; +00). 
4. a) y =/(x) lien tuc trdn (-oo ; - 3 ) , (-3 ; 2) 

va trdn (2 ; +oo) ; b) y = g(x) lien tuc trdn 

cac khoang — + A7t; — + ATC vdi A e Z . 

5. Y kidn diing. 
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6. b) HD. Xet ham sd / (x ) = cosx - .v tren 

R va hai sd 0. I. 

On tap chuong IV 

2. Iim«„ = 2. 3. HOAN. 

1 1 1 2 
5. a ) - ; b ) - ; c ) - o c ; d ) - x : e ) - ; f ) — . 

2 3 3 3 
6. a) lim f(x) = +x ; lim <.,'(.v) = +x ; 

lim /(.v) = - I ; lim .?(x)= +x ; 
.V—>+r V—>^x 

b) Hinh 60a) la d6 thi cua v = g(.\). Hinh 
60b) la do thi ciia y = f(.\). 

1. y = ;j,(.\) lien tuc tren R . 

8. HD. Xet dau / ( 0 ) , / ( l ) . / ( 2 ) va / (3 i . 

CHUONG V 

§«• 
1. a ) / ( 2 ) - / ( l ) = 7 ; 

b)/(0. 9 ) - / ( l ) = -0.271. 

2. a)Av = 2A.v. ^ = 2 ; 
^x 

b) Av = A.v(2.v + A.V) : ^ = 2x + A.v ; 
A.V 

c) Av = 2A.v[3x^ + 3.VA.V + (A-v)"] ; 

Av 

A.Y 

d) Av = — 

= 6.v~ + 6x Av + 2(A.v 

Av Av 1 

x(x + Av) Av x(x + Av) 

3. a ) 3 ; b ) - - : c ) - 2 . 
4 

4. HD. Chiing minh / gian doan tai v = 0. 
Tix do suy ra / khdng co dao ham tai 
diem do. 

5. a) .v = 3x + 2 ; b) v = 12x- 16: 

c) y = 3x + 2 va y = 3.v - 2. 

6. a) y = -4(x - 1) ; b) y = -ix + 2); 

c) v= -— + 1 va \ 
4 

— - 1. 
4 

7. a) 49.49 m/s ; 49,245 m/s : 49,005 m/s : 
b) 49 m/s. 

§2. 
1. a ) - l :b ) 10. 

2. a) 5.v'* - 12.V- + 2 ; b) -2.x^ + 2x - -

c) 2.\' - 2.V- + - X ; d) -63.v^ + 120.v'*. 

3. a) 3 . v V - 5)-(7.v-'̂  - 10); 

b ) - 4 x ( 3 x ^ - , ) ; c ) Z ? ^ ; 

„ . ^ v - - 6 x - 2 , 6/7 
d) —. T^e) 

( x - - x + i r 

3 

n 

vH""? 
4. a ) 2 x - -sTx ; b ) -

: x -5 

'.il 
c ) i : i ^ = ^ ; d ) 

2 V 2 - 5 X - X ' 

3 - x 

7(7^77 2N/(1-X)- ' 

5. a ) x < 0 h o a c x > 2 ; b ) 1 - >/2 < x < I +>/2 . 

§3. 
3 23 

l . a ) ^ ; b ) -: . , : , , , 
( 5 x - 2 ) - (7-3.V)2 . . N ; ; : . 

, - 2 ( 2 x ^ - 3 x - 9 ) , - 1 0 x ^ - 6 x + 9 
c) r ; d ) — — - . 

(3-4x)'^ -v^(x-3)^ 

2. a ) ( - l ; l ) u ( l ; 3 ) : b ) ( ^ x ) ; - 3 ] u { l ; + o o ) ; 

' ' l->/l9 1+Vi9' c) 
7 

3. a) 5cos X + 3sin x : b) 

c) cotx-

( s inx-cosx) 2 ' 

. 7 
Sin" .V 

d) (v cosX - sin x) 

e) 

^ v sm X 

;f) 
xcosvx +1 

COS XVl + 2tanx ^y' + 1 

4. a) -2(2r'' - ftv" + 1) + (dv^ - 18.v) (9 - 2x); 

b ) | - ^ + 4 l (7x-3) + 7f6V7-
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:) 777i+4i^ ; 
-, 2tanx 2x \ 1 . x 

d) T~ + —^TT ; s) ^sin-
2 - 2 2 

COS X sm X 
(1 + x)^ 1+-1 

5. i . 
2 

71 3 
7. a) X = ^ + 1- A27t, (A e Z) vdi cos<£> = — 

b) 

X = 7t + A47t 

Jl , 47t a- e Z). 
x = — + A — 

3 3 

8. a ) ( - ^ ; 0 ) u ( 2 ; + » ) ; b ) ( - x ; 0 ) u ( l ;+oo). 

§4. 

l . a ) 
1 

2{a + b)4x 
dx: 

b) (2v+4Xx2-4x)+{r +4x+l)x 2v 

2tanx (x - l ) s inx + 2xcosx 
2. a) — — d x - ; b) 

COS X (l-.v^)^ 

b) / " | - ^ | = - 9 ; / " ( 0 ) = 0; 

dv; 

dv. 

§5. 
1. a) 622 0 8 0 ; 

/ " 
18 

9 

2. a).3-" = - ^ ; b ) y " = —pl= 
WO--' 

c) y" = 

(1 -x)" 

2 sinx 

COS X 

4^/(l-x)•' 

d) y" = - 2cos 2x. 

6 n t^p chuong V 

1. a) y' = x^ - X + 1 ; 

2 8 15 24 

c) y' = 
3x^-7 

4x2 

d) y 

e) y' = 

Oy' = -

, 9 .v->/x-6x--2>/7 + 4 

2x-

1 

v'^(l-VI)-

- 4 v - - l 0 x + 1 5 

(X--3.V)-

(\'A- + l)xsinx + (2x2\/x + l)cosA 
2 a) \' = ^ a): 

b) y' 

c) y' = 

d) y ' : 

e) y' = 

oy=-

-3( 2.V +1) sin X - 6 cos .v 

(2.V + 1)-

-) 
2 ( s i i u - r cos f -2 

siii 'r 

-7 _ 

2 +sin V 

cos" .v(sin.v + 2) 

1 - 2%/x cot X 

r -v V-v 

f2VI-l)-

3.2 + 
x - 3 

4. 1. 

6 . - I . 5. (±2; ± 4 ) . 

7. a)y = -2x + 7 ; 

b)y = - 5 x - 3 ; 

c) y = -2.V + 3 = 0, y = 2v - 5. 

8. a ) - 9 m / s : b) 12m/s2 ; 

c) 12m/s2; d)-12m/s . 

^ 
9. a) v= —prx + ̂ / 2 , v = N/2X 

• ^/2 • 2 

b)90°. 

On tap cuoi nam 

l . b ) V - - ^ ^ x 
rV3 
3 2 

c) R. 
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2. a) 
65 

113 

b) y' = -
-70cos2x 

(6 + 7sin2x)^ 

c) 
7t , 7t , 

i - A j t ; — + A71 

4 4 
.ke 

3. a) - + - n ; ( - l ) * - + A27t,«, A( 
4 2 3 

(jt 4 
b) {—a; + A27t, A e Z } vdi cosa =— ; 

(2 j 5 
3 

s ina = —. 
5 

c) - + A27t;/27t,A,/eZ ;d ) 27t,— ; 

e) Vd nghidm. 

4. a)A^Q = 1560;b)40C39. 

5. 210. 6. a) - | - ;b ) 1-
J-.3 p j 
""-10 ^ 1 0 

_ , 2.9! ^, 2.8! 
7. a) ; b) . 

10! 10! 
8. tti=5, rf = 4. 
9. 186. 

1 0 . a ) 4 ; b ) i ; c ) ^ ; d ) - ^ 
2 2 2 

11. a) 0. 

13. a) 4 ; b) — ; c) - ^ ; d) ^ » ; 
16 

e) 2 ; f) - ; g) -HX). 

15. HD. Xet ham sd / ( x ) = x"* - 3x^ + x - 1 va 

ha i sd -1 ;0 . 

, ^ • (7t , 71 1 . 1 

16. a) {—+ A —; —arcsm— + n7t; 
(4 2 2 3 
n I . I , „ 1 

arcsm —i- mn, k.n,m e Z >; 
2 2 3 

b) { A - ; ± - + /27t, A, /e ; 
' 4 3 

17. a) 
6sin3x 

cos 3x 

-x{vx^ +1 sin Vx^ +1 + cos Vx^ +1) 

V(7T? "' 
N 2 . .s X^ 

c )x smx ; d)-

b) 

(cos x +xsinx) 

2 2 2 
18. a) y" = ; b) y" = — + — ^ ; 

(1 + x)" x" (1-x)" 

c) y" = -a sinax ; d) y" = 2cos2x. 

19.b = --,c = 0,d=--. 
2 2 

20.a)y = 4 x + l ; 

X = A7l 

b) X = arcsin—+ «27i (m,/i,AeZ) ; 

• 1 x = 7t-arcsm—i-w27i 
3 

c)5. 
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BANG TRA CLOJ THUAT NGUT 

i l k , ,• .:-. THUAT N G Q _ , .. , 
Bit phuong trinh luong giac 
Bie'n cd 
Bidn cd chdc chdn 
Bidn cd ddi 
Bidn cd khdng 
Bidn cd xung khae 
Bidn ed ddc lap 
C^ sd cdng 
Cdp sd nhan 
Chinh hop 
Cdng bdi 
Cdng sai 
Cdng thurc cdng xae sudt 
Cdng thiic nhan xdc sudt 
Cdng thiic nhi thiic Niu-ton 
Cudng dd tiic thdi ciia ddng didn 
Day sd 
Day sd bi chdn 
Day sd c6 gidi han hChi han 
Day sd c6 gidi han 0 
Day sd cd gidi han vd cue 
Day sd giam 
Day sd huu han 
Day sd khdng ddi 
Day sd Phi-bd-na-xi 
Day sd tdng 
Dao ham 
Dao ham bdn phai 
Dao ham ben trai 
Dao ham cd'p hai 
Dao ham cdp n 
Dao ham ciia ham hop 
Dao ham mdt bdn 
Dao ham tai mdt didm 
Dao ham tren mdt doan 
Dao ham trdn mdt khoang 
Dudng hinh sin 
Gia tdc tiic thdi ciia chuydn ddng 
Giao ciia hai bidn cd 
Gia thidt quy nap 
Gidi han bdn^a i ciia hdm sd 
Gidi han bdn trai ciia ham sd 
Gidi han h&u han ciia day sd 

JRAMOL 
37 
61 
61 
62 
61 
62 
72 
93 
98 
49 
98 
93 
69 
72 
55 
153 
85 
90 
113 
112 
117 
89 
85 
9l 
91 
89 
145 
154 
154 • 

171 
171 
161 
154 
146 
155 
153 
10 
172 
62 
80 
126 
126 
112 
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THUAT NGi; f^f^M^l,- 'iM 
Gidi han hiru han ciia ham sd tai mot diem 
Gidi han hiiti han ciia ham sd tai vo cue 
„ . , . , ,. sinx Gioi han lim —— 

.v->0 X 

Gidi han mdt ben 
Gidi han vd cue (ciia day sd) 
Gidi han vd cue eiia ham sd 
Ham sd gian doan 
Ham sd hop 
Ham sd lien tuc tai mdt diem 
Ham sd lidn tuc tren mdt doan 
Ham sd lien tuc tren mot khoang 
Ham sd luong giac 
Ham so tudn hoan 
He thiic truy hdi 
Hinh hoc Fractal 
Hodn vi 
Hop ciia hai bidn cd 
Kdt qua thudn loi cho bien cd 
Khdng gian mSu 
Phep thiJr 
Phep thit ngdu nhien 
Phucmg phap quy nap toan hoc 
Phuong phdp truy hdi 
Phuong trinh bdc hai ddi vdi mdt ham sd luong giac 
Phuong trinh bdc nhd't ddi vdi mot ham sd luong giac 
Phuong trinh bdc nhd't ddi vdi sinx va eosx 
Phuang trinh luong giac eo ban 
Phuong trinh tiep tuye'n 
Quy tdc cdng (trong td hop) 
Quy tdc nhdn (trong td hop) 
Sd hang tdng qudt ciia day sd 
Tam giac Pa-xcan 
Tdn suat 
Tie'p diem 
Tie'p tuydn 
Tdng ciia cd'p sd nhdn liii vd han 
Tdhop 
Vdn tdc tiie thdi ciia chuyen ddng 
Vi phdn 
Xdc sud't ciia bidn cd 
Y nghla hinh hoc ciia dao ham 
Y nghla vdt li eua dao ham 

Pl^Pl^l 
123 
127 

163 

126 
117 
129 
136 
161 
135 
136 
136 
4 
14 "" 
87 
104 
46 
62 
61 
60 
59 
59 
80 
87 
31 
29 
35 
18 

152 
43 
44 
85" 
57 ' 
75 
151 
151 
116 
51 
147 
170 
65 
150 
153 
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MUC LUC 

Trang 

Chuang I. nku SO LLlCpNG GIAC VA 
PHUONG TRINH L U O N G GIAC 

§1. Ham soli/ong giac 4 
§2. Phuong trinh li/gng giac co ban 18 
§3. M6t so phuong trinh iLfpng giac thirdng gap 29 
6n tap chiftfng I 40 

ChuangII. TO HOP x A c SUAT 

§1. Quy tac dem 43 
§2. Hoan vj - Chinh hpp - Td hpp 46 
§3. Nhi thurc Niu-ton ' 55 
§4. Phep thijr va big'n c6 59 
§5. Xae suat cua bi§'n co 65 
6n tap chi/0ng II 76 

Chuang III. D A Y SO CAP SO C O N G VA CAP SO NHAN 

§1. Phirong phap quy nap toan hoc 80 
§2. Daysd 85 
§3. Cap so cpng 93 
§4. Cap s6 nh§n 98 
On tap chiTdng III 107 

Chuang IV. G l6 l HAN 

§ 1. GiPi han cua day s6' 112 
§2. GiPi han cua ham sd 123 
§3. Ham so lien tuc 135 
On tap chifdng IV 141 

Chuang V. DAO HAM 

§1. Ojnh nghTa va y nghTa cua dao ham 146 
§2. Quy tac tfnh dao ham 157 
§3. Dao ham cOa ham s6 li/png giac 163 
§4. Vi phan 170 
§5. Dao ham cap hai 172 
On tap ChiTdng V 176 
dn tap cuoi nam 178 
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•UM m 
HUAN CHLTONG HO CHJ MINH 

g 11 A L I r \ 
<• K <> vv N 

vaONG MIEN KIM CUONG 
CHAT Ll/ONG QUOC TE 

SACH GIAO KHOA LOP 11 
^ 

1. TOAN HOC 

• DAI SO VA GlAl TiCH 11 

• HiNHHOCII 

2. VAT Li 11 

3. HOAHOCII 

4. SINH HOC 11 

5. N G O ' V A N I I (tap mot, tap hai) 

6. LICHSIJ11 

7. DIA Li 11 

8. TIN HOC 11 

9. CONGNGHeH 

10. GIAO DUC CONG DAN 11 

11. GIAO DUC QUOC PHONG-AN NINH 11 

12. NGOAI NGIJ 

• TIENG ANH 11 • TI^NG PHAP 11 

• TltNGNGAII .T l tNG TRUNG QU6C 11 

SACH GIAO KHOA L 6 P 11 - NANG CAO 

Ban Khoa hoc Ta nhien . TOAN HOC (DAI SO VAGIAI TICH 11, HiNH HOC 11) 

. VAT Ll 11 . HOA HOC 11 . SINH HOC 11 

Ban Khoa hoc Xa hoi va Nhan van ; . NGU" VAN 11 (tap mot, tap hai) 

, UCHSLrH .DIALIU 

. NGOAI NGU (TIENG ANH 11, TIENG PHAP 11, 

TIENG NGA 11, TIENG TRUNG QUOC 11) 

9 3 4 9 8 0 0 0 5 6 6 ! Gia: 7.800d 
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